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in  a  given  circuit  are  taken  Stanilonl 
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instrument  it  is  necessary  to  know  also  the  intensity,  ai 

the  needle,  of  the  maf;netic  field  wbich  exists  indepen- 
dently of  the  current  lu  the  coil ;  since  that  with  the 
field  produced  by  the  current  gives  the  resultant-field 
in  which  the  needle  rests  in  equiHbrium  if  subject  only 
to  magnetic  action,  or  the  magnetic  couple  system  on 
the  needle  if  besides  magnetic  forces,  others  (such  as 
elastic  forces)  are  effective  in  producing  equihbrium. 

A  standard  elect  rod  ynaiuometer  is  simply  a  standard 
galvanometer  with  the  needle  replaced  by  a  movable 
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CHAPTER  VII 
OALVANOMETRY  AXD MEASUREMENT  OF  CURRENTS 

Seltiok  I 
OALVAyOltETRT 

Since  currents  flowing  in  &  given  circuit  are  taken  SUndng 

(p.  105  above)  as  proportional  to  tlie  intensities  of  the  metered 
magnetic  fieicia  they  produce,  and  unit  current  is  defined  Elactro- 
accordingly,  the  fundamental  determinations  of  currents 
in  absolute  units  must  be  made  by  some  form  of 
Bt&ndard  galvanometer,  or  standard  electrodynamometer. 
The  former  is  an  instrument  which  exerts  on  a  magnetic 
needle  in  any  given  position  a  couple  which  can  be 
calculated  with  sufficient  accuracy  from  the  dimensions 
and  arrangement  of  the  coil-system,  and  the  (approx- 
imately) known  distribution  of  magnetism  in  the  needle. 
For  absolute  measurementa  of  currents  by  such  an 
instrument  it  is  necessary  to  know  also  the  intensity,  at 
the  needle,  of  the  magnetic  field  which  exists  indepen- 
dently of  the  current  in  the  coil ;  since  that  with  the 
field  produced  by  the  current  gives  the  resultant-field 
in  which  the  needle  rests  in  e'^uilibrium  if  subject  only 
to  magnetic  action,  or  the  magnetic  couple  system  on 
the  needle  if  besides  magnetic  forces,  others  (such  as 
elastic  forces)  are  effective  in  producing  equilibrium. 
A  standard  electrodynamometer  is  simply  a  standard 
alvanometer  with  the  needle  replaced  by  a  movable 
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i\L  : r  :: :'.-5j3tem,  of  such  form  and  arrangement,  and 
s.  «n?z»c::iei  as  to  enable  the  system  of  couples  acting 
■cy.'L. :'  Vj  be  calculated  for  any  position,  or  for  a  certain 
2?r.  pi-siTion,  to  which  the  movable  coil-system  is 
*r.  zzi:  back  by  a  proper  displacement  or  distortion  of 
*uiir  n^pension  or  otherwise.  In  this  case  equilibrium 
25  z^-^rally  produced  by  means  of  a  force  due  to 
rlisticitj  or  to  gravity,  which  can  be  accurately 
deT-tncdned. 

The  calculation  of  the   magnetic  forces   has  been 
drea  in  Section   I.  of  the  last  chapter  for  the  most 
imprirtant   arrangements    of  coils.     We   have   only  to 
consider  the  general  constniction  and  action  of  such 
instruments,  the  modes  of  suspension  adopted  for  the 
uee<ile  or  coil,  the  calculation  or  determination  of  the 
oiher  than  magnetic  forces  acting  on  the  suspended 
system,  and  the  practical  operations  of  setting  up  and 
using  the  instruments. 
Tui^:;:       Dealing  first  with  absolute  galvanometers,  we  notice 
gSt*^-^-  first  that  according  to  the  nio<le  in  which  they  are  used 
ct>rs.    they  are  classed  as  tangent  gal vanomHurs  or  8i7i€  galvan- 
ometers.    In  the  former  the  arrangement  is  such  that 
the  current  flowing  through  the   coils  is  (exactly  or 
approximately)    proportional    to    the    tangent    of  the 
deflection    of  the    needle    from    the    undisturbed    or 
initial  position,  in  the  latter  the  current  is  proportional 
to  the  sine  of  the  deflection.     We  shall  consider  first 
the  construction  of  galvanometers. 
Formation      As  stated  above,  the  standard  galvanometer  should  b^ 
Channel.  ^^ ^^c^^  ^  f^^^m  that  the  values  of  its  indications  can  be 
easily  calculated  from  the  dimensions  and  number  of 
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nros  of  wire  in  the  coil.  Such  a  galvanometer  can  be 
made  by  any  experimenter  who  can  turn,  or  can  get 
turned,  with  accuracy  a  wooden  or  braas  ring  with  a 
rectangular  groove  round  its  outer  edge  to  receive  the 
It  is  indeed  to  be  preferred  that  the  experi- 
nenter  should  at  least  perform  the  winding  of  the  coil 
ind  the  atijustments  of  the  needle,  &c.,  himself,  to  make 
e  that  errors  in  counting  the  number  of  turns,  or  in 
icing  the  needle  at  the  centre  of  the  coil  are  not 
If  there  are  to  be  several  layers  of  wire,  the 
idth  and  depth  of  this  groove  ought  to  be  small  in 
mparison  with  its  radius,  and  each  should  be  not 
I  iV  of  the  mean  radius  of  the  coil,  which 
ihould  be  at  least  15  cms. 

The  giuge  uf  the  wire  with  which  the  coil  is  to  ho  wound  Wirenaetl 
must  depend  of  course  od  tbe  purposes  to  which  the  inHtninient  (or  Coil, 
is  to  be  auplied,but  it  should  be  good  well  ■insulated  copper 
wire  of  liign  conductivity,  and  not  so  thin  as  to  run  any  riek  of 
being  injured  by  the  strongest  cutjents  likely  to  be  sent  through 
the  iDBtrument.  For  tiie  exnct  gmdustion  of  current  as  well  as 
of  potentini  iostrumentH,  it  in  convenient  to  make  it  have  two 
coilH  —one  of  comparatively  high,  the  other  of  low  resistance. 
The  Utter  may  in  some  cuses  in  which  great  accuracy  is  not 
required  be  a  simple  hoop  of  soy  16  cms,  radius,  made  of 
copper  strip  1  cm.  broad  and  1  mm,  thick.  As  however  tbe 
distribution  of  the  current  in  n  massive  conductor  is  uncertain 
in  consequence  of  want  of  homogeneity  in  the  material,  and  it 
is  besides  difficult  to  allow  exactly  for  any  irregularity  that  may 
exist  where  the  ends  are  led  out,  and  further,  as  it  is  difficult  to 
make  such  a  hoop  of  perfectly  accurate  shape,  it  is  impossible 
(o  determine  by  calculation  the  exact  constant  of  such  a  con- 
ductor, it  is  better  to  use  iiistead  several  turns  of  thick  wire. 
Each  spire  of  the  coil  may  then  be  regarded,  as  explained  above, 
as  a  circular  conductor  coinciding  with  its  circular  axis. 

To  form  electrodes  to  which  wires  can  be  attached  the  ends  Electrodes, 
of  the  copper  strip  or  thick  wire  are  brought  out  side  by  side  in 
the  piano  of  the  nng  with  sheet  vulcanite  or  paper  between  for 
insulator.  Insulated  wires  are  soldered  to  the  ends  of  tbe  circle 
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tlins  Arranged,  and  are  twiited  logetlier  for  a  siifficiont  dietantie 
to  prevent  any  direct  effect  on  the  needle  frum  being  produced 
by  a  current  flowing  in  tliem. 
K  In  construoiing  the  fine-wire  coil  tLe  operator  should  first 
subject  the  wire  to  a  modemto  stretching  force,  and  tlien  cnre- 
fiilly  tnesHure  its  electrical  reeiBtnnce  nna  itR  length.  He  should 
then  wind  it  on  a  moderately  large  bobbin  and  ngnin  measure 
its  resistance.  If  the  second  measurement  differs  materially 
from  the  first,  the  wire  is  faulty  and  should  be  carefully  ex- 
amined. If  no  ovidenl  fault  can  be  found,  on  the  reniOTal  of 
which  the  discrepance  disapiiears,  the  wire  muBl  be  kid  aside 
nnd  another  suhstituted.  Wlien  the  two  measurements  are 
found  to  agree  the  wire  may  then  bo  wound  on  the  coil.  For 
this  purpose  the  rine  may  either  be  turned  slowly  round  in  a 
lalliD  or  on  a  spindle,  so  as  In  draw  off  the  wire  from  the 
bobbin  also  raouotod  so  as  to  be  free  to  turn  round.  The  wire 
must  be  laid  on  evenly  in  layers  in  the  groove  (which  may  be 
done  with  the  utmost  uniformity  witli  a  self-feeding  lallie)  and 
the  winding  ended  with  the  completion  of  a  layer.  Great  care 
must  be  taken  to  count  accurately  the  number  of  turns  laid  on. 
Error  in  counting  may  be  avoided  by  following  the  plan  used  by 
Maiwell  of  winding  a  single  layer  of  thin  cord  on  a  lung 
wooden  cylinder  rigidly  attached  to  the  bobbin  and  therefore 
turning  with  it.  A  pin  driven  into  the  cyUnder  serves  to  indi- 
cate the  end  of  one  layer  and  the  beginning  of  the  next.  After 
winding  Uie  resistance  aiiould  be  again  measured,  and  if  it 
agrees  nearly  with  the  former  mensurements  the  coil  may  he 


easily  removed.  The  stand  ought  to  be  fitted  witii  levelling 
screws,  so  that  the  plane  of  the  coil  may  be  ntade  accurately 
vertical.  A  shallow  horizontal  box  with  a  glass  cover  and 
mirror  bottom  may  be  carried  by  the  stand  near  the  level  of  ite 
centre,  and  within  this  the  needle  and  attached  mirror  or  index 
suspended.  Or,  what  is  more  convenient  in  many  cases,  a  plat- 
form should  be  arranged  below  the  level  of  the  centre  a  sufficient 
distance  to  allow  the  magnetometer  (such  as  nne  of  those 
described  in  chapter  II.  above)  to  be  placed  with  the  centre  of 
its  needle  at  ttie  level  of  the  centre  of  the  coil. 
The  needle  should  be  a  single  small  magnet  about  a  centi- 
.  metre  long,  hun^  by  a  single  fibre  flialf  a  cocoon  thread)  of 
,  unspun  washed  silk,  at  least  10  cms.  long,  or,  better,  by  a  finu 
quartz  thread  from  the  top  of  n  tube  fised  to  the  cover  of  the 
aliallow  box,  or  from  the  suspension  head  of  the  magnetometer. 
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P'if  that  is  used,  so  [hat  tlie  centre  of  the  needle  when  the  coil  is 

t  verticitl  is  exactly  tlie  centre  of  the  coil.    T<i  allow  of  ihe  exact 

adjustment  of  the  height  of  the  needle,  the  fibre  eliould  be 

attached  to  the  lower  end  of  a  Biuall  screw  xpiiidle,  made 
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used  with  scale  and  pointer  (or,  ae   ludei  or 
me  cases,  is  to  be  furnished  with  scale  and  Tointer. 
mirror),  the  pointer  may  be  made  by  drawing 
glass  tube  st  the  blowpipe  into  n  thread,  so 
nearly  alraight  under  its  own  weight  when 
snspended  by  its  centre.    In  order  that  the  zero  position  of  the 
pointer  may  not  he  under  the  coil,  the  pointer  ought  to  be  fixed 
hDrizontally  with  its  length  at  right  angles  to  the  needle,  so  as 
to  project  to  an  eijual  distance  on  both  sides  of  it.    To  test  that 
this  adjustment  is  properly  made,   draw   a  couple  of    lioea 
accurately  at  right  angles  to  one  another  on  a  sheet  of  paper. 
Then  suspend   a  long  thin  straight  magnet  over  the  paper,    Adioi 
and  bring  one  of  the  lines  into  accurate  paralleliem  with  it.        -^ 
Remove  then  the  magnet  and  put  in  its  place  the  little  Iieedle 
aod  attached  index.    If  the  index  ie  parnllel  to  the  other  line 
the  ndjuatmeut  has  been  correctly  made.     The  needle  may  then 
be  suspended  in  position,  a:id  the  box  within  which  it  hangs 
closed  to  prevent  disturbance  from  currents  of  air. 

ular  scale  graduated  to  degrees,  with  its  centre  just 
below  the  centre  of  the  coil,  and  its  plane  horizontal  is  placed 
'iUi  its  zero  point  on  a  line  drawn  on  the  mirror-bottom  of  the 
box  at  right  angles  to  tlie  plane  of  the  coil,  so  that  when  tlje 
needle  and  coil  are  in  tlie  magnetic  meridian  the  index  may  point 
to  zero.  The  accuracy  of  tlie  adjustment  of  the  zero  point  is 
U>  be  tested,  as  explained  below,  by  finding  whether  the  eame 
current  reversed  producesequaldeflectionson  tlie  twosidesof  zero. 

To  test  whether  the  centre  of  this  divided  circle  is  accurately  Adjust* 
under  the  centre  of  the  needle,  supposed  at  the  centre  of  the  m^Dt  ol 
coil,  draw  from  the  point  immediately  under  the  centre  of  the  Scale, 
needle  two  radial  lines  on  the  mirror-bottom,  one  on  each  side 
of  tlie  sero  point  and  45°  from  it,  thus  including  between  them 
on  angle  of  yC,  and  turn  the  needle  round  without  giving  it  any 
motion  of  translation.  If  the  index  lies  along  these  two  radial 
lines  when  its  point  is  at  the  corresponding  division  on  the 
circle  the  adjustment  is  correct.  Of  course  a  fairly  accurate 
finft  adjustment  is  previously  made  by  placing  the  circle  so  that 
the  two  points  each  distant  45°  from  the  zero  lie  on  these 
straight  lines. 
Error  from  inaccurate  centering  can  be  almost  completely 
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eliminated  by  making  the  [luinter  extend  aoroiB  the  circle  biic 

reading  botli  enda  of  it. 

When  taking  readings  the  observer  places  bis  eye  bo  aa  to  fiee 
the  index  just  cover  the  image  in  the  mirror- bottom  of  the  box, 
and  reads  off  t!ie  number  of  divisions  and  fractions  of  a  divi- 
sion, indicated  on  the  seals  by  the  position  of  tlie  indoi.  Error 
from  parallax  is  thuB  avoided. 

A  mirror  rigidly  attached  to  the  needle  may  be  used  as  in  the 
magnetometer,  inatead  of  Ihe  needle  and  index,  and  observed  by 
means  of  a  telescope  with  attached  scale,  or,  in  the  manner  of 
an  ordinary  testing  galvanometer,  by  means  of  a  beam  of  light 
thrown  by  a  lamp  on  the  mirror  and  reflected  to  a  scale.*  Very 
conveniently  a  long  fibre  magnetometer  carried  on  a  plstfoim 
fixed  within  the  bobbin  may  be  used  for  the  needle  and  attached 
mirror.  A  liole,8lot,  and  plane  arrangement  on  the  platform  for 
the  adjusti?d  position  will  enable  the  magnetometer  to  he  taken 
kway  and  replaced  at  pleasure.  The  adjuatments  of  scale,  4c., 
ftre  the  same  as  those  described  in  chapter  II.  above. 

When  a  mirror  is  employed  the  coil  is  parallel  to  the 
undisturbed  position  of  the  needle  (tlie  magnetic  meridian, 
when  as  usual  the  earth's  field  only  is  employed  to  give  the 
return  couple  on  tlie  needle)  when  equal  defiectiona  on  the  two 
Bides  of  zero  are  produced  by  reversing  any  current.  The 
scales  used  should,  if  of  paper,  always  be  carefully  glued  to  a 
wooden  piece  instead  of  being,  as  they  frequently  are,  fixed  with 
drawing-pins.  Preferably  however  they  should  be  ruled  on  glaas 
by  any  one  of  the  siuijile  methods  now  available  for  copying  an 
accurately  engraved  et'imlard. 

It  ia  to  be  noticed  that  ii  mirror  and  atralght  scale  placed  nt 
right  angles  to  the  uudeflected  position  of  the  ray,  and  used  in 
the  ordinary  way,  give  readings  proportional  to  the  tangents  of 
double  the  angles  of  deflection. 

The  BUtlior  some  time  ago  had  oouatructed  a  standard  galva- 
nometer which  Heems  to  possess  several  advantages  over  the 
ordinary  form.  It  consists  of  a  cylindrical  bobbin,  abaut  50 
cms.  in  diameter,  and  25  cms.  in  length,  wound  with  a  single 
layer  of  fine  wire.  The  needle  (1  cm.  lung)  is  suspended  at  the 
centre  of  the  bobbin,  and  the  magnetic  field  produced  by  it 
current  flowing  in  the  wire  is  in  this  arrangement  practically 
invariable  over  a  distance  in  any  direction  at  the  centre  con- 
siderably exceeding  the  length  of  the  needle.  Very  ai 
placing  of  the  needle  is  thus  not  necessary,  as  a  displacoi 
so  much  as  half  its  length  from  the  central   position  (an 
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or  nttjiiBtmetit  wlucli  is  praclicuUy  impoH^ible  with  tlie  sliglitcBt 
cure)  produces  a  quite  imperceptible  effect  uii  the  deflection 
with  any  given  current. 

The  distribution  of  (he  wire,  since  tliere  is  only  one  Iiiyer,  in 
known  with  perfect  certainty,  and  bence  the  coostiint  of  the 
instrument  can  be  cnlculuted  with  great  ezactneas.  At  each 
end  of  the  bobbin  is  wound  one  of  two  equal  coil  a  of  Bnwll 
tranaverse  dimensions  in  cDntparison  with  their  radii.  These 
nre  of  thick  copper  wire  arranged  so  uh  to  form  a  UetmholU 
double-coil  giilvBnomeier  of  the  kind  deacribed  above  (p.  264), 
available  foi  strong  currents. 

When  tha  instrument  was  being  designed  it  was  tliought 
desirable  to  have  the  bobbin  made  of  some  material  which 
could  not  contain  magnetic  siibKtanccs,  in  sufficient  quantity  to 
affect  the  accuracy  of  measoreraents  of  currents  flowing  in  the 
wire.  Tha  fear  then  felt  by  the  author  that  the  bobbins  of  brass 
ordinarily  employed  for  standard  galvanometers  might  very 
probably  contain  iron,  in  sufficient  quantity  to  cause  disturbance 
through  its  induced  magnetization,  has  since  been  found  by 
Prof.  T.  Gray  to  be,  in  part  at  least,  justified.  The  measure- 
ment of  currents  made  by  a  new  standard  galvanometer  were 
found  by  him  to  be  so  much  disturbed  by  the  efEect  of  magnetic 
Bubstanoes  contained  in  the  walls  of  a  brass  boi  surrounding  the 
needle  as  to  be  practically  useless. 

Tt  was  resolved  therefore  to  construct  a  bobbin  of  wood  in  Built  np 
snch  a  manner  as  to  avoid  risk  of  serious  alteration  of  figure  by  Bobbin  of 
warping,  or  of  dimensions  through  variation  in  the  amount  of  Wood, 
moisture  contained  in  the  wood.  A  large  number  of  pieces  of 
mahogany  were  cut  from  a  dry  well-seasoned  board  about  J  inch 
thick.  Each  piece  was  about  4  cms.  broad,  20  cms,  in  length, 
and  was  cut  so  aa  to  form  a  segment  of  a  ring  the  outside 
diameter  of  which  was  about  50  cms.  and  the  inner  diamete- 
about  B  cms.  less.  Four  of  these  cut  so  that  the  grain  of  thi 
wood  run  in  different  directions  in  adjoining  pieces  and  placed 
end  to  end  gave  a  complete  circular  ring,  or  mther  cylinder,  J 
inch  in  length.  Above  that  was  placed  a  similar  ring  with  thu 
grain  of  the  wood  in  the  pieces  crossing  that  in  llie  pieces 
below,  and  tiie  pieces  themselves  overlapping  the  end  joints  in 
the  preceding  nng.  Above  that  was  placed  another  ring,  and 
so  on  until  the  whole  bobbin,  rnther  more  than  25  cms.  in  length, 
had  been  built  up.  The  cylinder  llius  roughly  formed  was  then 
turned  carefully  down  to  cylindrical  figure  of  the  mxe  desired, 
and  aa  nearly  truly  circular  aa  possible,  and  the  pores  all  over 
the  Hiirface,  insiilu  and  outside,  filled  with  spirit  varnish  to 
prevent  the  uUeorption  of  moisture, 
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[A  bobbin  thus  built  up  of  pieces  of  wood  will  probably  not 
take  or  keep  bo  true  &  figure  ae  one  made  of  metiil,  but  tlierecati 
be  no  doubt  of  its  great  Huperiority  over  the  ordinary  bobbin  of 
wood,  mt.Aii  out  of  one  pieco.  For  all  except  purposea  for 
which  the  highsBt  uociiracy  is  required,  it  may  be  relied  on  to 
give  correct  reaulta.  If  a  metal  bo\ibin  is  preferred  the  material 
ought  to  be  carefully  tested  in  a  magnetio  field,  and  rejected  if 
appreciable  induced  magnetization  is  detected.] 

Two  edges  of  wood,  projecting  slightly  beyond  the  outside 
cyliudricnl  surface,  were  fixed  at  the  ends  to  keep  the  wire  in  its 
place.  The  coil  wus  than  carefully  wound,  the  tuma  counted, 
and  the  wire  covered  with  "  American  cloth  "  to  preserve  it  from 
injury.  The  two  ends  of  the  thin  wire  coil  were  brought  out 
together  at  one  end  of  the  coil  for  connection  to  two  electrodes 
closely  twisted  together  and  aeveral  yards  in  length,  by  which 
the  instrument  could  be  jiiined  to  any  circuit  in  which  it  miglit 
be  required.  That  end  of  tUe  wire  whicli  had  to  be  carried  from 
the  further  extremity  of  the  coil  wus  (supposing  the  coil  set  up 
in  position)  brought  along  liorixontally  in  a  vertical  plane 
through  the  niia  of  the  coll  until  it  met  the  other  extremity  at 
the  termination  of  the  last  spire  of  the  coil.  The  current  in  this 
part  of  the  wire  of  course  just  ooiDpensates  by  its  effect  on  the 
needle  that  of  the  component  of  current  in  each  element  of  the 
spires  in  the  direction  of  the  axis. 

The  couple  given  by  (GT)  of  last  chapter  is,  if  as  a  first  and 
.  usually  sufficient  approximation  the  first  term  of  the  expression 
only  is  taken,  2irA'yMco8fl/(a»  +  i')i,  where  M  is  the  magnetic 
moment  of  the  needle,  N  the  total  number  of  tuma  In  the  coil, 
u  the  radius  of  the  coil,  li  ita  half  length,  and  6  the  angle  whicli 
the  needle  makes  with  the  mean  plane  of  the  coil.  The  return 
couple  given  by  the  permanent  magnetic  field  (horizontal  in- 
tensity H)  is  U/f  sin  8,  if  the  mean  plane  of  the  coil  and  the 
axis  of  the  needle  are  made  to  coincide  when  the  deflectioo  is 
aero,  by  the  adjustment  explained  below.  Thus  we  have 
equating  these  couples 
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For  the  thick  wire  coils  the  deflecting  couple  e  is 
(24)  of  last  chapter,  und  fur  equilibrium  we  have  6  = 
If  we  put  e  =  yUG  cos  6,  we  get 


fe'/ 
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where  G  iu  tlie  quantity  obtained  by  ilividing  the  expieHflloTi  in 
the  sign  of  (24)  by  *fy.  0  is  somctiraes  called  tlie  gnl  vanoraeler 
conHtnnt. 

In  H  sine  gttlvanomcter  tbe  coilB  are  made  movable  rouDd  n 
rerticat  aiis  throiigli  the  centre  of  the  needlp,  nnd  when  the  i 
needle  is  deflected  the  coils  are  turned  until  an  eqtiilibriuiii 
position  is  obtiiiaed  in  which  the  needle  and  mean  pliDe  ni 
the  coils  are  again  parHllel.  Thus  cos  6  in  the  expression  for  d 
given  in  last  chupter  must  be  put  e'lual  to  unity.  The  deflection 
d  of  the  needle  is  equal  to  the  angle  throa(;h  which  the  coils  linve 
been  turned,  nnd  \n  usually  measured  by  observing  this  angle  by 
means  of  a  lirdy  divided  scule  provided  with  verniers  and  read- 
ing microseiipes.     For  such  an  instrument  we  have  instead  of  (2) 


B  . 


(3) 


met 


Id  tlie  values  of  G  for  the  different  types  uf  lustrumont  given 
by  the  various  expressions  contained  in  Chapter  V!.,  the 
incItDation  of  the  needle  tn  the  plane  of  the  coil  is  of  coarse 
:to  be  put  equal  to  Kero. 

An  initrument  cnpable  of  being  used  at  pleasure  either  as  a       Fitz- 

iMnt  or  sine  galvanometer  has  been  designed  by  Professor     gerald's 

F.   Fitzgerald,   and  is  shown   in   Fig.   74.      Its   distinctive    Standard 

peouliaritiea  consist  in  an  arrangement  of  coils  which  permits    Gslvano- 

tba  constfiut  of  the  instrument  to  be  determined  with  the  coils      matsr. 

and  a  very  ingenious  arrnngemetit  for  measuring  the 

of  the  needle  and  the  coils  from  the  ailjusted  position 


forn 

The  eoiis  a: 
measured  in  t 

the  following  manner  on  the  cylindrical  scale  shown  in  the 
Sgare.  A  pair  of  small  totally  reflecting  prisms,  with  their  reSect- 
King  surfaces  inclined  at  45°  to  the  borizontKl,  are  carried  by  the 
Bi«{^et.  and  give  images  of  diametrically  opposite  parte  of 
'his  scale,  and  show  on  theeo  images  of  one  and  the  same  line 
rr  mark.  These  are  seen  at  the  same  time  in  the  field  of  view 
of  a  microscope  which  receives  the  light  from  the  mirrors. 
Thus  the  arrangement  is  equivalent  lo,  but  much  moreaensitive 
than,  a  pointer  playing  round  a  graduated  circle  and  rend  at 
both  ends  to  eliminate  error  from  inaccuracy  of  i-entering. 

The   cotle   can  be  turned  round  to  follow  the  magnet,  and 

iheir  position  observed  on  the  same  cylindrlcFil  scnle :  so  thnt  n 

aingle  sciile  serves  fur  the  use   of  the  instritment  both    us   ii 

Ungent  galvanometer  and  us  a  sine  galvanometer. 

^^^      It  has  been  notieed  above  that  the  ordinary  method  of  using 
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and    scale   gives   willi   u   strnigbt   scala    properlv  Method  ot 

ijnBted  the   tangent  of  twice   the   nngle  of  deSection,     In  Keadiii); 

'rofeflsor  Fitzgerald's  instnimunt  besides  llie  arrangement  just  Di'dfctior. 
described    for   reading   tlie   deflection    a  mirror    is    prorided 
attndied  at  45^  to  the  osis  of  8US[<eDsion.     A  vertical  ray  of 
light  falling  upon  tliis  mirror  is  sent  out  horizontolly  throiigb 

one  of  the  plale-gioss  Hides  of  tlia  case  to  a  horizontal  scale.  ^— 

As  the  mirror  turns  round  the  plane  of  rejection  turns  with  it,  ^H 

and  through  theaaiiiencgle,  so  that  with  n  straight  scale  placed  at  ^H 

rightaDgIcK  to  the  undinturlted  position  of  the  ray,  the  readings  on  ^H 

till?  scale  arc  proportional  to  the  tangents  of  the  actual  deflections.  ^1 

Fig.  75  shows  a  sine  galvanometer  designed  by  Prof.  T,  T,  Gray  ■ 

Gray.    A  single  layer  of  wire  is  wound  on  a  lube  of  about  ^'°* 

10  cms.  diameter,  and  at  least  ten  diameters  in  length.     If  the  GalvaDo- 


,  il  be  uniformly  wound  with  n  turns  per  unit  of  length,  and  / 
■  its  Iialf-length  and  a  ita  radius,  the  force _/'  per  unit  of  current 
at  the  centre  is  (see  p.  261  above)  4nll(u'  +  P)i.  This  becomes 
4ir«  if /be  great  in  comparison  with  a,  for  example  if  I  is  ten 
times  a,  the  value  of  /  is  only  j  per  cent,  less  than  4jrn,  as  is 
ijiown  by  the  equation 


/=4,.n(l   -  \j,- 


■  —  -^T"  ('  ~  jAo  +  BTiina  -  ..■) 

■  ;  =  10". 
Thus   the   very   exact   determination  of  tlie  radius  is  not  a 

matter  of  very  great  importance,  and  if  the  coil  be  very  uniformly 

wound  over  the  middle  part,  and  very  fairly  regularly  elae- 

P  where,  the  value  ofy  will  be  given  with  great  accuracy  by  the 


(JALVANOMETEItS 


I 

^H  lirst  two  terms  of  llie  aeries.     Tlie  uiiiformity  of  the  winding- 

^H  can  be  made  slmoBt  quits  perfect  bv  laying  on  tlje  wire  under  a 

^^^  moderate  lension  by  incnns  of  ii  self-feedinir  latiie. 

^Lrwnge-       Tlie  coil  is  wound  on  the  tube  T  (Fig.  75).    The  ends  of  tha 

tnent  of     wire  ure  ottnelied  to  i)ina;i,,  j(i„  and  a  wire  te  running  paruUe] 

Coil.        to  tbe  axis  of  the  coil  connects  p,  to  a  tbird  pin  ;i,  close  to  ;?,. 

A  pair  of  flasible  electrodes  well  twisted  togetlier  uonnectH  p^p^ 

to  a  pair  of  tentiinaia  on  the  platform  P.    The  tube  is  mounted, 

as  abown,  on  the  circular  platform  P  which  ia  furnished  with 

levelling  screws  L,  Z,  L,  and  cim  be  turned  round  the  vertical 

axia  V,  tiie  eupportB/,/eliding  on  the  platform  and  maintaining 

the  tube  in  a  horizontal  position.     The  scale  S  on  the  edge  of 

the  platform  enablea  the  angle  through  which  the  coil  ia  turned 

to  be  measured. 

Method  of       1"''e  needle  ia  auapended  flt  the  centre  of  the  tube,  and  may 

lieading     be   either   a   light  polished  stcoi  disk,  or  a  plane  or  concave 

Daflection   mirror  with  attached  atcel  lungnetA.    The  arrangement  preferred 

IB  as  follows  ;— At  one  end  of  the  lube  is  a  abort  scale  t  facing 

towards  the  mirror  {wliith   is  phine)  and  illuminated  by  light 

entering  a  small  hole  at  that  end  of  the  tube,  and  thrown  on  the 

I  scale  by  a  reflectiog  prism  or  inclined  mirror.    At  the  same  end 

of  the  tube  ia  a  fixed  mirror  M,  aiao  turned  towards  the 
suspended  mirror  m.  By  menna  of  the  teleacope  t  at  the 
Other  end  of  the  tube,  fixed  above  the  centre  with  its 
vertical  croaa-wire  aa  nearly  as  nioy  be  in  the  medial  vertical 
plane  of  tlie  eoil,  the  scale  »  is  seen  by  light  which  has  suffered 
two  reflections,  one  at  si  tha  other  at  M,  and  thus  the  angle 
through  which  the  needle  has  been  turned  can  be  obtained. 
For  the  scale  s  may  be  aubatituted  a  narrow  slit,  or,  preferiibly, 
n  wide  slit,  or  hole,  crossed  by  a  wire,  in  frool  of  which  within 
the  tube  is  fixed  a  lens,  and  for  the  teleacope  a  sheet  of  obscure 
glass.  An  image  of  the  slit  or  wire  is  focused  by  the  lens  on 
the  obscure  glass,  and  the  position  of  this  can  be  read  from 
without  on  a  scale  tized  to  or  engraved  on  the  glass. 
Or,  the  plane  mirror  n  may  bo  replaced  by  a  concave  spherical 


1   ordinary  Tbomaon'a  galvanometer,   and   the 
owViichci      ■  ■     ■ 


obacute  glitas  carried  by  a  sliding  tuho  which  can  be  pushed  out 

or  in  to  give  a  sharp  image  of  the  slit  or  wire. 

M,:thod  of       The   method   of   using  the  instrument  ia  aa  follows  ;    It  is 

using       placed  in  ii  well-lighted  room,  and  the  platform  F  is  levelled  by 

lastru-      iiieiina  of  the  screws  L.     The  coil  is  then  turned  until  thecentral 

inent.       divieiou   of   the   scale  >  coincldea  with  the  crofaa-wire  of  the 

^^  telescope  (or  the  zero  of  the  scale  on  the  obscured  glass),  and 

^H  the  reading  on  the  acitle  S  ia  tiiken.    Then  u  steady  current  ia 

^^k  passed  through  tlie  coil,  and  the  angle  noted  through  which 
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tiie  tube  lids  to  bo  turned  to  bring  Die  central  divigion  < 
»g»in  to  ihe  cross-wire  of  tlie  lolestope.  Tlie  current  is  t 
reverBed,  and  the  Bcnle  #  moved  if  necessary  until  the  anglea 
the  two  sidos  of  aero  uro  equal.  If  6  is  this  deflection  on 
scale  a  the  current  ia  given  hy  the  equation 


"(i  '  -7v 


The  angle  6  cnn  evidently  be  attained  with  great  occumcy 
by  verj*  accurate  division  of  the  ecale  S,  and  reading  it  witli  a 
vernier  and  miciascope. 

We  now  discuss  shortly  some  general  propositions 
;ardiag  the  action  of  galvanometers,  their  adjuatmeat 
id  sensibility. 
We  shall  suppose  to  begin  with  that  the  forces  acting 

holly  magnetic,  and  that  the  suspension  is  such  as  i 

prevent  other  than  horizontal  forces  from  afftjcting 

needle.     When  no  current  ia   flowing  the  needle 

horizontal  with  its  axis  pai-alle!  to  the  permanent 

letic   field,  or  to  its  horizontal  component.     The 

(die  will  take  up  a  new  position  making  an  angle  0 

ith  the  plane  of  the  coil.     The  angle  which  the  needle 

makes  with  its  initial  position  is  6  — a,  say.     The 

couple,  0,  acting  upon  the  needle  is  given  by  equations 

(13),  (2U),  (21).  &c.  of  last  chapter.     If  W  be  the  mag- 

^^netic  moment  of  the  needle,  and  S  the  horizontal  com- 

^Bbpuent  force  of  the  permanent  field,  we  have  for  the 

^^ntum  couple  M,ff  sin  (0  —  a).    Hence 

t 


lut  we  may  write  & 


-7Wtf  cos  0,  and  therefore 
_E.m(_e-a) 
(r         COBC 


(5) 
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G,  as  shown  by  (13)  above,  in  general  depends  on  6. 
If  the  needle  however  be  sufficiently  short  the  ternia 
depending  on  8  disappear.  G  is  then  what  ia  called 
the  gaho.nometcr  constimt. 

If  a  is  zero  (5)  becoinc's 


(2) 


and  if  G  is  independent  of  9  the  current  is  proportional 
to  the  tangent  of  the  deflection.  Hence  the  name  of 
the  instrument. 

The  iustruinent  is  generally  set  up  ao  that  a  is  zero 
or  very  nearly  so.  This  adjustment  may  be  made  ns 
follows.  Supposing  the  stand  of  the  coils  fitted  with  a 
level  by  means  of  which  the  coils  can  bo  placed  in  a 
vertical  position,  the  instrument  is  thus  levelled  and 
placed  by  guess  with  the  mean  plane  of  the  coils  ns 
nearly  as  may  be  parallel  to  the  needle.  The  coil  is 
then  joined  up  with  a  voltaic  cell  and  reversing  key  so 
that  a  current  can  be  sent  in  either  direction  through 
it.  A  current  is  sent  through  the  coils,  and  the 
deflection  0  of  the  needle  is  observed  by  means  of  the 
mirror  or  pointer  attached  to  the  needle.  The  current 
is  then  reversed  and  the  opposite  deflection  observed. 
If  this  is  the  same  as  before  the  coil  is  properly  placed. 
If  not  let  the  numerical  value  of  the  first  deflection 
without  regard  to  sign  be  0,  and  of  the  second  6',  and 
let  a  be  the  (unknown)  angle  which  the  mean  plane  of 
tho  coils  makes  with  the  needle.  Supposing  G  the 
same  in  both  cases,  which  it  will  approximately  be  if  fl 
is  nearly  the  same  as  &",  we  have  by  (5) 


COIL  AT  46'  TO  MAQNETrc  MEKIDIAN 


sin  (0-  +  0) 

irbicb  shows  that  if  6"^  6'  the  coil  is  turned  through 

;ita  angle  a,  in  the  direction  of  the  first  deflection  ;  if 

Wo  <  6'  the  coil  deviates  from  the  position  of  the  needle 

ty  an  angle  a  in  the  direction  of  the  second  deflection. 

The  actual  value  of  a  can  thus  be  calculated,  and  if 

f  tiie  coils  can  he  turned  through  any  required  angle  the 

f  correction  of  position  can  at  ouce  be  made.     If,  however, 

E  there  is  no  provision  for  turning  the  coils  through  a 

lefinite  angle,  the  correction  must  be  made  by  guess 

&om  the  direction  of  the  greater  detiectioo,  then  the 

'  new  position  tested,  and  if  neceRsary  corrected,  and  so 


The  galvanometer  is  Bometimes  set  ao  that  a  =  45^  ^oil  >t  jfi* 
and  the  current  then  made  to  flow  so  that  the  deflection  Meridian. 
is  towards  the  coil.     Then  by  (1)  (changing  the  sign  of 
the  right-hand  side  to  keep  y  positive) 


R 


'C-^ 


(6) 


It  is  to  be  noticed  that  here  5  is  to  he  taken  positive 

trhen  it  is  on  the  same  side  of  the  coil  as  the  initial 

rposition  of  the  needle,  and  negative  when  it  is  on  the 

I  opposite  side.     The  deflection  of  the  needle  may  thus 

frbeas  great  as  90°  from  the  initial  position.     For  this 

alue  of  the  deflection  the  current  is  \/ ::  HIG. 
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The  adjustment  to  this  position  may  be  made  by 
first  placing  the  galvanometer  as  described  above  ao 
that  its  mean  plane  is  parallel  to  the  undisturbed 
position  of  the  needle,  and  then  turning  the  instrument 
round  through  exactly  45°.  This  mode  of  using  the 
instrument,  though  it  gives  a  wider  range,  is  attended 
with  the  inconvenience  that  the  deflection  if  consider- 
able can  only  be  taken  in  one  direction. 
SBUBibility  The  sensibility  of  a  galvanometer  may  be  defined  as 
uometer'  ^^^  reciprocal  of  the  current  required  to  produce  a 
definite  small  angular  deflection  of  the  needle,  or,  which 

(comes  to  the  same  thing,  it  may  be  taken  as  measured 
by  the  angular  deflection  produced  by  a  specified 
current,  for  example,  a  micro-ampere  (one  millionth  of 
an  ampere).  Frequently  if  the  galvanometer  be  a 
reflecting  one  it  is  regarded  as  inversely  proportional  to 
the  current  required  to  produce  a  deflection  of  one 
division  of  the  scale,  but  this  of  course  is  a  function  of 
the  arrangement  of  mirror  and  scale,  and  not  merely  of 
the  coil. 
Measure.  The  sensibility  can  be  determined  by  sending 
Sen^bmty  through  the  coil,  arranged  as  will  generally  be  necessary, 

Lwith  some  considerable  resistance  in  circuit,  and 
shunted,  if  need  be,  by  a  resistance  the  ratio  of  which 
to  the  resistance  of  the  coil  is  known,  a  current  from  a 
cell  of  known  electromotive  force,  calculating  the 
current,  and  observing  the  deflection. 
The  actual  merit  of  the  instrument  cannot  however 
be  completely  determined  by  such  a  process,  as  that 
depends  on  length  of  period  of  the  needle,  steadiness 
of  zero,  &c.,  which  are  not  here  taken  account  of.     For 


^Tan  elaborate 
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an  elaborate  comparison  of  sensibilities  of  galvanometers 
see  a  paper  by  Messrs  Ayrton,  Mather,  and  Sumpner, 
Phil.  Mag.,  July  1890. 

The  sensibility  of  a  galvanometer,  for  different  posi- 
tions   of  the   needle,  is   the  ratio   of  the  increase  of 
deflection   to   the    increase   of  the  current,  or  d&ldy. 
This  is  a  maximum  iu  the  case  of  a  tangent  galvano- 
;er  for  zero  deflection. 
When  however  the  deflection  is  45°  a  given  percent- 
of  increase  or  diminution  of  the  current  produces 
roasimum  increase  or  diminution  of  deflection,  that  is 
to  aay  &6j{Syjy)  is  then  a  maximum ;  and  hence  the 
instrument  is  sometimes  erroneously  stated  to  be  most 
litive  when  the  deflection  is  45°.     The  only  impor- 
:e  in  making  the  deflection  45°  lies  in  the  fact  that 
ith  this  deflection  a  given  small  error  in  reading  the 
igle  will  have  a  minimum  effect  on  the  estimation  of 
le  current. 
k.To  prove  thees  propositiuns  we  observe  first  tliBt  by  (2) 
d6      G    __1 
rfy  ■"  i/  1  +  tnn'fl' 
and  tLie  is  obviously  a  maxiraum  when  fl=U. 

Again  let  the  reading  be  in  error  SO  when  tbo   deflection   is 

really  ft     Then  the  current  is  estimated  by  (2),  luid  if -y  is  ibe 

true  current  the  esliuinted  current  is  y  ±  Ay,  or  y  ±  dyjilO.iB, 

'The  error  in  eatinmtion  of   the  current  is   &yjy  or  dyjdBMjy. 

.  1 +!■?!_» .« 


DiOereDt 
Positions 
..f  Needle 


-2" 

ydd 

when  (I  +  tan^fl)/tan 


Id  every  properly  constructed  r1 
torsion  of  the  sunpension  ought  to  be 
iliread,  or  aiuflicient  length  of  silk  fibi 


in,  thnt  is 
gnlvanoraeter  the 


Torsion  a 
sionSbre, 
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f;ible.  Tlieamaimtof  tontion  njAyboweverbcentiinFitedaafollowB. 
Let  the  needle  supposed  inilinlly  ia  the  niitgnetic  meridian  be 
turned  onco  or  more  times  completely  round,  and  let  its  devia- 
tion from  the  magnetic  meridian  in  ita  new  poaition  of  equill- 
briuin  be  noted  by  means  of  index  and  divided  acale,  or  mirror 
and  acale  or  telescope  provided  for  tlio  purpose.  If  a  bo  the 
angular  deflection  of  the  magnet  from  tne  magnetic  meridian 
produced  by  turning  the  magnet  once  round,  the  angle  through 
■wUiuli  the  thread  has  been  turned  in  2ir-o.  The  couple  pro- 
duced by  this  torsion  has  for  moment  W/fsin  a.  Hence  by 
Corlomb's  law  of  tlie  proportionality  of  the  force  of  torsion  to 
the  twist  given,  the  couple  corresponding  to  deSection  0  is 
«//Binofl/(2ff-a).  Thus  if  a  current  7  produces  the  deflection 
6  the  equation  of  equilibrium  is 


yff  COB  fl  =  //  (sin  tf  +  .— 


"•), 


2ir- 


(7) 


We  now  coiisiilcr  iibsulute  Dlectrndynanno meters. 
The  first  instrument  of  this  kind  seems  to  Imve  been 
invented  by  W.  Weber,  and  used  by  bim  in  his 
researches  on  the  mutual  action  of  currenta.  Electro- 
dynamometers  have  advantages  over  galvanometers  (1) 
in  having  no  magnet,  and  therefore  avoiding  altogether 
uncertainty  as  to  distribution  of  magnetism;  (2)  in  not 
involving  fur  the  reduction  of  their  indications  any 
knowledge  of  the  intensity  of  the  earth's  field  ;  but  are 
inferior  in  point  of  sensibility,  and  as  the  return  couple 
is  generally  given  by  a  bifilar  or  torsion  suspension  the 
accurate  estimation  of  its  value  is  a  matter  of  some 
difficulty. 

The  galvanometer  designed  by  Professor  Fitzgerald 
and  described  above  could,  as  he  has  pointed  out,  easily  be 
adapted  for  use  as  an  electrodynamo meter.  All  that  is 
required  is  the  substitution  of  a  proper  suspended  coil, 


WEBER'S  ELECTRODYNAUOMETER 

and  a  bifilar  suspeDsion  for  the  needle.  The  same 
arrangement  of  mirrors  and  cylindrical  scale  would  be 
available  to  give  the  deflections. 

We  Bhnll  deecribe  tlie  general  nrrangBnient  and  mode  of  using  jj.  \_  Corn- 
nil  eleclrodynamonieter  with  reference  to  the  iDHtriinient  made  mittee's 
by  Mr.  Latimer  Clarlt  for  the  Britisli  AsBOciation  Committee  on  Eluctro- 
Electricnl  Standards^  and  illuatrnted  in  Figs.  76,  77.  dyuuiuo- 

Tbe  first  of  these  figures  ghowe  the  general  arraQgement  of  tlie      met«T> 
instramcnt,  the  second  the  details  of  the  suspeusion. 


■  "Tbe  bifilu  consiata  of  two  vwtres  tlie  tension  of  which  is  i 

,  Wned  the  sune  by  their  being  atlached  to  a  piece  of  eUk  thread 
which  passes  over  a  pulley,  as  shown  in  Fig.  77.  Tlie  distance 
between  the  threads  is  adjusted  by  two  guide  polleys  winch  can 
be  set  at  any  required  distance  ii|iarL  The  current  is  led  into 
the  suspended  coil  by  means  of  the  suspension  wires.  Arrange- 
ments are  also  made  wjierehy  the  current  con  he  sent  in  either 
direation  throngh  ench  coil. 


rtw 
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_   Keory  of      The  iiutrument  as  Btnted  nbove  lias  both  ito  atationarr  and 
lUBtru-      movable  coil  gyatems,  conHtnicted  on  HelmhoIU'e  plan  of  two 
ment.       equal  parallel  coils  at  a  diatanco  apart  equal   to  their  rodioB. 
The  auiipended  coii  Bystem  is  bung  ho  that  it  is  concentric  with 
the  fixed  coils,  and  when  there  ia  zero  deflection  their  planei  are 
at  right  angles  to  one  another. 


When  the  axis  of  the  suspended  coil  mnkea  an  nngle  n/2  -  iji 
with  the  plane  of  the  fixed  coil,  the  couple  e  due  to  tliu 
currenta  and  tending  to  inereate  the  dofieetion,  6,  bus  tie 
expression  given  in  (4B)  or  (46),  page  271  above,  with  sign 
changed  and  cob  {ir/2-cJi)  subatituted  for  ain  0.  Again  the  aiis- 
pendod  coil  is  acted  on  by  a  couple  due  to  the  earth'a  magnetic 
force  n,  and  tending  to  diminiah  7r/2-^.  Thus  (4G)  gives  for 
the  former  couplo4A'»ryy'0,?,eo8  (?r/2-(fi),  since  *^',  =  1  ;  and  for 
the  other  couple  2»y'j| «  ain  6\  where  N,n,y"f',  are  the  numbers  of 
turns  and  the  currenta  in  the  filed  and  movable  coils  respectively, 
and  ff  is  the  angle  which  the  axia  of  the  movable  coil  makes  with 
the  magnetic  meridian.  Thus  if  L  be  the  return  couple  due 
to  the  suspension,  and  the  plane  of  the  liied  coil  make  an  angle 
a  with  the  magnetic  meridian,  and  an  angle  3  with  the  axis  of 
the  movable  coil  in  the  undisturbed  position,  we  have  for  eqiiilf- 


A.Nfyy'(l\9i  ^oa  («  +  ffi  "  2"y>i  ^ 
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The  value  of  Z,  if  ^  be  Hmall,  is  proportional  to  sin  6,  so  that 
L=Fsine, 

FtAn  e  =  A^Nnyy'O^gy  (cos  /3  -  tan  ^  sin  /3) 

-  2«y'yi  //  {tan  6  cos  (a  +  jS)  +  sin  (a  +  /3) J 

and  if  a  and  /3  be  both  small 

tan  d  =  i{4iV«yy'^i^i  cos)3-2»7Vi  J9'  sin  (a  +  /3) 

-^(16JV^»n'VV'G^lV8in)3+85^n£ry/SG^lV)}  .    (g) 

Now  a  direction  of  the  current  in  the  coils  being  assumed  as  Methods 

positive,  the  currents  are  sent  through  the  two  coils  according  to  of  Using 

the  adjoining  scheme  and  produce  the  corresponding  deflections  Instm- 
Bi^o^iS^B^.  xnent. 


6i 

+ 

y 

1 

+ 

— 

1 

1 

''a     '     +     ;     - 

1 

6,          -     i     + 

1 

Thus  we  get  by  substitution  in  (8)  and  reduction 
F 


yy'=i 


(tan  6^  +  tan  ^2  -  ^^^  ^s  -  ^^^  ^O  •     (9) 


4iVii  ^1^1008/3 

If  y  =  y'  this  gives  the  value  of  y^. 

By  this  method  H  is  eliminated,  and  it  is  the  best  method  to 
adopt  when  readings  have  to  be  obtained  quickly,  as  when  the 
current  is  varying.     If  however  the  current  is  constant  enough 
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the  iieiul  of  tlie  bifilftr  suspension  may  be  turned  round  until  the 
euBpenilBd  coil  is  brought  buck  to  its  original  position  nfter 
deflection.  When  this  is  the  case  the  angle  6  through  which 
the  coil  is  deflected  from  Us  equilibrium  poaition  is  clcsrty 
er]Hnl  nnd  opposite  to  the  angle  0,  through  which  the  head  uf 
the  bifilar  has  been  turned  round  from  the  position  of  pnrril- 
lelism  with  the  piano  of  the  cuil.  We  hnve  thus  6=  ~fi.  For 
eijuilibrium  we  have  the  equution 

e  above  Bcheme,  we  get 


Taking  four  de&ectiuns  according 
four  readings  of  the  hend  of  t)ie  t 


Psinff,  =-P«in|33  =  -  ^N,ir/G,j,  +  2«v'.'/iff»ii>  "■ 
A'dina,j  =  -  f  ainfl,  =  -  4,V«yy'tf,^,  -  ■Jny'jj/Z  sinn 

Hence 

^-  4-]V^,  <«'■■«■  + ^'''^- ^''"^"  -  ^■"^«'  ■   "«> 

in  whieli  iigftin  //does  not  appear. 

An  absolute  e  lectrody  nam  nine  tcr  may  bo  constrncted,  as  de- 
J  neler  noribed  above  (p.  274),  of  two  single-layer  coils  placed  with 
(aude  of  tbeir  centres  in  coincidence.  If  the  ratio  of  length  to  radius  be 
I  Two  „e  proposed  above  in  each  case  i/3/I,  the  value  of  llio couple 
I  Binglo  ,iue  t„  ii,B  Botion  of  the  currenla  will  be  as  given  in  (56),  p.  276, 
r^^"  8,r»Bn'vY'<.=*(/  Va»  +  r' .  cos  (,r/2  -  *),  where  n,»'  are  the  num- 
bors  nf  turns  per  unit  length  in  the  two  coils,  x,  f,  a,  a,  tbeir 
respective  half-lengths  and  radii,  y,  ■/,  the  currents  in  them,  and 
n'/2  —  0  the  ungle  which  the  axis  of  the  movable  coil  makes  with 
the  moan  plane  of  the  fixed  coils.  This  with  »/2~<^  replaced 
by  ^  +  d  is  to  be  used  in  the  formulae  (0)  and  (10)  given  above, 
inslead  of  iNnr/Q,</y  oos  [S  +  &).  Thus  the  equations  re- 
placing (9)  (10)  fur  this  case  are 


.'-1 


(tnnfl,  -1-  tiinfl,  -  limfl,  -  ti.ri  flj  .   (11) 


i^_^^+''(si, 


Tba 
H^  or  V 
^V  pote 
^B'  are 


CHOICE  OF  WIKE  FOR  BOBBIN 

Galvanometers  and  electrodynnmonieterB  are  very  frequpnlly 

'  wliich  by  ikemMlveB  are  not  capable  of  giving  ineuaure- 

8  of  currents  in  absolute  unite.      Biidi  instruments  are 

coUbratcd ''  by  some  reliable  method,  bo  that  the  abKolute 

of  the  carrcntH  corres ponding  to  any  given  deflectiona 

known.     In  general  Ibey  differ  very  much  from  the  so-called 

olute  iDBtruments   in  the  nrrangeinent  of  tiieir  coUb,  Af., 

tAicb  hsB  had  chiefly  in  view  the  attainment  of  the  greatest 
Meible  sensibility. 

We  shall  diHtinguiab  between  inetruinentB  which  have  in  their 
coila  a  great  many  turns  of  fine  wire,  ao  that  the  resistance  of 
tlie  coil  system  amounts  to  at  least  several  imndred  ohms,  ami 
those  inetruments  the  resistance  of  which  is  compBralivcly  low. 
The  former  are  very  frequently  called  "potential ''  instruments 
or  voltmeters  from  their  use  in  determining  the  difference  of 
potential  between  two  points  in  a  circuit  at  which  the  terminnis 
•re  Applied;  the  latter  are  called  low  resistance  or  ''short  coil" 
instrumenls,  and  sometimes  (when  their  resistances  are  so  low 
"'  t  one  of  them  can  be  placed  in  seriea  with  the  working 
itrit  without  materially  increasing  its  resistance)  "current 
amperemeters. 

Elrst  titting  gBlvnnometers,  we  shall  establish  some  general 
ttteorems  regarding  the  arrangement  of  ihuir  cuils,  then  very 
shortly  discuss  their  graduation  for  absolute  measurements,  and 
finally  deal  with  graduated  electrodynamometers. 

In  the  first  place,  let  the  galvanometer  have  a  certain  cylindrie     Proper 
chuiDel  which  is  to  be  filled  with  wire,  and  let  it  be  required  to    Gniige  of 
1  the  gaage  of  wire  with  which  it  ought  to  be  wound  if  it  ia    Wire  for 
be  used  in  circuit  with   an  electrical   generator  of  given      Given 
_rtrorootive  force  and  reaiatance.   Let  a  be  the  rndins  of  cross-      Bobbin 
[iMOtion  of  the  wire   employed,  e  the  tbicknees  of  the  covering,        "'"' 
mud  5the  cross-section  of  the  channel  made  by  a  plane  through  Oenerator. 
the  aada.     The  portion  of  the  cross-section  occupied  liy  each 
turn  will  be  (2a  +  Sc)'  if  the  turns  are  arranged  in  square  order 
In  tlie  eross-seotion,  and  {2a  -J-  2e)* <3li  if  they  are  arranged  in 
triangular  order.     This  includes  tlie  space  occupied  by  the 
covering  and  the  vacant  ppaccs  between  the  spires. 

Consideriug  at  present  the  first  case  only  we  see  that  the 
number  of  turns  is  Sl{2a  +  Sc)*,  if  any  inaccuracy  introduced  by 
it«  being  impossible  to  fit  nn  exact  number  of  turns  into  a  com- 
plete layer  is  neglected.  If  r  be  the  mean  radius  of  the  cross- 
section  of  the  channel,  the  whole  length  of  wire  is  approximately 
3irrSI(2a  +  ieV.     But  p  denoting  the  specific  resistance  of  the 


■  wire,  the  resistance  per 


ind  the 


iatonce  fl  of  the  coil  is  iprS/(a  -f  cj^'.     For  a  give 


^■«'o 
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^^m                the  magnetic  force  at  the  needle  is  proportional  10  the  nuniherof 
^H                   turni),  and  the  iiingiielio  force  parnllel  to  the  axis  mny  therefore 
^M                   be  written  i  ASyl{a  +  c)^  where  ^  is  9  conetant.     If  E  be  the 

^H                 we  hiive 

7-                    ^ 

"'■'        +R- 

■UHa  +  c^^^^ 

^B                  and  for  tlie  axial  cc 

impaanat  of  magoetic  force 

,-             -<■"? 

.     .    .     .     (13) 

g+ *(«  +  .)■    ■ 

^H                    Since  the  numerator  is  constant,  tliis  htts  ita  raniimum  value 
^^^               manner  the  neoeaaary  condition,  we  find  the  equatioD 

..»-;-.:. 

.     .     .    .     (14) 

^^P                  A  biquadratic  for  the  determination  of  the  correHpondinR  value 
^H                   of  0.     But  for  the  reciprocal  1/fl  ot  the  resistance  of  the  bohbiri 
^H                   we  iiave  the  value  Sfa  +  c)^a^iprS,  and  this  used  with  the  laat 
^^^                 Giiuation  gives 

■                               1  =  .-^. <-> 

^^T                or  the  resiatiince  of  the  bobbin  should  have  to  ' 

^1                     tlie  wire  when  bare  to  ita  radius  when  covered. 
^H                        If  the  spires  are  arranged  in  triangular  order 
^H                    condition  oorreaponding  to  (4)  ia 

the  reslptance  of 
of  the  radius  of 

,  the  equation  of 

^1                 and  since,  in  thi»  case,  1/fl  =  ■Jia\a  +  i;)'/2pi 
^K                 same  result  as  before. 

r-S,  we  have  tlie 
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■  It  may  be  remarked  here  that  the  iiiagnetio  effects  of 
H^^bbin  wound  with  wire  of  different  guugeu,  the  thicki 


wliicli  benni  a  constant  ri 
IraverseH  in  each  case  by  the  s. 
the  Kiuuro  root  uf  the  retiistano 

369,  370,  the  magnetic  effect  ii 


o  ti>  the  diameter  of  the  wire,  and 
me  current,  are  proportional  to 
e  at  the  coil.    For  we  hnve  then 
a  by  what  has  been  flhown  at  pp. 
H  proportiooal  to  Iji'a*,  and  the 
D  l/iCa*  ;  hence  the  magnetic  action  vanes  as  V^, 
It  is  ohviouB  thnt  this  is  also  true  when  the  thickness  of  the 
covering  is  so  small  as  to  bo  negligible. 

The  beet  shape  of  crosa-sBction  for  the  bohbin  of  an  ordinary 
klvanometer  is  ahoun  in  Fig.  78.  The  curve  forming  the 
Iternal  boundary  of  the  c  roes-Beet  ion  is  given  by  the  equation, 


MAgnetii.- 
Action  of 
Bobbin  as 
<lt!]ieiiding 

ofw'irT 


Bent  Shape 
of  Section 
of  Bobbiu. 


^.y=.i 


(16) 


l^hfra  r  is  the  distance  of  any  point  P  of  the  surface  from  0 
e  centre  of  the  cuil,  6  the  angle  POM  which  OP  makes  with 
'a  OM,  and  pa 


I'To prove  this  note  that  tlie  aiisl  magnetic  force  due  to  a 
Dgle  turn  of  wire  of  radius  u,  is  proportional  to  a/r*,  that  is  to 
D  S/i*.  Let  now  this  turn  be  transferred  to  any  point  outside 
i  surface,  fullilHng  this  eijuatioD,  on   which   it  lies.     Then 
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whatever  tlie  railiiis  of  the  circle  into  which  it,  is  now  bent,  tlic 
length  of  are  whicli  it  furnislieB  ia  the  same  as  batore,  and 
so  the  axial  maguelic  force  is  proportional  to  the  new  value  of 
sin  fi/r*.  But  fur  overy  point  of  the  c roan- section  outside  the 
boundary  fultilling  (16)  the  value  of  Bin  6lr'  ia  amAlter,  and  for 
every  point  within  llie  boundary  is  greater,  than  for  a  point  on 
the  surface.  Thus  a  given  length  of  wire  prodaces  a  greater  or 
less  axial  magnetic  force  according  aa  it  is  wound  without  or 
within  this  surface.  If  then  a  coil  be  wound  of  any  sliape  of 
oroBa-asction  the  external  boundary  of  which  does  not  fulfil  (16), 
by  removing  the  wire  from  one  part  of  the  coil  to  another, 
the  croas-aection  may  be  brought  to  thia  shape,  and  the  axial 
magnetic  force  increased. 


Fig.  78  Hho 
parallel  dotted  liaea 

In  the  invcatigatji 
ivith  which 


B  for 


indie 


lifferenl  values  of  p,  and  the  two 
a  cylindrical  chamber  loft  for  the 


given  ahove  (p.  370)  of  the  best  gau^e 

„     , _..      flllagiven  channel,  when  the  bobbin  is 

the  Gan^o  [f,  be  uaed  with  a  generator  of  known  electromotive  force,  it  lias 
"  n^i'^'*  ''**''  assumed  that  the  wire  must  be  of  uniform  thickneaa  ;  and 
we  have  just  seen  what  is  the  best  form  of  cross-section  to  give 
"a  ooil  which  U  to  contain  a  given  volume  of  wire.    When  a 
r,  each  additional  turn  of  wire,  though  it 
Increases  the  axial  magnetic  force  for  a  given  current,  also  in- 
creases the  resintaacQ  in  circuit,  and  thereby  iliminishes  the 
current  produced  hy  a  given  electromotive  force.     We  shall 
now  inquire  whether  b3'   winding  the  outer  lnyors  of  thicker 
the  effect  of  iiicreaaed   resistance   can   be  reduced  to  a 

>f  the  coil  Bupposed  without  chamber  for  (he 
2fry  X  1  [Vi/e 


the  limits  of  integration  being  0  and  p  (sin  6)\  for 
IT  for  $.    Hence  on  the  aupposition  already  made 
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n'OM 


.    ■    ■    (17) 
le  diraeiiBioiis 


volume  of  coil  =  iirji^jHln^i 

=  i^y^  .  -  . 

=  2ir  f   sinW .  d6,  wliich  does  not  depend 

or  shape  of  the  coil.  Tlie  chamber  cootainiDg  the  needle 
ahould  be  made  aa  suinll  aa  poasible,*  as  the  part  of  the  I'oil 
iiuinediatefy  surrounding  the  mngnet  ia  the  miial  valuable  ;  but 
it  will  always  out  away  it  part  of  tbe  ouil  depending  on  p,  which 
may  be  denoted  by /[/>).  The  notual  volume  of  tbe  toil  is  thus 
iyp"  -S(P)- 

If  now  dl  ba  an  element  of  length  of  the  wire  composing  the 
coil,  and  p  the  parameter  of  tbe  generating  curve  of  iLe  surface 
on  which  it  liea,  thon  Bince  1/^'  =  sin  fl//^,  the  aiial  magnetic 

force  at  the  centra  in  y  /  dljp^  ( =  yO,  Bay),  where  p  is  a  function 
of  the  whole  length,  I,  of  wire  in  the  coil  from  some  chosen 
point.  Bay  tbe  inner  end,  to  dl.  We  shall  suppose  tbe  wire  to  be 
of  a  different  gauge  at  different  places  in  the  coil.  If  its  radiua 
at  dl  be  a,  the  thicltness  of  the  covering  there  i;,  and  tbewiuding 
be  in  Bunare  order,  tbe  volume  occupied  by  dl  is  dl .  (2a  +  '2e)-, 

40  that  the  whole  volume  ia  jdLi(a  +  c)»  where  a  (andcLCnot 
oonslant)  is  a  fimction  of  /,  and  the  integral  is  taken  throughout 
the  whole  length  of  wire  in  the  coih 

Let  tbe  coil  be  cnnsidered  as  made  up  of  layers  each  fulfilliiig 
the  eijuation  r*  =■  jj'  sin  6,  but  each  for  its  own  value  of  o,  so 
that  u  ie  a  function  of;i.  We  have  thus  for  tbe  volume  of  the 
apace  between  the  layers  corresponding  to  p  and  p  ■\-  dp  the 
expression  NpHp  -  f'{p)dp  =  (2a  +  ie)''dl,  if  dl  be  now  put 
for  the  length  of  wire  in  thia  space.  Thus  dl={Xifldp-/(i,)dp]t 
(2a  +  2^)«,  and  we  get 

dG  =  —^77 — ; — :T  dp ('8) 


Theory  of 
Gnuledj- 
CoiL  ] 


dR  = 


Np^  -  f{p) 


dp  . 


B]f  the  generator  have  as  before  an  eleotromotive  fu 
npdenote  OH  before  Uiereaiataiice  of  the  generator  and 


■     (19) 
e  f,  and 


er  of  irinding  tba  space  cIdsb  ta  the  magnet  see 


874 


with 
Oradod 
Wire. 
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wires,  we  liove  y  =  ff/(fl  +  ff),  and  yG  =  EGI{Jl  +  S').  To 
make  yG  or  G/Oi  +  Jt')  s  iiniximum  by  properiy  Rrftding  tlii? 
wire,  we  Imve  xu  to  cliooee  tlie  dinmctor  for  enoli  Inycr  tliut  tlie 
uonlribution  of  the  layer  to  O/^R  +  R'}  sliall  be  nn  great  iis 
possible.  Now  imagine  nny  Inyer  to  be  taken  away  I'roin  tjie 
coil,  everything  elae  remaining  the  same.  G  becomes  0  -  dG, 
nn,l  B,  R  -  HR.  Thus  f//{fl  +  R')  changes  by  {dQ  -  G<IIC 
Bobbin  /(fl  +  /£')|/(B  +  R-  -dR).  If  we  make  tl.e  thickneRs  of  the 
"'*'■  layer  very  smnil,  G((R  +ff)  will  be  the  same  whatever  layer  i« 
removed,  and  may  in  that  case  be  regarded  as  a  constant,  and 
OS  we  are  considering  only  the  elFect  of  a  particular  laynr  we 
conaider  II  -^  R'  &s  i  constant  We  have,  tiien,  to  lind  the 
value  of  fl  +  cft.r  which  rfff  -  G<!RI(R  +  R')  is  o 
If  (/  +  r  be  denoted  by  u  the  nocesBury  condition  is 


TyC  -  '. 


G 


TdR=(i 


Performing   (he   diffffrentinlione 
given  in  (18)  and  (19)  above,  w 


:-?o+;3 


on  the  values  of  rfy  and   dR, 
9Snil 

^^J^  -  constant    .     .     .     (20) 


If  the  radiuB  of  the  wire  and  the  thicknesa  of  its  covering 
have  always  tlie  same  ratio,  that  ik  if  via  is  constant,  we  have 
aja  =  dajdu,  or  d/o  .  dajdu  =  1.  Hence  in  this  cubs  a  is  in 
simple  proportion  to^. 

On  the  other  hand  if  the  thickness  of  the  covering  is  alwayn 
the  same,  dajdn  =  I,  and  we  Iiove;j*(2o  +  c)/o'  -  constant. 

On  the  first  supposition,  denoting  a  by  ap  and  a  -f  «  by  ffa. 
where  a  and  j3  are  cionstants,  and  putting  —  A'/?  for  the  integral 
iif  the  term  depending  on  the  olianiber  in  which  Ihe  mirror 
hangs,  we  find  from  (18) 


(21) 


where^  is  the  greatest  parameter  used  for  the  coil.     In  general 
q  depends  also  on  this  value  of  ^,  but,  ns  will  be  seen  from  the 


ACTION  OF  SPIKES  KEAR  AXIS  OF  COIL 

figare,  ia  ncnrly  constant  if  the  chnmUer  ie  not  Inrgp. 
^uaDtity  of  the  order  of  magnitude  of  the  internal  din 

if  the  chamber,  and  may  be  regarded  as  the  parameter  of  the 
)  which  would  generate  by  revobitioD  round  the  nxia  a 

roliime  equal  to  that  of  the  needle  chamber. 

^   We  Bee  from  (21)  that  very  little  is  gained,  when  this  mode  of 

hindinK  with  graded  wire  is  adopted,   by  making  p  large  in 

latnptuiBon  with  q. 

I  If  the  chamber  in  which  the  needle  hangs  is  cylindrical  and 

jrus  right  through  the  coil,  the  needle   is   shorter   than    the 

fluneter  of  the  smallest  spires,  and  every  spire  in  the  coil 
FproduceB  no  effect  in  the  same  direction  on  tbo  needle.  If 
K'loweTer  the  space  in  which   the   needle   bungs   is   not   made 

^lindrical,  the   shape   of   it   is  of  some  importance,   ns  it  is 


Blilinititig 
FPoiitiaiiB 

NJIMT  the 
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this  it  is  only  neceeasry  to  consider  the  diBgr&m  of  lines  offeree 
{¥ig.  79)  due  to  .1  single  turn  of  wire  of  radius  OA.  Take  any 
line  of  force  and  draw  u  Ungent,  P/^,  to  it  at  riglit  angles  lo 
tlie  axis.  Tlien  it  ie  cle»r  tliat  a  uniformly  niaguetized  needle 
at  riKiit  angles  tu  llie  ukir,  balf  of  wlncli  is  represented  in 
position  and  length  by  PJV,  will  not  he  acted  on  by  any 
couple,  since  the  force  on  each  pole  is  in  the  direction  of 
the  length  of  the  magnet.  If  however  the  magnet  be  at  '1 
greater  nxial  distance,  the  force  upon  it  is  in  the  sHme  direc- 
tion oa  it  would  be  if  the  needle  were  very  short.  Thus  on 
a  needle  of  the  length  and  in  the  position  here  speci6ed  two 
turns,  one  smaller,  the  other  larger  in  radius  than  the  turci 
shown  iti  the  diagram,  and  in  the  same  plane  with  the  Utter, 
woulti^  if  traversed  by  currents  in  the  same  direution,  produce 
opposite  couples.  The  smaller  turn  would  however  uroduco  11 
CDU[ile  in  the  same  direction  as  the  larger,  if  carricfi  oS  to  a 
suthcieDt  axial  distance  from  tlie  needle. 

For  a  needle  of  given  length  it  is  easy  to  draw  a  curve  of 
limiting  positiona  for  the  spires.  For  draw  the  line  dPQ 
through  ttie  points  of  contact  of  tangents  perpendicular  to  the 
axis,  then  the  nxinl  distances  OJf,,  ON,  of  these  tangents  from  the 
plitnc  of  the  spire  are  the  limiting  distances  of  the  spire  from 
maeiiets  of  the  halt  length  A^iP,,  A',P„  &e.  Then  by  supposing 
the  scale  of  the  diagram  reduced  in  the  ratio  of  If^Pt  to  y^P^  wc 
shall  have  a  spire  of  radius  OJ XN,PJNtP^  in  tlie  position  In 
exert  zero  couple  on  a  needle  of  half  length  NP  when  at  an  axial 


.^rity  for 
|~  Nttedle. 


ftd^riodio 
fLMlvano- 


distance  ON^  X  jV,Pi/JV^„  and  so  for  other  Jioi' 

It  ia  therefore  clearly  undesirable  to  fill  with  spires  wound  in 
the  same  direction  as  the  rest  of  the  coil  the  space  near  thu 
needles,  beyond  the  limits  indicated  by  these  considerations. 
Figure  80  *  shows  the  form  of  the  cavity  which  ought  to  be  left. 
If  it  is  possible  lo  fill  any  of  this  space  with  wire,  it  should  be 
done,  but  the  spires  made  to  run  in  the  opposite  direction,  so 
that  the  couples  due  to  their  inaanetic  action  may  ho  in  the 
same  direction  as  that  due  to  the  rest  of  the  coil. 

A  form  of  galvanometer  very  convenient  in  many  respects  iu 
that  invented  by  Wiedemann.^  A  circular  disk,  or  rin^,  of  steel 
about  2  cms.  in  diameter,  magnetized  parallel  to  a  diameter, 
is  sitsponiled  with  its  magnetic  axis  horizontal  and  forms  thei 
needle  of  the  instmment.  This  netsdle  is  attached  to  the  lower 
end  o£  a  bar  of  aluminium,  which  also  carries  the  mirror  (made 


*  From  Messrs.  Ayrtoo,  Mather,  s 
July.  ISSD, 
+  Dit  Uhre  e.4.  EUklrieital,  vol. 


id  Siu 


'a  papur,  I'hd.  ittvj. 


i^^^^^H^^^^ 

WIEDEMANN'S  APERl 

bt  tliin  glfiBB);    and  is  hung 

which  the  effect  »f  the  torelc 
he  mirror  is  fixed  no  for  above 
Iw  coilH,  and  ie  vlen-ed  throu 

M 

1     ^ 

□Die  GALVANOMETEK             ^STJ^H 

n-itbiu  a  damping  chamber  uf               ^^H 
a  torsion  hand  above,  by  means              ^^H 
u  of  the  tibre  can  be  eetimated.               ^^H 
the  needle  that  it  is  clear  of               ^^1 
;h  a  telescope  in  the  ordinary             ^^H 
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Fic.  80. 

The  suspeusion   ftbre,  nliiminium  bur,  and 
•e  protected  by  means  of  a  gla^  tube  atid  c 

damping  chamber, 
of  coils  is  srrBtiged,  ona  on  each  aide  of  the 

with   their  axes   in   line  through  the  centr 
and   are   attached    lo   sliding   pieces    ao    ll 

se                           ^H 

damping                ^H 
u  of  the               ^H 
at                           ^^1 
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didtanees  from  tlie  needle  can  be  increaned  ar  diminished, 
■□H  the  Bcnsibility  allored  act^ordingly.  The  opeiiingB  id  Ilm 
roila  are  Inrge  euough  to  aIIow  the  oobbina  to  slide  over  the 
dampinK  box  close  up  to  the  needle,  leaving,  in  the  vlasest 
pOBition,  between  them  only  the  narrow  apace  necessary  fnr 
the  tnbe  down  which  pasaes  the  fibre. 

Two  or  three  aets  of  pairs  of  coils  suitable  for  different 
purpoaes  are  provided  with  the  instrument.  When  the  needle 
mores  in  the  dutnjiing  boi  of  copper  ita  motion  is  resiMod  by 
the  action  of  the  induced  currents  produced,  lo  much  so  that  it 
hardly  oacillntes  about  a  new  position  of  equilibrium. 
I  .Action  of  In  Sir  William  Thomson's  aipbon-reconier  for  refii-tering 
Siphon-  aignala  sent  through  a  hubraarino  cable,  a  coil  of  wire  is  bub- 
Sscorder.  pended  between  the  poles  of  a  magnet  so  aa  to  be  free  to  turn 
round  a  vertical  axiK  passing  tlirough  its  centre.  Within  the 
coil  is  fixed  an  iron  core  wliich  serves  lo  concenlrnte  the  field  oii 
the  coil.  When  the  coil  ia  in  the  undeHected  poaition  the  planes  - 
of  its  spires  are  parallel  to  the  direction  of  the  magnetic  lield  ; 
but  when  a  current  is  sent  through  the  coil  it  tuma,  in  a  direction 
depending  on  that  of  the  current,  ao  as  to  increase  the  ningnetic 
induction  through  ita  ciruuila.  A  return  couple  ia  provided  in 
the  recorder  by  meana  of  a  bifilar  Huspension.  The  inngnet  is 
either  a  permanent  liorac-shoe  magnet,  or  an  electruningnct 
excited  by  a  local  current.  The  current  from  the  Bonding 
station  paasea  round  the  coil,  which,  turning  in  one  directinn  or 
the  other  according  as  a  "dot"  or  "  daab  "  ia  being  indicated, 
actuates  the  writing  siphon. 

The  ordinary  dead  beat  reflecting  galvanometer  invented  by 
Thomson  for  cable  eignalling  and  ordinary  testing  ia  described 
at  p.  308,  Vol.  I. 

[  D'ArsoD-  The  application  of  thia  arrangement  aa  a  galvanometer  was 
\  ▼»!  GaWB'  pointed  out  in  the  firat  edition  of  Mnxwell'a  Ekclricily  unit 
Tf  Wmater.  Jllagnetigm,  and  has  occurred  to  and  been  used  by  aeveral  eipcri- 
nientera.  BIM.  d'Araonval  and  Deprez  have  however  brought 
snch  instniments  into  general  use  for  aeveral  purposes  connected 
with  practical  electric  work.  The  coil  in  hung  by  or  rather 
stmng  on  a  stretched  metallic  wire,  by  which  the  current  entera 
and  leaves,  and  the  torsion  of  this  wire  gives  the  required  return 
couple.  A  core  of  iron  is  aometimea  uned  within  the  coil  as  in 
the  aiphon -recorder,  Thia  if  used  at  all  shouUl  be  quite  inde- 
pendent of  the  coil,  BO  that  the  coil  may  be  adjusted  relatively 
to  the  core,  and  pole-facea  nf  the  magnet,  A  mirror  attHched  t" 
the  coil  enablea  the  deflections  to  be  measured  in  the  ordinary 


AdTD 


This  form  of  galvanometer  posaessea  acme  advanlngee 


If 
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D  bo  tiiwie  very  sensitive  by  increaBJng  the  intensily  of  tbe 

'1,  And  the   coil  poBsegseB  dead-beat  quality  in  h  l)igh  dEj^ree 

OQsequeoc^  of  the  dampicig  action  of  the  induced  currents 

xluced  iu  ii  when  it  is  niovinp  in  the  field.  (See  Chnp.  XIII.) 

r  only  lo  a   slight  eitent  directly  affected  by 


e  unlesa  very  highly  magne- 
tised can  onfy  slightly  nffect  the  field  in  which  the  coll  in  plnced. 
An  improved  form  due  to  Messrs.  Ayrtonand  Mather  is  shown 
in  Fig.  81.    The  coil  is  enclosed  in  &  ailver  tuba  hung  by  a 
^fttlcned  wire  nf  phospli or- bronze,   with  spiral  cf  phosphor- 
e  for  lower  connection. 


S80 
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It  IB  deairRblij  tliat  llie  niagneliu  field  of  aucL  a  gulvonomeler 
elioulil  be  us  little  diatutbed  ab  posBJbte,  in  a.  itiaiiner  at  leuBt 
wbicb  cannot  be  uompletely  taken  account  of,  and  lionce  iha  uat 
of  iron  coraa  in  the  Biispeuded  coila  is  inadvisable.  Meesra. 
AyrtuD,  Mntlier,  and  Sumpner*  have  found  it  ponaible  to  muho 
such  a  galvanumeter  give  deflections  proportional  to  dcflectioos 
by  diHpensing  with  the  iron  oore,  and  litting  iron  pole-pieces  to 
the  stationary  magnets,  bo  shaped  that  the  moving  coil  cut  lines 
of  furoe  always  at  the  same  rate  ub  tlie  deflection  varied. 

It  hue  been  pointed  out  by  Mr.  T.  Matherf  that  in  ioatnimenta 
such  ae  this  in  which  BUupended  coils  are  used  in  magnetic 
fieldB,  these  t^oils  ahould  be  long  and  narrow,  and  that  the  croeg- 
aec-liun  at  right  angles  to  the  nxis  should  be  two  equal  circles 
touching  on  the  ails.  To  prove  this,  it  is  to  be  observed 
first,  lh»t  if  the  inngnetio  moment  nontributod  by  any  portion 
of  the  wire  be  made  greater  by  increasing  the  breadth  of 
the  spire  in  which  it  is  placed,  the  moment  of  inertia  of 
that  part  is  increased  in  a  greater  ratio,  and  thus  the  period 
of  free  vibration  of  the  coil  is  increased.  The  period  of  the 
coil  is  generally  limited  by  practical  requirements,  and  we 
have  therefore  to  consider  what  the  form  of  the  coll  ahould  be, 
80  that  for  a  given  moment  of  inertia  there  may  be  u 
magnetic  moment,  or  for  a  given  magnetic  moment  a  r 

'  '        '         The  solution  ia  the  same  for  both  thes 
Conaider  (Fig,  82)  an  element  E,  of  area  dS,  of  a  cwst 


Beolion  in  a  plane  at  riglit  angles  to  the  axis  J,  and  let  »  be  the 
number  of  turns  per  unit  of  area.  If  y  be  the  current  in  each 
the  current  crossing  dt  is  yadS.  The  couple  round  the  axis 
exerled  on  unit  of  length  of  this  part  of  the  coil  parallel  to  tlie 
axi»  is  yiidS.S.rBiu6,  where  H  is  the  intensity  of  the  magnetic 
tiold,  r  the  distance  of  the  element  from  the  axis,  and  S  tlie  unglu 
between  JE  and  H.  If  p  he  the  average  density  of  the  coil,  tlie 
t  length  parallel  to  the  axis,  and  having 
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B  aectton  dS,  is  pfdS.    The 
Inertia  for  this  part  is  thus  yd  H 


nfl/pr, 


of  couple  to  moment  of 
ind  thJB  ia  to  be  itidde 


y  element 

nee  the  other  quantitieB  are  constunl. 
«ndH  of  the  coil  are  ineffective  as  regarda  magnetic  action, 
hence  so  fir  as  they  are  concerned  it  is  dedrable  to  niuki! 

Ijdiitance  of  eacli  elcmeat  from  the  axis  &b  email  as  possible. 
h  ilIso  desirable  that  the  poles  slioiild  be  close  in  order  to  em 
irith  ordinary  magnets  as  intense  a  magnetic  field  as  possibli 
I   OuDMider  now  the  curve  the  equation  of  which  is 


{22) 
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of  Section 
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rhere  e  is  a  constant,    A  family  of  such  curves  can  be  drawn  _,^'"i. 
different  values  of  r,  and  they  are  all  circles  touching  in  the    :°"Jl!J°8 
point  A.   Novr  let  an  element  of  wire  be  carried  from  the  surface 
tnlfilling  this  equation  to  a  point  lying  outside.     For  such   a 
point  eio  6/r  has  a  smaller   value.     For  a  point   lying   inside 
RID  ff/r  is  greater.    Thus,  if  the  cross-section  of  the  coil  be  lilled 
up  within  any  circle  r  =  irsin^,  a  diminution  of  the  value  ot 
faadJT  would  be  produced  by  transferring  any  portion  of  the  wire 
to  any  other  unoccupied  position. 
The  eoU  should  therefore  be  mnde  long  in  the  direction  of  the 
and  have  the  form  of   cross-section  shown  in  Figure  83, 


^.  «ly,  two  circles  touching  on  the  nsis  at  the  point  A.  The 
^le-faces  should  also  be  correspondingly  long,  and  be  broad 
lough  to  give  a  nearly  uniform  neld  at  the  coil,  if  they  are  not 
Kuped  BO  na  to  accomplish  the  object  stated  above. 

The  passage  of  the  current  along  the  suspension  wire  is  apt 

to  seriously  affect  the  constant  of  tlje  instrument,  by  altering  its 

tomonal  rigidity.    Suspensions  mnde  of  twialcd  strips  of  thin 

phOiphor-bronze  have  been    used    by    Professors   Ayrton    and 

^Perry  ia  several  of  their  well-known  instruments.     These  have 
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Bniull  tcirsioijiil  rijjidity  and  great  radiating  siirfiiec,  and  sre 
therefore  peculiarly  well  adapted  for  use  lis  torsion  suBponaloiis 
which  at  the  same  time  act  ae  coDducCor*. 

It  haa  baen  pointed  uut  in  thia  uoiinectiDii  h,v  Ateusra.  Ayrton, 
Hatlier,  and  Sumpner  that  by  making  both  coil  aiid  Huspetitiioti 
of  platiDuni-ailver  coinpensuting  effecta  uro  produced.  If  tlie 
rise  of  temperature  were  the  same  both  in  tlie  coil  and  the  aua- 
penaion  there  would  be  exact  compenaatiua,  since  tlie  percentage 
incrottfM!  of  reaislnQce  of  platinum-silver  is  nearly  equal  to  ita 
percentage  diminution  of  torsional  rigidity. 

The  temperature  vnriatiun  of  reaiatanco  is  very  Blip:lit  in  tliu 
c&se  of  the  alloy  called  platinoid,  now  much  in  use  for  galva- 
nometer and  other  cnila,  and  uu  thia  account  Mr.  Mather* 
strongly  recommends  itauaeforthc  suspended  coils  of  D'Araunval 
voltmeters,  and  of  rheoslata  for  uhb  with  auch  coils. 


L 


In  order  to  obtain  seneihilily,  galvanometerB  are  frequently 
made  with  astatic  needles,  that  ia  suspended  needlc-nyBtems 
which  in  a,  uniform  Held  ere  either  in  equilibrium  in  any  poaition 
>r  experience  only  a  comparatively  slight  directive  action.  An 
astatic  system  generally  consists  of  two  similar  boriKontal  needles 

*  JHndrieian,  Jan.  8,  lgU!2. 
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'at  eqaul  magnetic  moment  arrangeii  parnllel  to  one  nnnllier 
"with  tlieir  poles  turned  in  opposite  directions,  as  at  J,  Fig.  84, 
so  that  tlie  resultant  couple  on  the  Byatem  is  lero  or  very  nearly 
eo.  Most  coTumoiily  the  needles  ure  placed  horizon  tally,  as  nearly 
as  poBsible  in  the  same  vertioal  plane,  with  their  centres  in  the 
same  vertical  line.  In  general  however  the  needleH  are  not  quite 
parallel,  and  the  eyBtem  beliaves  like  a  needle  of  very  soiatl 
magnetic  moment  with  its  axis  parallel  tu  the  tine  bisecting  the 
obtuse  angles  between  the  projections  oi  the  needles  on  a  liori- 
aontal  plane  as  shown  at  S  in  Fig.  84,  It  has  therefore 
been  supposed  that  this  is  the  munner  in  which  an  astatic 
ayateiu  properly  acts,  but  if  this  were  so  the  aensibilily  of  the 
arrangement  would  be  entirely  a  matter  of  accident.  When  the 
system  is  so  u»ed  moreover  it  is  affected  by  the  slightest 
external  magnetic  influence,  and  is  a  source  of  great  trouble 
[brougb  the  difficulty  of  maintaining  a  definite  zero  position. 

Ad  astatic  system  when  quite  accurately  made  has  the  needles    FerfucCly 
exactly  in  one   Diane,  and  has   almost  i>erfect  astaticism  in  a     Astatic 
nnifortn  field,  and  the  aensibihty  is  obtained  by  producing,  by   System  in 
means  of  a  magnet  placed  at  aome  distance,  a  resultant  magnetic    Differen- 
field  whieb  is  not  uniform  over  the  needle  system,  and  therefore  ti»l  field. 
gives  a  differential  action  which  furnishes  the  necessary  directive 
force  on  the  needles.     An  astatic  galvanometer  with  directing 
magnet   is  shown  in  Fig.  S5.*      The  instrument   illustrated  is  _ 
one  form  of  Sir  William  Thomson's  aatatia   reflecting  galvano-  luoni»on« 
meter.    The  dewila  at  the  supports  of  the  coils,  noedlea,  Ac.    ^^r" '^ 
'-■It   be  clear  from  the  Figure  :   the  coils  as  will  be  seen  are    '''"^'""'' 

need  so  us  to  turn  back  to  allow  the  suspended  system  to  be 
Mwly  got  at.  Each  needle-syslem  is  a  group  of  short  needles, 
tnd  there  are  two  sets  of  coils,  one  containing  each  group  of 
BMdIes,  and  joined  in  such  a  way  that  the  actions  on  the  needles 
conspire.  Sometimes  a  single  coil  only  is  used  enclosing  one  of 
•n  aatatic  pair  of  needles.  In  this  case  although  the  coil  exerts 
couples  in  the  same  direction  on  both  needles,  the  principal 
turning  action  is  exerted  on  that  which  is  inside  the  coil. 

Another  arrangement  of  astatic  galvanometer  is  shown  in  Gray'g 
Fig.  86.  It  is  a  slight  modification  of  one  adopted  by  Prof.  T.  Aatatio 
Gray  and  the  author  for  a  very  sensitive  galvanometer  con-  Galvano- 
atructed  for  tlie  determination  of  the  spetiflc  resistance  of  glass. +      mater. 

*  Tbia  cut  has  been  kindly  aapplied  by  the  Cambridge  Inatnunent 
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•^.S.S.'So.  230,  1884.  A  ailnilnr  arrangement  of  needloa  has,  it 
been  usud  also  by  Herr  Bosenthal  and  by  Lord  lUyUiuh.  Sea 
HaCher,  and  Smnpner,  Im.  cit. 
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a  pair  of  horaealiuee  of  hard  steel  as  showa  in 
arranged  in  twu  parallel  verticil  planes  bo  thnt 
eDter  the  corea  of  une  pair  of  the  four  coils  C,  C 
the  poles  of  the  other  the  cores  of  tLe  other  pair  of  coils.     The 
four  coils  nre  lixed  in  s  plate  with  their  axes  parallsl,'  and  their 
uQe  plane ;    and  the  horiieshoes  are  connected  by  a 


■  The  needlei 
Fig.  97,  and 


Fio.  86, 


JOrved  bar  of  aluminium  bo  that  one  enters  from  one  Bide  of  the 
coil  flTsteni,  the  other  from  the  other  side  as  shown  by  the  hori- 
sodUI  section  in  Fig.  87.  The  instrument  is  supported  on  a 
plate  of  vulcanite  standing  on  vulcanite  feet  to  give  insulntioTi, 
and  the  coils  were  ivound  on  vulcflnile  bobbins.  The  coils  are 
joined  ao  that  when  a  current  passes  both  boracBhoes  are  dragged 
VOL.  II.  C  C 
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further  into  their  coila,  or  both  pushed  out  nt  the  Berne  time. 
Tho  needle-Byetem  is  thus  turned,  anil  the  deflactioii  is  me&aitred 
by  meauB  of  a  mirror  mid  aaale  in  the  usual  manner.  The  total 
reUBtance  of  tiie  four  uoile  wan  Hpproximalely  30,000  ohme ;  and 
the  highent  sensibility  obtnincd  when  the  inatriinient  was  set  up 
was  auch  that  a  current  I/IO"  ampere  produced  a  deflection  of 
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Fig.  87. 

1  division  on  a  scale  at  about  a  metre  distance.  The  period  of 
the  coil  was  however  for  many  purposes  inconveniently  long, 

A  very  elaborate  instrument  on  this  principle  was  made  for 
the  Central  Institution,  Lotidun,  from  drawings  made  by  Prof. 
Ayrton  in  consultation  with  Prof.  T.  Gray.  A  full  description 
will  be  found  in  the  paper  of  Messrs.  Ayrton,  Mather,  and 
Sumpner  above  referred  to. 

The  chief  advantage  of  the  arrangement  of  coils  and  needleB 
described  above  is  that  a  great  portion  of  the  wire  of  the  coits  ia 
placed  very  near  to  the  poles  of  the  needles,  and  in  a  very 
favourable  position  for  exerting  the  electromagnetic  action 
required.  The  instrument,  particukrly  the  form  shown  in  Fig.  "2, 
is  very  easily  madi>,  and  it  does  not  cost  more  thitn  an  instrument 
of  the  ordinary  kind.  Of  course  a  single  horseshoo,  or  S  or  ^ 
shaped  bar,  might  be  placed  horizontally,  and  acted  on  by  a  pair 
of  coils,  and  the  principle  thus  applied  to  a  single  needle  non- 
astatic  instrument.  In  astatic  instruments,  however,  of  (his 
form  it  is  decidedly  prefciable,  lis  shown  below,  to  use  vertical 
needles. 

It  is  to  be  observed  that  if  the  line  joining  the  poles  or  centres 
of  gravity  of  magnetic  polarity  in  each  horseshoe  be  vertical, 
the  sjatem  ia  perfectly  astatic  for  a  uniform  field,  for  each 
vertical  horseshoe  is  itself  perfectly  astatic.  The  pair  of  horse- 
shoo  needles  can  thus  be  adjusted  to  have  as  nearly  as  may  bo 
perfect  astiiticism  in  a  uniform  field,  and  thus  mode  to  preserve 
a  nearly  constant  zero  wlien  under  directive  force,  a  result  which 
it  is  exceedingly  difficult  tu  obtain  in  the  ordinary  arrangement 
of  horizontal  needles  and  which  certainly  rarely  exists  when  a 
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tul  mngnet  or  magnetB  placed  above  or  in  an  uusym- 
luetrical  poaitioa  relatively  to  the  noodleH  ie  emplojed  to  regu- 
Itte  the  Munsibility,  as  then  one  of  the  needles  must  be  niagueliifed 
and  the  other  demiignetized  to  a  greater  or  leas  extent,  depend- 
ing on  tha  position  of  the  miigiiet.  Aocording  to  this  latter 
orruigenieiit,  if  we  suppose  the  needles  to  be  parallel  or  nearly 
BO,  and  H  to  be  the  magnetic  field  intensity  at  the  upper  needle, 
H'  tliat  at  the  lower  needle  iu  the  same  direction,  m  the  magnetic 
moment  of  the  upper  needle,  m'  tliat  of  the  lower  needle,  y  the 
current  flowing,  8  the  deflection  produced,  and  K  a  constant,  we 


,»  +  . 

The  flensibility  of  an  astatic  instrument  with  horiKontal 
needles  as  nieattured  by  the  tangent  of  the  deflection-angle  for  a 
^iven  current  is  thus  very  great,  as  Hnt  — H'"*'  can  ho  made,  and 
IB  generally,  very  small.  According  to  the  values  of  m,  m',  H, 
H',  the  instruiucnt  may  or  may  not  be  aeriously  alfected  by 
external  magnets,  accidentally  displaced  in  the  oeighbourbood 
of  the  instrument,  or  by  slight  changes  otherwise  caused  id  the 
magnetic  field.  It  has  been  argued  that  since  Hi  H'  (which  are 
nearly  equal)  have  each  a  considerable  value,  any  alight  niag- 
UBtio  disturbance  producing  only  a  very  small  percentage  of 
cbangt!  io  each  of  tlieae  quantities  canoot  aenslbly  aSect  the 
value  of  the  senBibillly. 

Ttia  however  is  a  fallacy,  as  when  the  instrument  is  very 
aenaitive,  and  Hm-H'")'  is  therefore  very  nearly  zero,  an  ex- 
ceedingly feeble  magnetic  disturbance  changing  H  and  H',  as  it 
will  generally  do,  by  the  satne  absolute  amount,  and  hence 
in  TUI7  slightly  different  proportions,  may  sufiice  to  ulter 
Bm  — H'm'  by  uq  amount  comparable  with  its  former  value. 
The  equilibrium  position  of  the  oeedleH,  for  zero  or  any  given 
current,  will  thus  be  subject  to  variation. 

Slight  changes  in  all  or  any  of  the  quantities  m,  ni',  H,  H' 
may,  therefore,  affect  the  constant  of  the  ordinary  imperfectly 
utstic  instrument  very  seriously,  and  us  u  matter  of  fact  its  con- 
Btant  has  to  be  continually  redetermined,  for  it  is  very  sensitive 
V>  magnetic  disturbances  in  the  neighbourhood. 

In  (he  case,  however,  of  needles  adjusted  tu  he  accurately 
verticB]  these  disadvantages  do  not  exist.  The  needles  retain 
their  s«taticism  for  uniform  field  and  cannot  be  afiected  in  the 
I  way  by  directing  magnets.  Then  H,  H'  being  the  hori- 
il  field  intensities  at  the  upper  anil  lower  '    ' 
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nnii  K  n  constant  depending  on  the  coils,  \ 
y-A-tH-H'jsinfl.    . 

The  neiisibililj-  of  the  inetnimeot  cnn,  therefore,  he  increased  1 
to  nny  desired  esteiit  hj  placing  the  mngnet  M  (Fig.  S6)  at  f 
(1  greater  dlstnnce  from  the  needlea  (ur  by  counteracting  its  actiou 
tij~  B  Hmaller  magnpt  placed  nearer  to  the  needles)  so  as  lo  make 
H  — H'  BiiDiciently  aninll.  Further,  variations  of  the  strength 
of  the  horseshoe  needles  produce  no  effect  nnless  tliey  consist  of 
changes  of  magnetic  distribution,  which  ma;  produce  a  deviation 
from  perfect  nstaticism.  When  the  ina eminent  is  properly 
adjusted  and  the  neediesarensnonrlyas  posaihle  uniformly  mag- 
netized, but  little  distiiibance  of  this  kind  can  he  produced  by, 
the  magnetizing  action  of  the  coils,  since  both  poles  of  each  have 
their  miLgnetisni  augm<!nted  or  diminished  at  tlio  same  time  in 
the  arrangement  of  Fig.  86,  or  both  poles  of  one  are  magnetised 
tnoTB  intensely  in  some  degree,  and  both  poles  of  the  other 
weakened  if  both  needles  enter  the  coils  from  the  same  side. 

Another  possible  arrangement  of  such  a  system  of  needles  is 
with  lilie  poles  turned  in  similar  directions.  The  system  will 
still  be  perfectly  aBtatic  if  properly  adjusted ;  and  to  give  a.  I 
return  couple  towards  a  zero  position  a  magnet  may  be  used,  | 
placed,  for  example,  horizontally  in  the  vertical  plane  at  right 
angles  to  the  front  of  the  instrument,  in  a  line  passing  through 
tlie  suspension  thread.  If  this  magnet  be  placed  nearer  to  say 
the  lower  ends  than  the  upper  ends  of  the  needlca,  nnd  the 
polarity  of  t)ie  end  turned  towards  tlie  needles  lie  of  the  tamt 
name  as  that  of  the  nearer  ends  of  the  necdlea,  Ihey  will  have  a 

fiosition  of  atahte  eiguilibrium  when  no  current  is  flowing,  with  a 
Lurixontal  line  joining  a  pole  of  each  needle  nt  right  angles  to 
the  direction  of  the  magnet.  The  aociirote  law  of  variation  of 
deflection  with  current  is,  however,  in  this  ease  more  complicated, 
and  the  instnmient  in  some  casea  might  have  to  be  graduated 
by  experiments  with  known  currents  of  different  amounts.  Any 
change  also  of  the  magnetic  distribution  of  the  controlling 
magnet  would  affect  the  indications  of  ihe  instruuient. 

It  ia  to  be  observed  that,  in  consequence  of  tlie  liorsealioe 
needles  being  placed  in  these  instrumenu  at  a  considerable 
distance  from  the  asis  of  suspension,  a  very  small  value  of 
H  -H'  is  suflicient  to  give  the  needle  system  such  a  directive 
force  as  to  prevent  any  greot  error  duo  to  tlio  rigidity  or  the 
viscosity  of  the  suspending  fibre. 

The  needle  system  may  be  hung  in  a  uniform  tield,  and  a 
■mall  needle  rigidly  connected  with  it,  but  placed  so  as  not  tu 
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be  perceptibly  affected  by  the  coils,  used  to  give  directive  force 
to  the  magnetic  eyHtein.  Tliia  BinnlJ  needle  mny  be  hung  in  audi 
■  way  that  it  can  be  turned  round  a  horizontal  uxis  at  right 
BQgtee  to  its  iengtb,  and  also  round  a  vertical  dxih,  bo  au  to 
enable  botb  the  seosibility  and  the  zero  uf  the  instrument  to 
be  adjuBlRd.  When  the  gnlvanometer  is  not  intended  for 
ballistio  experimente,  the  frame  on  which  the  Huiall  needle  is 
mounted  may  conveniently  be  immersed  in  a  liquid  and  made  lu 
aot  as  a  vane  for  briogitig  the  needle  system  quicKly  to  rest. 
This  arrangement,  of  course,  would  not  he  natatic,  but  would 
give  great  sensibility  on  accouut  of  the  leverage  of  the  horse- 
bhoe  need  leu  as  arranged. 

ThuB  if  m  denote  the  magneiic  moment  of  the  small  needle, 
J?  the  horizontal  component  of  the  earth's  megnetic  force,  k  a 
eonatant  depending  on  the  coils,  rp  the  strength  of  pole  of  each 
of  the  horseshoeB  (suppoaed  of  equal  atreDgih),  and  d  the  distance 
of  these  polea  fioui  the  BUBpcnsion  thread,  we  have,  since  the 
deflection  is  Bmall,  for  tlie  turning  couple  exerted  by  tlie  coils 
iChtxi,  anil  for  the  return  uouple  mn6,  and  tbevefore — 

C-j^-^ (25) 


Of  coarBe  this  arrangement  is  Applicable  whether  b'ke  or  un- 
like polea  are  turned  in  similar  directions.  It  hne  tfie  disadvan- 
tage that  any  change  of  m  or  0  or  uf  both  would  affect  tbe 
constant  of  tbe  inetrument. 

The  sensibility  of  any  of  these  arrangements  might  also  be 
increased  by  bringing  out  a  very  light  arm,  say  from  the  middle 
of  the  cross-bar  connecting  the  horseshoes,  or  from  any  other 
convenient  point,  and  hanging  the  mirror  by  means  of  a  bililar, 
one  thread  of  which  is  attached  to  the  outer  extremity  of  tliiK 
Krm,  and  the  other  to  a  near  tiled  point.  The  distance  between 
the  fibres  being  small  in  comparison  with  the  length  of  the  arm, 
amall  deflections  would  be  greatly  multiplied.  This  device 
would]  no  doubt,  render  a  greater  degree  of  skill  and  delicacy  of 
manipulation  necessary  in  the  operator  or  experimenter,  but 
it  or  aome  similar  plan  might  in  some  cases  be  adopted,  and 
Ihe  constiuotion  of  these  inatruments  renders  its  appliculion 
to  them  very  easy. 

The  astatic  galvanomeler  described  above  may  he  modified  bb 
follows.  Instead  of  a  set  of  four  coils  with  hollow  cores  and  horse- 
shoe neeiiles  us  described,  eight  coils  may  be  used — one  set  of 
four  arranged  in  rectangular  order  in  a  vertical  plane  facing  a 
■econdaet  of  four  similar  coilsjn  a  parallel  plane  at  a  small  distance 


Astatic 

with 
Straight 
Vertical 
Need' 
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from  the  first  Two  ttraigll  needles  of  iliin  steel  wire  connected 
together  as  rigidly  as  possible  by  very  light  bars  of  nlumininni, 
nre  so  chosen  as  to  length  and  so  arranged  that  they  liang  from 
a  single  silk  fibre  with  their  lengths  vertical  and  a  magnetic 
pole  as  nearly  os  may  be  in  the  hue  joining  the  centres  of  each 
miitiielly  opposite  pair  of  coils.  A  msgnot  giving  s  differential 
lield  at  the  needles,  if  their  like  poles  are  turned  in  dissimilar 
directions,  or  any  other  arrangement  may  be  used,  and  n  current 
sent  through  the  coils  in  any  desired  tvay  by  means  of  a,  distri- 
buting plate  or  otherwise. 

Astatic  galvanometers  of  Sir  William  Thomson's  pattern  are 
nsujilly  made  with  two  coils,  one  above  the  other,  split  into  four 
by  a  narrow  vertical  space  in  whiuh  the  needle  system  is  sus- 
pended, and  which  admits  of  the  ready  removal  of  Uie  needles  for  _ 
adjustment.  In  this  space  may  be  hung,  in  a  plane  nearly  ■ 
parallel  (when  no  current  is  flowing)  to  the  two  coils,  two  tfain^l 
magnetic  needles  of  steel  wire  side  by  side,  hept  with  their 
lengths  accuralely  vertical,  and  at  a  short  diWanca  apart  (say  J 
or  i  of  an  inch}  by  light  aluuiinium,  or  other  non-magnetic  bars. 
Such  a  system  of  needles  with  unlike  poles  turned  in  similar 
directions  would  plainly  experience  a  fimilar  ningnetic  action 
to  that  exerted  by  the  coils  on  the  needles  in  the  ordinary 
so-called  astatic  combinstion.  But  two  straight  vertical  needles 
would  plainly  be  perfectly  astatic  in  a  uniform  magnetic  field  ; 
it  be  liable  to 
niigneta  applied  to  give 

]f  a  more  powerful 
uendoftlie  needle  system  than  at  the  other,  as  shown 
in  Figs.  8S  and  86,  or  magnets  arranged  symmetrically  with 
respect  to  both  ends  of  the  needles.  An  instrument  with  such  a 
KVBtem  of  needles  ought  therefore  to  be  subject  to  but  slight, 
if  any,  disturbance  in  ordinary  circumstances  of  sensibility 
when  manses  of  steel  or  iron  are  being  moved  about  at  some 
little  distance,  and  would  we  think  be  found  useful  in  such 
cases,  as  for  example  in  cable  testing  rooms. 

A  very  sensitive  gulvanoraeter  has  been  made  for  the  Central 
Institution  at  South  Kensington,  under  Prof.  Ayrton's  eupeiin- 
tendence.  Great  attention  has  been  given  to  details  of  arrange-, 
meat,  and  specially  good  insulation  has  been  obtained  by 
supporting  the  coils  on  corrugated  vulcanite  pillars.* 

A  balliatic  galvanometer  is  an  instrument  designed  for  the 
purpose  of  measuring  the  whole  quantity  of  electricity  which 

•  See  Phil.  Mag.  July,  ISBO. 


and  this  aetaticism  for  uniform  field  y 
disturbance  from   any  arrangement  of  m 
directive  force  to   the   system,  as,  f 
magnets  directing  the  system  by  i 
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pouee  in  a  current  of  ahort  duration.  It  ia  so  citlled  bocaoce 
the  maiDent  of  inertia  of  the  needle- By  stem  ia  tnnde  so  great, 
nnd  consequBnlly  the  free  perind  of  vibration  so  long,  tLat  ttie 
OutTont  haa  begun  and  ended  before  tlie  needle  haa  aenaibly 
moved  from  its  initial  position  ;  just  as  in  a  ballistic  pendulam 
the  change  of  momeDtum  of  an  impinging  bnllef  baa  entirely 
taken  place  before  tbe  massive  bob  has  nioved  from  Uiu 
position  of  stable  eciuilibrium  which  it  has  under  the  action  of 
gravity. 

Tlie  iirrangement  of  needles  takes  many  different  forms.  For 
example  Professors  Ayrton  and  Perry  constructed  a  ballialic 
gatvauometer  in  -which  the  needles  were  each  a  built-up  sphere 
of  small  magnets*;  the  form  of  galvanometer  referred  to  at 
p.  386  above  was  constructed  for  ballistic  use,  and  several  others 
on  the  snine  principle  have  been  made  for  the  same  purpose  ;  in 
Other  cases  tbe  needle  is  a  disk  of  steel  carefully  polished  to 
serve  as  mirror,  and  magnetized  parallel  to  a  diameter  which  is 
made  horizontal  when  the  needle  is  suspended. 

The  coil  should  always  be  set  up  so  that  the  needles  rest  at 
right  angles  to  its  axis.  This  enablea  the  needle  if  the  deflec- 
tion is  kept  small  to  be  only  slightly  affected  by  tbe  magnetizing 
action  of  the  current  in  the  coiL 

The  arrangements  of  coils  is  the  same  as  in  galvanometers  for 

tatandy  currents,  except  that  on   account   of   the   influence   of 
'  daced   currents   produced   by  the  moving  magnets  the  coils 
lOuId  be  made  with  non-metnllic  cores  or  tubes;  or  if  metallic 
used  tiiey  should  be  slit  longitudinally  from  end  to 

The  siphon -recorder  (or  d'Arsonvnl  Deprez)  arrangement  may 
alio  be  Dsed  for  ballistic  purposes. 

Let  a  be  the  initial  angle  which  the  needle  makes  with  the   Theory  of 
plane  of  the  coil,  and  d,  the  angle  which  the  needle  would  make         the 
with  its  initial  position  at  the  extremity  of  its  deflection  if  there    BslliBtic 
were  no  damping  action.     If  Af  be  the  magnetic  moment  of  the    Calvano- 
needle  supposed  short,  and  Gy  the  magnetic  force  at  the  needle      meter, 
produced  by  a  current  y  in  the  coil,  the  turning  couple  on  the 

edle  is  U  Oy  cos  a.     Hence  if  mi^  bo  tbe  moment  of  inertia  of 

B  needle,  we  have  when  the  current  is  y  and  the  deflection 
o9. 


^Eb< 


iPS       UGy 


{2G) 


*  See  Chap.  XI.  below. 
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If  the  whole  current  pneaes  before  there  is  any  genaible  de- 
flection,  wo  have,  integrating  over  the  wliole  time  during  which 


dS  MO  coaa  r  UP  cos  a 


whidi  I 


if  Q  be  the  whole  quunlity  of  electricity 
transient  current. 

Hence  the  kinetic  energy  giTen  to  the  magnet 

,  «»(?»  coa".. 


i^fdir^"^^''- 


.    (27) 
'8  in  tht 


(ae) 


'   iag"  at 
hjTeedle. 


kinetic  energy,  as  tho  magnet  Bwingn  round  and  comet 
;  in  the  magnetic   lieltl   of   horizontal   intensity  U,   not 
ily  that  of  tlie  earth,  ia  changed  into  mugnetic  energy 
OT  amount  (aee  p.   6  above)  UH(l  -cob  0,).    liquating  thia 
to  the  value  of  (he  kinetic  energy  just  found,  we  get 


2m^(l 


.8(?,) 


Htf»c. 


If  7"  be  the  complete  period  of  free  vibration  nf  tlie  itaadle, 
we  haVB  r  =  2ir  J'^MII.  or  nH/M  =  UT'llw'.  Tbua  the  lust 
equation  becomes 

njfl, 


0  =  ^ 


(-29) 


I  iieedlB. 


To  tuke  into  account  tbe  damping  action  exerted  on  Ilic 
needle  by  the  air,  Ac,  and  by  tho  induced  currenta  produced  in 
the  coil  by  the  motion  of  tbe  needlee,  we  eliall  suppose  the 
de6ection  to  be  Bmall  enough  to  allow  the  sine  of  the  deflection 
to  be  taken  as  oqual  to  the  'tngle,  and  take  the  i«tarding  couple 
as  proportional  to  the  angular  velocity,  as  it  will  be  if  tlie 
velocity  is  not  loo  great.  This  theory  will  be  aullicieiii,  as  the 
angular  deflection  can  always  be  kept  einull,  and  nuvertlielesa  be 
read  with  accuracy ;  its  amallneBH  moreover  prevents  tlie  nnguliit 
velocity  from  becoming  too  great. 

Let  then  tho  magnet  make  a  small  oBcillation  in  the  tield  of 
intenHJty  U,  and  under  the  iniluence  of  the  damping  couple 
xdS/iit,     The  eL]Ualion  of  motion  is 
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t  which  the  solutioD,  if  7,  be  the  obeer 
" e  of  the  damping,  is 


6  =Jexp{-  Ktliiiiir)a\ 


jirhere  jf  is  a  constant,  knd  /  is  retknned  from  the  instant  of 
Bsing  through  the  undiatnrbed  position.     7,  is  given  by  the 


fun       »'  " 


^EqiiUian  {31)  indicatea  aimple  harmonic  motion  of  range    1 
Hininishing  in  geometric  progTewion  as  the  time  increaaes  by  " 
.OcesBBive  intervals  euob  equal  to  TJ%    The  Naperian  loKarithm 
of  the  ratio  of  any  one  amplilnde  to  that  wliioh  auoceeda  after 
M   interval  T,r2  is  KTJiml^.     This  ie  cnlled  tlie  logarithmic 
decrement  of  the  motion  and  is  genemlly  denoted  by  \.    Thus 


e  write  2ir/ri  =  if  cos  « 


\  tJiing  this  value  of  ti 


b  (32),  we  obtain  after  reduction 


ind  the  equation  47,^p'  =  Ml/iiiii', 


I  Equation  (33)  may  n 


.(^,H-.).. 
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But  when  i  =  0,  dejdl  =  MGQImk*,  bo  Hint  the  laat  equiitioD  glte^ 


Putting  in  this  liSldl  =  0,  we  Ret  the  voliie  of  /  when  Iho  ftret 
deflection  (or  "tlirow,")  ff^  linB  juKt  been  completed.  TIiub 
t  =  Ti  (w/a  -  «)/2jr.     Hence  (31)  becomea  for  Ihia  vqIuo  of  ( 


7\  U6Q 


But  if  the  OBcillation  were  uoretarded,  nod  T  tlie  free  peiiod, 
we  should  have  by  (32) 


""  4(,r»  +  X'j" 

WorkiiiR       SubBtituting  this  value  of  mi"  in  (37),  and  solving  for  Q, 
FomiaU    get  finally 


I 


2"   V^f+T- 


■e--B- 


This  gives  the  first  actual  elongation  d\.  If  the  dampinp 
be  very  slight  so  thiit  X  is  very  small,  we  i^at  approsimately 
from  (30)  or  directly  from  first  principles,  the  equation 


Wo  sball  have  in  Chapters  X.  nnd  XI.  below  numerotis 
examples  of  correction  of  observations  of  the  eSocts  of 
iamping. 
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o  be  noticed  tliat  lliere 
Q  of  llie  uir  actually  i» 
g&U'anonieter  is  suddenly  set  into  motion, 
or   demagnetizinp   action   on  the   needles   i 


,   Conetant, 


Bome  uncertainty  as  to  what 

hen  the  needle  of  the  bnlliatic  

Any  niagnclizing  "f  BalliKic 
emagnettzinp   action   on  tne   needles   must  he    aa   far   ns     Ai;tion. 
hie  guarded  againet  in  the  arrangement  and   use  of  the 
instrument.     The  deflection  on  thin  account  ought  to  ha  always 
kept  as  eiunll  aa  possible,  eo  that  on  the  one  hand  the  needle  ^H 

may  never   deviate   far  from   the   direction  of  the  permanent  ^M 

tield  in  whicli  it  is  placed,  end  may  on  the  other  be  ulways  ^M 

nearly    at    right    angles    to   the    axis   of    the   coil,  and   thus  ^J 

only   slightly  exposed  to   magnetiKing  action  in  tlie  direction 
of  its  length. 

The  value  of  tlie  ratio  EG  may  be  fonnd  by  sending  a  steady     E^iniina- 
current  of  known  amount  y   {determined   by   eleclrolysi  ' 

explained  at  p.  4'27  below,  or  by  a  standard  galvnnoraete 
current  balance)  through  the  instrument  and   obeerving  the 
deflection  of  the  needle.    If  the  indications  follow  the  tangent 
■  w,  and  6  be  the  deflection,  then  H/O  =  y/tan  6.  , 

If  the  indicationsido  not  follow  the  tangent  law  the  inetru- 
na  he  oalibrated  by  sending  steady  currents  of  different 
through  the  coil,  observing  the  deflections  and  iuterpo- 
ing  for  other  currents  by  means  of  a  curve  plotted  from  the 
itions,  or  otherwise. 

udenser  of  known  capacity  C  charged  to  a  difference  of 
potential  A'  measured  by  some  proper  arrangement,  may  be 
discharged  through  the  galvanometer  and  the  defleclion 
observed.  This  gives  a  known  value  of  Q,  and  the  value  of 
flTi/tf  can  therefore  he  obtained  by  (38)  or  (38'). 

TliDse  methods  and  others  will  be  exemplified  below,  especi- 
ally in  Chapters  X.,  XI.,  and  XII. 

In  cases  in  which  the  transient  current  can  be  repealed  when 
desired,  sQccessive  observations  mny  be  made  wilhout  waiting 
for  tlie  needle  to  conic  to  rest,  by  using  the  method  of  recoil 
proposed  by  Weher,  Tlie  current  is  first  sent  in  the  positive 
direction  round  tiie  coil,  and  ihe  needle  thereby  caused  to  swing 
to  its  maximum  deflection  in  the  positive  direction,  then  through 
zero  to  the  negative  side  and  back  again  to  zem.    At  the  instant 

when  the  needle  arrives  at  zero  the  second  td        

current  is  repented  but  in  the  negative  directioi] 
the  motion  of  Ihe  needle,  which  swings  to  a 

on  the  negative  side,  then  back  again  through  xeiti  to  the  posi- 
I   the   needle  returns  to  zero  from  the  [Kisitive 
it  curreut  is  repeated,  but  in  the  positive  direc- 
in,  a  fresh  impulse  being  giveu  in  the  opposite 


■Sal. 

Hhtii 
■   «bs. 


s  reversing 


side,  the 
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Methwl  of  iJirection  to  motion,  every  time  the  needle  arnves  at  the  eero 
Kiooil  foi-   poBition  after  n  complete  free  swing  from  side  lo  side.     The 

angular   deflectiouB    are    shown   in    Fig.   88,    which    explains 

itBelt 

By  equation   (37)   the  firgt   deflection   0,  is  given  by  tlie 

equation — 


(39) 


.(.^..„-,.)  =  .,. 


When  the  magnet  swings  over  to  the  other  side,  tlie  numerical 
value  of  the  deflection  S^  will  be  given  by 


Theory  of       By  (3C)  the  angular  velocity  with  whicli  the  needle  starti  is 

MntlKd  of  Mfi^/rtt",  and  tliat  with  which  it  returns  to  aero  is  UGQi->'lNkK 

ReeoiL      Hence  its  (positive)  angular  velocity,  when  it  returns  to  zero  the 

second  time,  ia  MGQt-^jnil*.    The  negnlive  angular  velocilv 

Riven  then  is  UGOImlfi.  so  that  the  velocity  ia  r  "    ■■" 

tfG$(l-.-ii*)/«.it'in  Ihe  negnliv      - 

"■  "    '■      'n  the  negative  direciio 

«.-ir« (I -.-=»). 

t  following  amplitude  will  be  positive,  and  will  have 

fl,=  A.-$(l -.-»*),-*. 

Lastly,  the  velocity  with  which  the  needle  returns  to  zero 
from  Ihepuaitiveside,  isifOQ(l-F-<A)(-i*/'n^,  and  the  positive 
velocity  then  imparted  bsing  UOQImJ^,  tlie  velocity  towards  the 


METHOD  OF  RECOIL 

Msitive  side  ia  ¥GQ\1  -  {I  -e-"->-)t-^}lmk\anA  the  deflection  e^ 
U  given  by 

e.-KQH  -,-«  +  ,-**),-*, 

^^d  HO  on. 

W«  huve  for  tlie  first  group  of  four  deflectiocB 


^iJL^  = 


tnd  tlie  same  thing  will  be  given  by  every  succeeding  f 
r  ileflectioDB,     Heoce,  tiihing  all  such  groups  into  < 


(40) 
nip  of 


ReauUi  of 
Method  of 


I,  +  «■).- 


'  +  «.  +  »« 


«■?(!  + .-»)  -  («u-i  +  »,.-i;.-"»  +  «i.-i  +  »4., 


-  S  l(«j-J  +  *-!  +  4-1  +  «j)  (1  + .-»)-»,-», 

'     =  -(1I..-1-I- »..).-"!  .     .    .    (12) 

^hicli  enalileB  Q  to  be  found  from  B  combioation  of  nil  tbc  ob- 
rvfttiona  made.  , 

It  IB  to  be  observed  that  tliia  methoii  CBonot  be  coovenientlj 
used  if  the  diiinping  of  the  needle  is  veiy  entull,  as  then  e 
reguUr  repetition  of  eiiccesHive  aets  of  nearly  tlie  same  anipli- 
tiidoB  would  be  dilBcult  to  obtain.     By  observing  tbc  aucceasive 

Sain  of  free  elongationa  an^  change  of  zero  which  takea  place 
urtllg  the  esperirnenta  can  be  followed. 
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Formulae  are  eftsily  obtained  for  taking  into  account  the 
interval  occupied  in  ihe  piissnge  of  the  current,  if  that  i»  in  the 
least  compHritble  with  the  free  period  of  the  needle;  but,  as 
theae  are  nirely  necessary,  we  shall  only  give  tbeni  if  the  need 
vitn  any  electrical  meuHurement  deecribed 


a  gal 


below. 
jMethod  of      ^^  ""'y  °°'®  further  here  that  wl 
(fnoceasive  forthe  meaaorement  of  a  steady  current,  it  may  si 

Observa-  desirable,  in  order  to  eliminate  any  variation  of  zero  aiie  to 
tion  for  variution  in  the  direction  of  the  earth's  force,  to  read  the  galva- 
Steady  nometer  as  fullows.  Thecurrent  sent  round  the  ooil  of  the  (^alvn- 
Corrent.  nometer  in  the  positivedirectiondeSectethe  needle,  which  swings 
about  the  new  position  of  equilibrium.  The  first,  second,  and 
third  elongations  are  observed  ;  Ihon  contact  is  broken  for  about 
half  a  whole  period,  so  ns  to  let  the  needle  swing  beyond  zero  ; 
next  the  current  is  tunl  in  the  opposite  direction  to  that  in  which 
it  was  sent  at  first,  and  the  three  lirst  elonfintions  on  Ihe  other 
aide  observed  ;  then  the  contact  is  broken,  the  current  reversed, 
and  so  on  as  before. 

If  the   numerical   values   of    the    first    six    deflections    are 
*t,  fli flfl.   we   have   for   the  deflection  due  to  the  ateudy 

^  6,  +  g^i  +  ^3  ^  fl,  +  Id,  +  6, 


fl  =  tfi  +  2fl,  +  fl,  +  d,  +  '26^  +  fi„  . 


(13) 


and  eo  for  any  such  series  of  six  deliections. 

Some  account  of  methods  of  measuring  currentR,  differences 

of  potential,  &c,,  in  altomating  circuits  will  be  given  in  a  later 

chapter.     Many   particular   devices    and    arrangements    which 

might  have  legitimately  found  a  place  in  this  chiipter  will  be 

much   more   conveniently   described   in   connection    with    the 

experiments  in  which  they  were  originally  used. 

X,oril  Lord  Kayleigh  and  Mrs.  Sidgwick  have  used  in  their  researches 

Bayleigh's  o°  t'l^  electro-chemical  equivalent  of  silver  a  form   of  electro- 

Cnrrent     dynamometer  balance,  or  current- weigher,  in  which  the  fixed 

Weigher,    and  movable  coils  were  placed  with  their  ases  coincident,  and 

ucl^rclntive  positions  that  the  pull  along  the  axis  exerted  by 

coil-system  on  tlie  other  was  a  maximum.     The  fixed  coils 

I  the  large  coils  of  the  British  Association  electrodynamo- 

T  described  above,  and  between  those  was  placed  u  coil  of 

silk-covered  wire  wound  on  a  ring  of  ebonite.     The  arrnnge- 

ment  is  shown  in  Fig.  8S),  which  explains  itself.     We  shall  nhow 

tliat  this  coil  placed  midway  between  tho  two  fixed  coils  was  in 
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force  exerted  upon  it  by  e. 


cUof 


tlie  position  to  Lave 

Tlie  use  of  a  current  weigher  auch  as  this  Laa  several  important 
irivuntdgcs  over  either  the  gulvano meter  or  ordinary  electro' 
<lyiiamometer.  As  liere  arranged,  the  Bccurucy  uf  the  constant 
ilopended,  in  the  iiiaiu,  only  on  the  determination  of  the  ratio  of 
the  radii  of  the  coila  ;  the  neoeMity  for  finding  II  and  taking 
account  of  its  variationa  ie  avoided  ;  and  no  difficulty  aa  to  the 
elsetic  or  biSlar  constant  of  BuepeoBions  exists.  The  actuul 
obaarvation  of  the  indications  is,  however,  a  soraewhiit  more 
elaborate  proceea  than  in  these  otlier  ioHtrunientB,  involving  ita 
it  does  an  exact  weighing.  It  can,  however,  be  carried  out  with 
great  exactness  by  a  skilled  experimenter. 


The  mutunl  electro-kinetic  energy  7\,  of  a  ayetem  of  two  coils 
carrying  a  current  y  ia  given  by  the  equation 


?■  -  us yjf 


where  n,  n'  denote  the  numberB  of  turns  in  the  two  coils,  and  M 
niotes  for  the  present  the  mean  mutual  inductance  of  a  pair  of 
iniB  one  in  each  coil.    Thus  if  x  is  the  distance  between  the 
wa\»,  the  force  F  exerted  by  one  on  the  other  is  given  by 
F      ...  ^^^ 
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FoMe  It  ig  well  to  notice  liere  thnt  BM/Bx  la 

dependii  liepends  therefore  only  on  the  rntioa  a/a, 

onljr  on  mdij  of  xha  coils,  »nd  of  tho  rndiiiB  of  oil 

lUiioB  of  apart,    Xhus  if  we  write 
I/iiitanceB. 


9-1/ 


/(".  ", 


with,    by    EuleHs    theorem    of   homogeneous    fuoctio 
0  audition 


„"J  +0"^  +"-'  =0 


If  the  coilfl  ore  so  placed  that  the  oction  belwcun 
mazimam  B/IBx  =  0,  and  (48}  gives 


Ba 


(■19) 


Thus  by  (47)  eiinul  (proportional)  errors  in  the  estimolion  of  a 
and  a  produce  no  effect  on  the  vulue  of/  provided  the  coils  are 
ID  this  position.  Hence  B/jBx  heing  zero  there  is  (to  ({Uantities  of 
the  second  order)  no  effect  produced  by  errors  in  the  estimation 
of  r,  and  therefore  the  action  between  tho  coila  depend*  only  on 
the  ratio  a/a.  This  ratio,  as  will  he  explained  below,  can  be 
determined  electrically  by  a  method  due  to  Boascha,  without 
direct  roeasureinent  of  either  □  or  u. 
Exprea-  The  value  of  M  for  different  arrnngementa  of  coila  ia  given  in 
lion  for  Chap.  VI.  above.  We  ahall  usi^  at  preacnt  the  eKpresaion  given 
Forco  at  p.  268  for  the  miitusl  induction  of  two  eoosial  circles  of  radii 
a,  a,  and  distances  z,  f,  from  a  fixed  point  on  the  axia.    We 


Two 
L  Qiclei. 


B^T 


ff«^'i.2.: 


;  +  2.3.4 


'^  -  i»% 


CURRENT  WEIGHER 

Kmall  coil,  and  to  be  considerably  less  tliin  a,  j-,  resjieclivcly, 
'I'hus  if  o/(i  IB  not  large,  llie  value  of  dMjdS  will  be  given  to  a 
hig'h  degree  of  appmsiniHlion  by  tbe  first  term  itloTie  nS  tbis 
BBries.   Thus  writing/'  for  aJ//3£  we  have,  taking  tlie  flrst  teria 


¥ 


d^ 

Thus  dfldx  vanishes  and  t!io  force 
or  2J^  =  a,  that  is  when  the  distance  between  the  OtrcleB  is  half 
the  radius  of  the  larger. 

Neglecting  tbe  second  and  third  terms  in  (50)  which  involve 
f,  and  taking  into  account  the  part  of  the  tliifd  term  which  in- 
volves q',  differentiating  and  putting  r'  =  ia'  in  all  factorn 
multiplying  u',  we  get  as  n  second  approximation  to  the  ralui'  of 
,JI!  for 

(51) 


'^'('-^S) 


For  two  lixed  coils  at  equal  distances  on  oppoeile  sides  of  liie     Force  on 
uepeoded  coil  the  odd  terniB  vnniah,  and  we  have  (atill  sup-     MovahlB 
lOSing  that  tlie  coils  can  be  regarded  as  circles)  for  the  action        Coil 
letween  one  of  tbe  fixed  coils  and  the  movable  one  ^'^''1^^"^ 

Two  Fixed 

./^jl.2.3;+3.4.5-tl:^_-^'(f'-M  +  .-)    -(52) 


3i 

The  coils  might  then  he 
terms  of  the  fourth  order  t 
given  by 


anged  so  that  ir  =  la',  and  thus  to 
I,  f,  the  value  of  8M/3£  would  bo 


rOa  tbe  other  hand,  if,  as  was  actually  the  c: 


=  I.2.3t.^^- 


i  considerably  larger  value.    This  eijuatio 
t  rough  estimate  of  the  force  which  wo 
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EITwtar 

Pltoing 
UoTabte 

Coil 

Mavftble 
Coiliu 
Terms  of 

Coil- 


s  given  current  witb  two  single  turns,  and  therefore  of  tbe  force 
to  be  expected  between  one  of  ibe  tiled  cuIIh  aud  t\:6  movable 


By  eiiiwtion  (60)  wlien  a  =  2x,  we 
HO  iiB  to  Bud  tbe  effect  of  f'  wbeii  tbit 


8,  incluiiiog  two  terma 


^Jf=  -2862  X  Cn'  -  (l  ~  S2  €\      .     .     .     (55) 
94  a'  ^  aV 

]n  the  current- weigher  aaed  a  was  36  cms.,  ho  that  £  =  1  mtii. 
and  neglected  oould  only  give  rise  to  an  error  of  about  1/20,000. 
Tliua  tbe  inatrumant  with  ordinary  care  as  to  adJuBtnient  could 
ba  re^rded  aa  quite  freo  from  error  due  to  inaccurate  placing  of 
the  suspended  coil. 

As  the  ratio  of  tbe  galvnnometor  conatonta  woa  determined 
experimentally,  and  Iberefore  waa  uaed  in  the  calcululinnN,  we 
write  down  bore  the  approximate  cxpresaion  for  tbe  force 
between  one  filed  coil  and  tbe  suspended  coil  in  terms  of  thia 
ratio  and  the  numbers  of  turns,  rutting  )3  for  the  value  of  tbe 
ratio  we  may  write  approximately 


Sektive     Tlius  apyroiimafely  liy  (65)  and  (44) 
EQecta  of  ,3 

,  Jtoperfcct  J" --2862  x  6)r^  -  P'y^ 

Aa  error  in  tlio  eBtimation  of  W  the  number  of  turna  in  the 
suspended  coil,  or,  wbat  is  the  aaine,  any  defect  in  the  insula- 
tion, ia  thus  of  greater  importance  tlian  a  aiinilar  inaccuracy  in 


tbe 


of  n 


Tbe  ratio  fS  enabled  the  mean  radius  of  tlie  snapended  coil  to 
be  calculated.  The  attraction  between  the  coils  was  then  found 
by  an  expression  easily  obtainable  bv  differentiation  from  the 
value  of  M  given  in  elliptic  integrala  at  p.  142  above,  for  two 
coaxial  circular  conductors.     Thus  we  have 


dif 


^^  {2F  -  (1  +  aec»i)£! 


(56) 


CURRENT  WEIGHER 

I  sin  j  =  it.     F  and  E  liftve  bepn  calculated  by  Legendre, 
e  used  b;  Lord  Rayleigli  in  the  formation  of  a  table  of 
values  of  jrj:8in|{2F-{l  +  rtec*$)E}  for  values  of  (  proceeding 
by  intervale  of  6'  rrom  65°  to  70°. 

The  value  of  dM/Sx  waa  then  found  for  tbe  Actual  coils  of 
axial  breodtha  26, 2ff,  2d,  23  by  employing  tbe  followiDg  fonimla 
of  qundralure,*  and  multiplying  by  nn'  tbe  produet  of  the 
number  of  turns.  TliuB/(a,  a,  x)  hting  tbe  value  of  Sifjdr  for 
a  pair  of  mean  turns,  we  bave  for  tbe  wbolo  coils. 


~  2/(,a,  a,  s) 


^)   . 


I   . 


^■'We  o«n  now  proceed  to  give  an  abstract  of  the  experimental 
'^SToceaaes  and  reaulla. 

The  suspended  coil,  C,  of  tbe  current- weigher,  which  had  been 
carefully  wound  with  silk-covered  wire  on  a  ring  of  ebonite,  was 
tested  for  insnlation.  The  method  adopted  tirst  was  to  make  as 
nearly  as  poBsible  an  exact  copy  of  tlie  coil,  then  to  place  the 
coi]  and  its  copy  side  by  side  with  their  axes  in  coincidence, 
and  join  them  in  series  so  that  a  current  could  flow  through 
them  in  oppoeite  directions.  A  galranometeT  with  a  needle  of 
long  period  of  free  vibration  was  included  in  their  circuit  One 
pole  of  a  very  long  steel  magnet  was  then  thrust  suddenly 
through  the  opening  of  the  coils,  and  produced  in  them  oppo- 
site induced  currents,  which,  if  the  insulation  bad  been  perfect 
in  both  coil^  ought  to  have  together  produced  no  effect  on  the 
needle  of  the  galvanometer. 

It  was  found  however  tbiit  the  copy  decidedly  preponderated 
in  magnetic  effect ;  a  result  which  pointed  to  faulty  inaulfition 
in  the  ebonite  coil.  A  conipariaon  of  the  ratios  of  the  self- 
inductions  of  the  separate  coils  to  the  mutual  induction  of  the 
pair  in  a  fixed  position  confirmed  this  conclusion,  and  the  coil 
was  thereupon  rewound. 

After  rewinding  it  was  tested  for  inanlation  by  a  Hnghea' 
induction  bnlance.     This  consisted   of  two  pairs  of  coils,  one 

*  This  formala  it  may  ba  here  remiirked  is  spplieoble  not  only  to 
M/x,  but  (u  any  function  of  n,  a,  tlie  mean  radii.  Thus  it  may  be 
""■'  *»  give  i[  for  two  o(wls  if  /{a,  a,  x)  denote  its  valne  for   the 


Test  by  1 
Uughe^l 
IndactioB  J 
BolaiiHb  f 


I'  fimpan 
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pair  at  some  distsDce  apart  in  one  horizontal  plane  Iieing  joined 
up  with  a  anurue  of  variable  current  in  a  prininry  drcnit,  tlie 
other  pair  in  poaitions  opposite  the  primaiy  uoila,  and  at 
dietiincea  finely  adjustable  by  meana  of  screws,  being  joined  n{i 
with  a  tolepbone  aa  a  aecoDdary  circuit.  Wlien  tbe  coils  hnd 
been  adjucted  to  esoct  balance  the  introduction  of  a  email 
circlet  of  copper  -004  inch  in  diameter  between  a  primary  nnd  it 
secondary  coil  gave  a  very  diatinct  sound. 

Tbe  eboniie  coil  pluced  between  one  of  the  primary  coils  and 
its  opposite  secondary  gave  an  audible  sound,  but  much  leea 
than  tbat  occasioned  by  tbe  copper  circlet.  When  tbe  ends 
were  joined  by  a  tnegohm  of  resmtance  the  increaae  of  HOund 
was  quite  distinct ;  wbich  showett  that  tbe  insnliition>resi8tance 
WHS  decidedly  greater  Ihitn  a  tnegobm,  and  therefore  amply 
Bufficiont. 

ra      Tbe  particulars  of  the  suspended  coil  were  as  follows  : 

Number  of  turns 242. 

d  Radial  depth  23 -9690  cm. 

Axial  breadth  2fl 1-3843  cm. 

MeuD  radius,  found  electrically  } 

as  described  below  ...  I  10-2473  cms. 


The  coil  WHS  made  of  c 


by  paraffin 
[  Partipulars      The  pnrticulara  of  tbe  filed  coils,  C,,  Cj, 


iulatod  with  silk  saturated 


resistiince  was  about  lOi  ohms. 

__  tbe  filed  coils,  C,,  Cj,  as  derived  mainly 

of  Fixed    from  a  record  in  Clerk  Maswell's  handwriting  in  tlie  Cavendish 
Coils.      Laboratory  note-book  were  as  follows  ; 


Number  of  tiirnt  in  each     .    , 

Mean  radius,  a 

Distance  of  mean  planes,  2x    . 

Radial  depth,  2rf 

Arial  brendth,  24 

Resistance  of  each  coil  (about) 


225. 

24-81016  c 
25-000  erne 
1-29  cm. 
1-50  cm. 
I4i  B.A.  H 


By  measuring  the  distances  from  outside  to  outside,  and  from 
inside  to  inside,  of  the  grooves  filled  with  wire,  tbe  distance  of 
mean  planes  was  found  to  be  85  cms.  exactly.  The  half-differ- 
ence between  theae  distances  gave  lb  =  1-60*24  cm.  The  mean 
radius  and  number  of  turns  could  not  be  veritied,  but  the  re- 
corded value  of  the  former  agreed  with  tlie  outside  circumference, 
and  the  check  on  tbe  counting  of  the  number  of  turns  given  by 
the  device  adopted  when  tlie  coil  was  being  wound,  of  at  the 
same  time  winding  string  on  a  drum  turning  with  tbe  coil, 
almost  absolutely  ensures  the  accuracy  of  tbe  number  given. 
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t'The  ratio  of  tbe  radii  was  foimd  as  fullowB.  One  of  tlie  Ezperi- 
rnunometer  coils,  and  the  Huspended  ooil,  were  niitde  coDcen-  meiiUl 
Iric  and  conxial  with  their  planes  vertical  in  the  magnetic  pettr- 
meridian,  and  a  Hmall  needle  was  hung  at  the-rommon  centre. 
A  diogrnmiiiatic  akeCeh  of  the  arrangements  is  shown  in  Pig'.  90. 
B  IB  the  Jynumometer  coil,  E  the  ebonite  coil,  N  a  resistance 
box.  When  the  thick  copper  piece  P  was  made  to  join  the  *■ 
mercury  cops  F,  H,  the  current  from  a  cell  A  was  divided 
between  the  two  coils,  which  were  joined  so  that  the  current 
flowed  round  them  in  opposite  directions.  The  reversing  key  B 
,  enabled  the  current  tu  be  sent  first  in  one  direction  then  in  the 
iT  through  the  double  arc. 


Comtanta 


of  JV  the  reaiatancBB  of  the  arcs  joining  t-  and  P 
adjusted  so  that  no  deflection  of  the  needle  took  place.  It 
was  found  that  the  resistance  taken  from  N  which  gave  balance 
could  not  be  eiactly  determined,  owing  to  inductive  effects  pro- 
duced by  the  rerersal  of  the  current.  Beadings  of  the  deflections 
of  the  needle  were  therefore  taken  for  imperfect  Hdjnslmenis, 
with  valuer  of  the  rDsistances  ou  opposite  sides  of  the  re^^uired 
value,  and  the  value  for  balance  obtained  from  these  by  inter- 
polatioD. 

The  r>itio  of  (he  resistances  of  the  double  ore  was  then    Meuur«- 
obtained   by   making   the   two   arcs   adjoining   branches   of   a     mont  of 
Wbeatstone  bridge.     This  was  done  by  withdrawing  the  copper  B^anpiug 
[liece  P,  which  had  the  effect  of  converting  the  iirrangeuient      »«si«t- 
into  a  Wbeatstone  bridge  of  wliich  one  pair  of    adjoining  _?'"'?,"'  , 
branches   were  D  ai.d  E,  N,  connected  at  C,  the   other  pair  a      q^^ 
series  of  three  resiatance  coils  (compoaed  of  two  single  units  and 
a  24  onit  coil)  and  a  coil  nf  20  units  with  its  terminals  connected 
r.'byBbighrcsistancecoil^.    These  branches  were  connected  with 
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one  another  at  L,  and  witli  tho  otber  pair  at  tbe  cups  F,  U,   Tiie 

battery  terminalR  were  attached  at  C,  L,  and  thoae  of  a  nenaitive 

tustinc;  galvanometer,  9,  ntF,/7.   Tli us  the  ratio  of  tbe  resistances 

was  detennined,  and  for  one  dynamometer  coil  was  fonnd  to  be 

on  tlireo  different  occasions  2-60087, 2-60098,  2-60113,  or  a  mean 

of  2'600d9.     Tbe  same  coil  tested  wltb  anutber  Bet  of  resistaDces 

gave  on  two  occasions  in  like  manner  2-60046,  2-60026,  or  n 

mean  of  2-60036.    The  meim  was  thus  2-60067.    For  tlie  other 

coil  2-S0072  was  found. 

Calcnla-         If  O^,  0\  be  the  galvanometer  cooatants  of  the  two  ooils,  y,  y' 

tioD  of     t!io  currents  (lowing  in  thein  when  their  conjoint  magnetic  Pifect 

Mean        nt  the  centre  was  zero,  we  have  nffiy  and  i»'(?'[y'for  the  magnetic 

Ratio  of     eft'ecia  ^up  [q  ^\^a  coils,  and  iia,li!'G\  =  y'ly.     But  if  R,  &',  be 

jT^.?       tlie  resistances  of  the  branches,  yjy  =  E'/It,  and  therefore 


u„w  ^jing  for  each  coil  the  value  of  0,  given  at  p.  269  i 
putting  X  =  0,  £  =  0,  since  it  is  the  niagnetio  forces  e 
" "  tre  that  are  in  ijuestion,  we  tiud 


I' '  +  J  ^»  -  * ; 


Now  the  known  values  of  a,  b,  d,  ff,  i,  and  the  approiimately 
known  value  of  a  gave  at  once  the  viilue  1-001-296  for  the  second 
fraction  OD  the  right  of  the  last  equation.     Hence 

a  =  ^^f  X  2-60070  X  1-001236  X  a- 2-42tl3a    .     (60) 

Adjust-  The  suspended  coil  was  adjusted  in  position  in  the  curreut- 
meiit  of  weigher  by  flrst  ausponding  it  in  a  horizontal  position,  and  then 
Suspended  levulling  and  otherwise  adjusting  the  positions  of  the  dynamo- 
"''■       meter  coils.    A  movable  piece  stood  on  three  feot  on  the  top  of 
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«  upper  dynnmonieter  ring,  end  in  every  position  toiiclied  its 

ner  cylindrical  face  in  other  two  pointe.  Tliis  piece  was  moved 
~roun(l  tlie  coil,&a<l  carried  witli  it  npointerwhich  Iljnsdeecrihed 
n  circle  coaxial  with  the  filed  coils.  Wlien  the  latter  were  pro- 
perly placed  the  pointer  just  played  exactly  round  the  outer 
surface  of  the  suspended  coil. 

The  level  of  the  auHpended  coil  was  adjusted  by  cnrrying  ulong 
ilie  upper  face  of  the  upper  djnamomet«r  ring  a  atraighl  rule 
(irovided  with  a  pointer  which  just  reached  down  and  touched 
Ihe  upper  surface  of  the  Euapended  hobbia  when  that  was  in  the 
proper  pusition.  The  level  of  the  dynamometer  eoile  was 
changed  until  this  point  when  moved  about  just  scraped  over 
the  upper  surface  of  the  suspended  coil. 

The  viilue  oi  J{a,  a,  x)  was  wXl'044576.  From  this,  by  the 
_t8ble  of  values  of  the  elliptic  integral  expresflon   referred   to 

>0<re,  the  terms  of  the  espressioQ  on  the  right  of  (67)  were 

Icalated  and  gave 

~^  =  »r)«r' X  1044S27 (61) 

[^  If  in  any  experiment  the  current  was  7,  the  uttraction   or 
a  between  each  fixed  coil  and  the  euspended  coil  was 
V/,     If  VI  denote  the  observed  difference  of  weights  applied 
e  and  after  the  reversul  of  the  current 


where  -99986  is  the  correcting  factor  for  ihe  air  displaced  by 
the  weights  nr,  and  g  is  the  acceleration  produced  hy  gravity  at 
the  plate  of  experiment.  This  was  Uken  as  981-2822  in  centi- 
me Ire-second  units.     Hence  m  hoing  taken  in  grammes 


i 


98!-a282  X  -99986 


4  X  220  X  2*2  X  l-044li/7  ir 

y  =  -037048  \^i (62) 


Sir  William  Thomson   has   constructed  current- weighers   or  Sir  W. 

balances   for   use   as    stiiiidards    for   current    measurement   in  Thomson's 

practice,  and  as  instruments  on  the  principle  of  the  balance  Standard 

have  been  adopted  for  the  same  purpose  by  the  Board  of  Trade  Current 

Committee    on    Electrical    Standards    (see     their    Report    in  Balances. 
Appendix)  we  give  here  a  short  account  of  the  most  generally 
'il  form  of  these  balances. 


GAI,  MANOMETRY 

are  based  on  the  principle,  set  fartb  in  Chnp. 
III.  above,  of  the  miituitl  Hction  between  the  fixed  nnd 
movable  portions  of  a  circuit  carrying  a  current.  Koch  of  tlio 
inutuully  influencing  portions  consists  in  moat  of  the  instrumcnlB 
of  one  or  more  complete  tiime  or  spires  of  the  conductor,  but  in 
some  cases  conaista  of  ouly  hnlf  or  part  of  a  turn.  In  all  cases 
in  what  follows  we  shall,  following  Sir  W.  Tiiorosoo,  call  each 
portion  a  rina. 

In  each  of  the  balancBs,  except  that  for  very  strong  currents 
(the  kilo-ainpere  balance),  the  movable  portion  of  the  conductor 
consists  of  two  rings,  carried  with  their  planes  horizontal  at  tlie 
extremities  of  a  balance  beam  free  to  turn  in  the  ordinary  way 
round  a  horizontal  axis.  Above  and  below  each  ring  on  the 
beitm  ia  a  fixed  ring  with  its  plane  parallel  to  that  of  the  movable 
ring.  The  rings  are  (except  in  what  is  called  the  Composite 
Balance*)  all  joined  in  series,  and  the  current  to  be  measured 
is  sent  through  them  bo  that  the  mutual  action  between  the 
movable  ring  at  one  end  and  each  of  the  two  fixed  rings  there 
is  to  raise  tbat  movable  ring,  while  the  mutual  action  of  the 
other  group  of  three  rings  is  to  depress  the  corresponding 
movable  ring.  Tie  action  is  therefore  to  turn  the  beam  round 
the  horiKontuI  axis  on  which  it  is  pivoted,  with  for  any  given 
position  a  couple  varying  as  tbe  square  of  the  current  flowiug. 

Fig.  91  shows  diagrammutically  the  rings  end  the  course  of 
the  current  through  them,  a,  e,  4, /are  the  two  pairs  of  fixed 
rings,  c,  d  the  movable  rings.  The  current  entering  liy  the 
terminal  T  passes  round  all  the  rings  in  series,  in  the  two 
Arrange-  movable  rings  in  opposite  directions,  and  returns  to  tbe  terminal 
lUGUt  aud  "^i-  Since  each  movable  ring  is  in  general  in  a  magnetic  field, 
Action  of  terrestrial  or  nrtilicial,  which  lias  a  huriKontal  component,  it 
Balance,  tends  to  set  itself  so  that  the  greatest  number  of  horizontal  lines 
of  force  may  pass  through  it  (Chap.  Ill,  above)  and  therefore  is 
acted  on  by  a  couple  which  tends  to  turn  the  beam  round  its 
axis.  Rut  since  the  correct  passes  round  the  movable  coils  in 
opposite  directions,  and  tliDse  are  very  approximately  equal,  the 
two  couples  arc  nearly  equal  and  opposite,  and  tbe  instrument 
is  practically  free  from  disturbance  by  horizontal  magnetic 

The  turning  couple  produced  by  the  mutual  action  of  the  fixed 
and  movable  rings  ia  balanced  for  the  horizontal  or  "sighted 
position  "  of  the  beam  by  an  equal  and  opposiio  couple  produced 
(in  the  manner  more  particularly  described  below)  by  a  station- 
ary weight  nt  the  end  of  the  beam,  and  a  sliding  weight  placed. 


*  See  the  Author's  smallet  Treatise,  Zud  ed.  p.  107. 
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Bloelj-ard  fsBhion,  at  b  auitablo  point  on  a  gradunted  bar  attached 
to  the  besm.  Tbe  amouut  of  the  current  flowing  in  the  rings  ia 
deduced  from  the  ninount  of  the  equilih ruling'  couple  thus 
applied,  or  rather  from  a  ouniber  proportional  to  it,  by  means  of 
a  table  of  reckoning. 


MoBt  of  the  constructive  detaili  will  be  made  out  from  Fig.  92  StwiJard 
rllich  ahowii  the  Standard  Centi-ampere  Balance,  and  illuBtratcB  Ceoti- 
the  arrangement  of  the  beanj,  the  gruduHtion,  and  tbe  mode  of  Aniperii 
■jjplyint'  Uje  equilibrating  couple,  for  all  Ibe  instruments.  Balanue, 

The  beam  is  hung  on  two  trunnions,  each  supported  by  a  (Int 
elaetic  ligament  mnde  of  fine  copper  wiree,  through  which  the 
current  pasaes  to  and  from  the  movable  ringe. 

Tbo  horixonlal  or  Bighted  position  of  the  beam  ia  tliat  in 
which  the  pointorM  on  the  estreme  right  and  left  are  nt  tlm 
middle  diviBions  of  their  scalee.  Thia  position,  in  all  the  in< 
8trumcnt«  in  which  a  movable  ring  le  acted  on  by  two  fixed 
rings  between  which  it  is  placed,  is  not  that  midway  between  these 
two  rings,  as  that  would  be  a  position  of  minimum  force  and  there- 
fore of  iitstability.  For  stability  it  ie  so  cliosen  that  the  movable 
ring  is  iieiirer  to  the  re[>elliiig  fixed  ring  than  to  the  attracting 
ring  by  such  an  araouut  as  to  give  about  J  per  cent,  more  thun 
the  minimum  force 

Fixed  to  the  beam   and  parallel  to  it  in  a  finely  graduated 

[and   above  this  is  a  horizontal  tised  »ciile,  called  the  In- 
tional  Scale,  less  finely  divided.     Both   graduntiocs  begin 
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from  zero  on  the  extreme  left  itiid  have  numbers  increasing 
townrds  the  right.  A  carriage  ia  muveil  along  this  gradunted 
bttr  to  any  required  poBition  by  a  Bliding  piet-e  controlled  by  a 
cord  which  oan  be  palled  from  either  end,  and  this  carriHge,  by 
itaelf  or  with  an  additional  weight,  fonns  the  movable  weiglit 
referred  to  above.  The  poBition  of  the  carriage  is  indicated  by 
B  poiater  which  movea  along  the  lower  scale.  Bach  additional 
weight  has  in  it  a  small  hole  and  slot  which  pass  over  conical 
pins  in  the  carriage.  This  onsurcB  that  the  weight  is  olwaya 
placed  in  a  definite  position.  The  balancing  weight  is  moved 
Hloag  the  beam  by  means  of  a  self- releasing  pendant  cairied 
by  the  sliding  piece  above  referred  to.  To  this  pendant  ia 
attached  a  vertical  arm  (seen  in  tlie  figure)  which  passes  up 
through  the  recess  in  the  front  of  the  weight  and  carriage  and 
■u  euableB  the  carriage  to  he  moved  with  the  sliding  piece. 
The  stationary  weight  is  placed  in  the  trough  shown  at  the 
right-hand  end  of  the  instrument.  The  trough  is  V  shaped, 
and  the  weight  cylindrical,  with  a  crusa  pin  which  passes 
through  a  hole  in  the  bottom  of  the  trough.  The  weight  is 
thus  placed  in  a  perfectly  definite  position  and  always  has  the 
name  levernge.  It  ia  ho  chosen  as  just  to  keep  the  beam  in  the 
sighted  position  when  the  eliding  weight  is  at  the  zero  of  the 

Since  the  mutual  action  of  the  rings  is  to  bring  the  beam 
towards  the  sighted  position  when  displaced  by  the  weights, 
and  the  equilibrating  couple  is  that  due  to  the  displacement 
of  the  sliding  weight  from  zero,  the  latter  couple  increases  as 
the  current  i DC reusee,  and  hence  motion  of  the  stidiag  weight 
towards  the  right  corresponds  to  increasing  currents.  The  use 
of  the  stationary  weight  gives  a  scale  of  double  the  length 
which  would  be  obtained  without  it. 

In  the  top  o£  the  lower  or  finely  graduated  scale  are  notches 
which  correspond  to  the  esact  integral  divisions  in  the  upper 
fixed  scale.  Thus  the  reading  in  the  fixed  scale  is  got  when  the 
pointer  is  at  a  notch,  wiihont  error  from  parallax  due  to  the 
position  of  the  eye.  The  reading  when  the  pointer  is  between 
two  notches  is  easily  obtained  by  inspection  and  estimation 
with  sufiicieiit  accuracy  for  most  practical  purposes.  When 
however  the  greatest  accuracy  is  required,  the  reading  Is  taken 
OD  the  lower  scale,  wilh  the  aid  of  a  lens,  and  the  current 
strength  calculated  from  a  table  of  doubled  square  roots. 

Four  pairs  of  weights  are  given  with  each  instrument.  Of 
these  one  set  ia  for  the  sliding  platform,  the  other  set  are  the 
corresponding  counterpoises.  The  weights  of  each  set  are  in 
the  ratios  I   ;  4  ;  16  :  64,  and  are  bo  aJjuEted  that,  when  the 


CURRENT-MEASUREMENT  BY  ELECTROLYSIS 

carriage  is  placed  with  its  index  at  n  division  of  the  ipapec- 
tional  Bcnlti,  tho  inBtrumeDt  shows  a  current  of  an  integral 
number  of  amperes,  half-amperes,  or  quarter- amperes,  or  some 
decimal   suhdiriHion   or   multiple   of    ona    of   these    units    of 


Adjust-  '^^^  accurate  Bdj'ustment  of  tlie  zero  is  effettpd  by  a  small 
ment  of  metal  flag  as  in  a  chemical  balance.  Tills  flag  is  set  in  any 
Zero.  required  position  by  means  of  a  fork  moved  by  a  liandlc 
beneath  tad  outside  the  case  of  the  instrument.  The  sliding 
weight  is  brought  to  :sero  with  the  corresponding  counterpoise 


riglit 


Lgh,  and  tlien  the  flag  i 
other  uutil  the  pointer  of  the  beam  (se 
and  left  in  Fig.  89)  is  just  at  xero. 

When  necessary  for  transit  or  ollii 
centi-ainpere  and  deci-ampere  balance 
porting  ligament  by  turning  an  eccenti 

sole-plate  of  the  inBtnimeiit.  In  the  other  bulancos  the  beam 
is  filed  for  carriage  by  placing  distance  pieces  between  tho 
upper  and  lower  parts  of  the  tnitmions  and  screwing  them 
together  by  milled  headed  screws  kept  always  in  position  for 
the  purpose. 


lifted  t 
by  a  shaft  under 


Eloctro- 
Chemicnl 


We  shall  now  shortly  describe  the  process  of  determining 
the  electro-chemical  equivalent  of  silver  pursued  by  Lord 
Rayleigh  and  Mrs,  Sidgwick.  The  arrangement  of  apparatus 
is  shown  iu  Fig.  92.  A  circuit  was  made  up  of  a  battery  J  in 
series  with  three  silver  voltameters,  a  tangent  galvanometer  D 
(which  gave  a  rough  measurement  of  the  current),  the  current 
weigher  F,G,  described  above  {p.  398).*  Tho  voltameters  were 
each  composed  of  a  platinum  bowl  which  served  as  kathode, 
and  an  anode  of  pure  silver  plate  suspended  lioriBontally  above 

it  of  tho  armngements  shown  in  Fig.  S9  have  no  relation  to 
tbeuiical  datsrininntion.      Thay  vera   reijuirtid   for    thu 
Clark  cells  described  bubw  (p.  433}. 


? 
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of  the  bas 


p-lhe  bowl  ID  the  electrolytic  liquid,  whicli  wdb  q  floliitioii  of  pure 
nitrat«  of  silver.  To  prevent  dinintegrated  silver  fruiii  falling 
from  tlie  anode  llie  plata  waa  wrftpped  round  with  pure  filler 
paper  secured  at  the  back  with  Healing  wax.  The  electrolyte 
WHS  in  general  n  neutral  eolation  of  15  parts  by  weight  of  pure 
-"--II  nitrate  in  100  parts  of  water.    The  »rea  of  deposit  in  two 

I  wa9  about  37  square  centimetres,  and  76  square 

□  tiie  other. 

After  u  number  of  trials  of  the  addition  of  acetate  of  silver  in 
email  quantity  to  the  pure  nitrate  solution,  it  was  found  that, 

I  while  the  acetate  had  the  desired  effect  of  giving  a  firmly 
coherent  deposit  of  cloae  texture,  the  very  closeness  of  its  tex- 
ture rendered  very  difficult  the  after  freeing  of  the  deposit  from 
retained  salt  or  other  impurity  tending  to  increase  its  weight. 
It  was  therefore  decided  to  use  pure  nitrate  solutions,  which  it 
was  found  after  all  gave  deposits  coherent  enough  for  the  sub- 
sequent treatment. 


Fig.  P3. 


The  procedure  in  an  esperiment  wns  as  follows.    The  current   I 
roughly   regulated  to  the  desired   value  was  allowed  to  pass  a 
through  thft  curreut  weighing  apparatus  for  half  an  hour,  but 
not  through  the  voltameters.     The  copper  conductors  of  the 
circuit  heated   somewhat,  and  thus  the  current  slightly  fell  oS 
during   this   time.      The   voltameters   in   the  meantime    were 
charged  with  the  solution,   and   the  anodes  Exed  in  position. 
Then  when  all  had  been  adjusted  the  current  wns,  at  ait  instant 
observed   on   a   chronometer,   sent    through    the    voltameters 
I    ■rrntigod  in  Eeries  ;  and  the  weights  then  reijuired  to  bring  the 
i  pointerof  the  suspended  coil  to  zero  were  observed.  At  intervals 
'   the  current  was  reversed,  and  the  change  of  weights  observed. 
For  one  direction  of  the  current,  of  course,  the  electromagnetic 
action  assisted  gravity,  in  the  other  opposed  it. 

The  following  table  gives  the  result  of  a  series  of  experiments    1 
made   on   March   10,  1884.     The  two  sets  of  numbers  are  the    . 
weights  which  had  to  be  added  to  give  equilibrium  according  as 
the  current  was  in  one  direction  or  the  other. 


11 1 
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Force  on 
Current 
i^eigher. 


Time  of  Weighing. 

Weight  in  Grammea. 

H*     M«       8* 

4    19    30 

7-694 

4    25      0 

6-796 

4    32    16 

7-698 

4    40    20 

6-791 

4    42    50 

7-699 

4    60    30 

6-790 

4    63    10 

7-699 

4    66    30 

6-789 

5      1     16 

6-789 

Current  sent  through  voltameters  at  4h.  17m.  interrupted  at 
5h.  2m. 

Difference  of  weights  =  2  X  Force  on  suspended  coil. 

The  curves,  Fig.  94,  show  these  results  for  each  position  of  the 
key. 


^ 
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- 
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0 

0 

Fio.  94. 


The  current  was  integrated  by  dividing  the  whole  interval  of 
45  minutes  during  which  the  current  was  flowing  into  9 
intervals  of  5  minutes  each,  and  the  magnitude  of  the  current 
at  the  middle  of  each  interval  was  taken  to  represent  its  value 
during  the  period. 

The  differences  of  the  ordinates  of  the  curves  of  Fig.  94,  at 
the  middles  of  these  intervals,  give  the  difference  of  weights, 


^F  ELEC 

^^^nd  therefore' twice  the  force  exerted  bj-  tlic  fiieii  coUh  on  tlie 

^  BUBpended  one.     These  differencea  and  thoir  aqiiare  roots  are 

?hown  ill  the  following  tahle.      The  inenn  of  the  square  roots  is 

[lie  sqonre  root  of  the  difference  of  weights  wliieh  would  have 

been  shown  by  tlie  ineau  current. 
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Y 


... 

Bq.  Hoot  of 
DtfTeitiuB  of  Weighli. 

H.    M.       8. 

4    19    30 

■fi97 

■9471 

4    24    ;-iO 

■900 

•9487 

4    29    30 

■904 

■9508- 

4    34    30 

■1K)6 

■9618 

4    39    30 

■903 

■9529 

4    44    30 

■908 

■9529 

4    49    30 

■909 

■S5a4 

4    54    30 

■910 

■9539 

4    59    30 

■910 

■9539 

Mean    -95171 

The  45  iiiinuteH'  interviil  during  which  the  experiment  lasted  CorrectioB  ■! 
wftB  corrected   for  the  time  taken  to  work  the  reversing  key.     for  Time 
This  wna  done   by  carrying   the   main   current,  between   the      I*** '" 
battery  and  the  key^  round  a  reflecting  galvanotoeter  consisting  Keccrsals, 
of  a  few  turns  of  wire.    The  momentary  stoppage  of  the  cur- 
rent caused  the  needle  to  fall  bscte  tjiwards  zero,  and  from  the 
observed  amount  of  the  correapunding  motion  of  the  spot  of 
light,  and  the  period  of  the  needle,  tlie  time  of  duration  of  the 
interruption     could    obviously    be     fonnd.       The     correction 
rendered   necessary  was  '0S3  second  for  each  operation.     This 
brought  down   the  whole  interval  by   ■€  second,  or  to  2099-4 
MCOndH. 

The  deposits  were  washed  immediately  after  formation  6rst    Wishl 
with  alcohol,  then  with  boiling  water,  and  lastly  with  cold        of 
water.    Tliey  were  then  left  to  seat  in  water  overnight,  then    Depodtv 
rinsed  and  put  to  dry  in  an  air-bath  at  160°  C.     After  cooling 
over  a  desiccator  the  deposits  were  weighed,  then  wore  heated 
nearly  to  radneu  over  a  spirit  lamp  to  drive  off  traces  of 
Adbering  salt,  then  cooled  and  weighed  again, 
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'eigliings  for  tlie 


rSimlti  of       Thp  following  table  gives  the  results  of  lli 
T  Sttira  of     Bet  of  esperimeutH  alruody  referred  to  \— 

''=  ,  March  10,  1884. 


I 

L 


Before  deposit 
After  deposit, 
first  weigbiDg 

After  strong 
henting  .  . 
Gain  .... 


KdtuaI  titRnglh. 


17'2958  grins.      21-8 


Mean  gain  10644  grammeH. 


Tliua  the  amount  of  silver  depouted  per  aecond  ia  rOG44/ 
2B99-4.  Dividing  llie  niean_«jnare  rout  of  the  difference  of 
weightB  by  this  we  Ret  v«/(rttte  of  deposition)  — -SSITI  x 
2699-4/l-04e4  =  2413-7. 

Tlic  mean  result  iif  several  series  of  experiments  was  to  give 
instead  of  the  last  found  numl>er  2414-46.  From  tliis  the  valne 
of  tlie  electro-cliemk-ul  equivalent  of  silver  was  deduced.  We 
have  seen  that  if  n  is  the  diSereoce  of  weiglits,  we  have 

y  =  -0370484  V^i 

If  K  be  the  electro-ctemical  equivalent  of  silver,  we  have  for 
the  rate  of  deposit  vy.    But 


Henco  as  final  result 


^414-46  X  -0370484 


■  ■0111794  .    (63) 


■boIi 


ELECTROLYSIS  OF  SILVER  AND  COPPER 

)   Btnted   in   the    pnpcr   that  Die  Blrength  of  the  nitrate    ^"I 
a  may  be  considerubly  varied  without  offectinK  tlie ''      "" 


if  the  current  does  not  exeeed  J  ampere  for  the  37  sq,  c; 


Rernh  01 
of  depoBiL     In  this  L-ase  a  4  per  cent,  solution  may  be  UBed.  ofsola^on 
If  thn  currents  are  ooinparilively  strong,  the  Bolations  ahoulQ  be        ^„^ 
from  16  to  30  per  cent,  in  strength.    Too  weak  a  aotution  would     Cairent 
give  a  somewhat  looae  depoBit.      CurrenlB  not  exceeding  IJ    Denuity. -_ 
ampere  can  be  conveniently  meaBurod  by  ninning  tliein  for  ■ 

aliout  a  cjuarter  of  an  hour  through  a  strong  Bolution. 


Fi(i.  9S. 


!  The  graduation  of  inetrumentB  fur  use  aa  stundarda  in  prao-  Heuure-  1 
tical  electricity  is  now  carried  out  with  great  accuracy  in  Sir  im-tiCof 
William  Thomson's  laboratory  by  means  of  the  electrolysis  of  Current? 
copper  sal phate.  The  behaviour  of  this  substanee  as  an  elec- byElectro- 
trolyte,  and  hence  the  conditions  neceaaary  for  obtnining  con-  IjBis  of 
siutent  results  in  its  use,  and  the  ratio  of  tlie  electro- chemical  ^pJ'P^P^. 
equivalent  of  copper  to  that  of  silver,  were  carefully  ii 
gated  by  Prof.  T.  Gray  *  who  was  for  some  time  in  charge  of  the 
graduation  of  Sir  W.  Thoin'*ciii's  standard  in atru men ta,  and  u 
short  account  of  hia  results  is  here  given. 


•  Seon  paper  on  tlia  "  ElectiDlysis  of  Silver  and  Copper,"  T.  Gray, 
PhiL  Mag.  Oct  ISSfi,  from  which  llie  details  here  given  are  mostly 
■  en.     Saa  also  a  paper  by  A.  W.  Meikle,  Electrical  Enginrxr,  Mac 
18SS. 
TOL.   JI.  E 


PkiL 


b1   ^Copper     ^m 

J 
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A  form  of  cell  very  coTivenient  for  iise  wi(li  Buloti 
wlietlier  nf  iiKrate  of  silver  or  sulphate  of  copper,  when  ilie 
riirrent  ptrengtb  is  not  greater  than  10  araperer^,  is  shown  in 
Fig,  95.  It  consintB  of  three  parallel  plates  of  pure  nil ver,  or 
pure  cop|>t.'r,  suspended  from  spring  clips  in  a  glass  vensel  cnn- 
tsining  the  proper  solntion.  This  form  of  celFhaH  the  advan- 
tages of  giving  light  ptatsH,  which  fairilit&te  the  accurate 
weigliing  of  the  amount  of  Iorb  or  gain  of  metal,  anil 
allowing,  wh«n  silver  in  used,  and  the  size  of  the  plates  ih 
properly  proportioned,  the  loss  from  the  anode  to  be  used  as  a 
check  io  estimating  the  gain  on  the  kathode.  There  h  nl 
course  Che  objection  which  attends  the  use  of  vertical  plstef. 


that  the  solution  becomca  less  dense  near  the  kathode,  but  the 
only  practical  effect  due  to  this  hus  been  found  to  be  a  slightly 
greater  thickness  of  deposit  in  the  lower  part  of  the  plate  due 
to  the  Rreater  density  there. 

Lord  Rajleigh  has  used,  as  explained  above,  as  vnltnir.eler  n 
platinum  bowl  as  kathode,  and  a  silver  plate  as  anode.  Tlii~ 
coll,  though  it  has  several  advantages,  has  been  found,  accord- 
"rof,  T.  Gray's  experience,  more  difficult  to  manipulatr 


than  tha' 


:ribed. 


L  Form  of  '''''*  ''"'"'  °^  "^''P  '*''  plateholder,  as  illuetralcd  in  Fig.  96, 
\  FUt<-  almost  esplains  itself.  It  is  made  of  stiff  platinoid  or  brni'H 
I  )iold«T.  wire.  A  piece  is  taken  of  the  proper  length,  bent  into  a  close 
loop  Dt  the  middle,  then  caeh  half  wound  two  or  three  times 


ei  clips  nheii  in  positiun  are  con- 

^oppcr.    Both  ure  iosiiUtefl  from 

■ulcunile  tliruugh  which  its  stem 

tt  of  cras8-piece  and  insulnting 

the  wooden  framing  shown  in 
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a  rod  of  metal  to  form  Bpringa  ■»  shown,  nnd  the  two 

■'endx  hent  round  to  meet  side  by  Hide,  and  there  soldere<l  lo  uelilf 
hnek-piecn  of  brass.  Tlie  springs  when  soldered  in  position 
Hbould  cause  the  loop  lo  press  firmly  aguiiiat  the  back-piece  so 
as  to  furni  a  firni  clip. 

Tiie  stems  of  the  tw 
nected  hy  a  oross-piece 
the  inner  clip  by  a  block  of  v 
piiBses.     This  whole  flrrangemi 
block  is  fixed  on  the  top  li  o 
i'ig.  95. 

The  two  plates  attached  to  tiie  outer  clips  form  tlie  anode  of 
the  electrolytic  cell,  and  the  plate  between  them  the  katliode. 
T[ie  kathode  tlius  gains  on  both  sides,  and  as  it  is  safer  to  line 
the  gain  than  the  loss  of  tnetal  in  estimating  the  oiirrent,  tb« 
weight  of  the  plnte  itself  is  thus  made  as  small  as  poRsiblo  in 
comparison  with  the  alteration  in  weight  to  be  determined. 

Since  the  form  of  cell  shown  in  Fig.  96  was  arrived  at,  it  liss 
been  improved  by  the  substitution  for  the  cover  i  of  n  rectangle 
of  wooil,  well  soaked  in  paraffin  or  vumiahed,  which  carries  nn 
one  side  the  clips  for  the  imode,  and  at  the  middle  o(  the 
opposite  side  the  single  clip  for  the  kathode. 

When  currents  of  over  10  amperes  are  to  be  used  the  form    : 
of  cell  shown  in  Figa.  97,  98  is  preferable.     An  insnlHting  lini 


rests  on  the  top  of  the  cell,  which  for  the  larger  sizes  is  co 
veniently  made  of  earthenware  and  of  rectangular  shape. 
groove  in  the  rim  fits  the  top  of  the  cell  loosely  so  that  the  H 
with  its  attachments  can  be  easily  removed  and  cleaned.     To 
Che  rim  arc  Gxed  on  opposite  sides  two  sets  of  spring  clips,  (     ' 
£  E   2 


PiatM. 


FiQ.  B9. 
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mode  an  ahown  in  Fig.  99,  by  Holdering  flnt  strips  of  sjir'mgy 
meUl  LO  a  Htiff  bivse-piece  which  out)  be  screwed  to  the  iDNulatin^ 
rim  of  the  aeil.  To  make  tlia  effective  nrea  of  the  plates  hb 
great  as  possible  in  compariBOn  with  the  ineffective  part,  tho 
part  ahoTe  the  liquid  \»  cut  away  to  two  narrow  strips  connect- 
ing the  lower  part  to  sD  upper  cross  bare,  rf.  One  end  e  of 
this  cross-bar  rests  in  a  clip,  the  otlier  in  a  notch  in  tlie  insu- 
lating rim.  Anude  plates  and  kathode  plates 
alternate  with  one  another,  and  there  ia  one 
more  of  anodes  than  of  knlhodes,  so  that  each 
kathode  is  between  two  anodes.  In  large  cells 
where  the  plates  are  close  and  liable  to  tonr.h, 
they  are  kept  apart  by  two  C-shaped  glass 
tubes  liung  over  each  alternate  plate. 
With  regard  to  the  »W.e  and  preparation  of  plates  it  was 
found  that  in  the  casus  of  both  silver  and  copper  there  is  n 
certain  density  of  current  (current  strength  per  uait  of  area  of 
ptate}  which  gives  the  most  adherent  and,  in  the  case  of 
silver,  most  finely  crystalline  deposit.  When  silver  is  nsed 
there  Is  a  tendency,  if  the  plate  be  too  large  or  too  small,  for 
the  crj-alals  of  deposited  silver  to  grow  out  branch-like  from 
one  plate  to  the  other,  an  effect  which  is  most  marked  where 
there  is  a  sharp  edge  or  comer.  Hence  the  plates  must  have 
their  edges  and  corners  rounded  off  to  prevent  the  formation  of 
theae  "trees,"  which  cause  gri^at  risk  of  loss  of  silver  from  the 
[>lato  in  its  treatment  before  being  wei;;hed. 

The  best  deposit  has  been  found  to  be  obtained  with  a  solu- 
tion made  with  live  parts  by  weight  of  nitrate  of  silver  to  95 
of  wnter,  and  a  kathode  plate  giving  not  more  than  600  sq.  cms. 
nor  less  than  200  sq.  cms.  of  active  face  to  the  ampere  of 
I'urrent.  If  a  stronger  solution  be  used,  the  density  of  current 
may  be  somewhnt  increased,  but  the  strength  should  not  be 
les"  than  4  per  cent,  nor  grenter  than  10  per  cent. 

The  anode  plslee  should  be  considerably  greater  in  area  than 
the  kathode  plates  if  their  surface  is  to  remain  bright  and 
moderately  hard  so  as  to  admit  of  the  plates  being  weighed  if 
necessary.  The  density  of  the  current  for  them  should  be  less 
than  one  ampere  to  400  sq.  cms. 

If  the  anodes  are  of  rolled  sheet  silver  the  surface  skin 
should  be  polished  of  with  fine  silver  sand,  and  the  plate  washed 
in  distilled  water  before  being  used;  as  otherwise  the  silver 
would  bo  dissolved  away  from  under  the  skin,  which  would 
Itan^  as  a  loose  sheet  ready  to  break  away  when  tlie  plate  was 
moved.  A  piate  of  silver  becomes  soft  and  inelaslio  by 
repealed  use  as   an   anode,  owing  to  solvent  action  going  on 


of  distur- 
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below  the  aitrface,  and  to  remedy  Ilila  ebnuld  be  heated   « 
being  used  ench  lime  to  a  red  Ijeet  in  tho  flame  of  a  Rpirit  Ie 

tTlie  following  mode  of  treating  silver  plntee  has  been  found  Treatment 
Tory   Buccessful.     The  plate  cut  from  the  new  aheet  has   Hb    of  Silver 
eornerB  firat  rounded  and  Rinoolbed,  then  is  poliahed  with  fine      Flates. 
Bilversand  in  water,  ruhhed  on  with  a  eoft  clean  pad  of  cltiln, 
ao  aa  to  remove   the  ekiii  above  referred  to,  and  otill  leave  a 
amoolh  surface.     A   gentle  stream   of  clean   water  ia  then  run 
over  tlie  aurface  from  a  tap  to  remove  the  sand,  next  the  plate 
is  washed,  first  with  clean  soap  and   water,  then  with   water 
alone,  then  immersed  for  a  few  minutes  iu  a  boiling  sohition  of 
cyanide  of  potassi'im,  and  finally  washed  thoroughly  in  a  atreum 
of  dean  water.     The  plate  is  dried  in  a  current  of  hot  air,  for 
example  before  a  clear  fire  ;  and  great  caro  must  be  taken  in 
handling  it  ufler  it  tiaa  been  cleaned  not  to  touch  it  with  the 
lingers,  otherwise  tho  parli  which  huve  been  in  contact  with  tho 
nkin  will   receive   no  deposit.      Of  coiirsB   tlie   plat 
allowed  to  cool  before  it  la  weighed  to  obviate  risk 
b«ace  from  air  currents  in  the  balance  cas«. 

Wlien  the  silver  deposit  is  to  be  washed  and  weighed,  the 
plat«s  are  gently  removed  by  eaning  the  springs  to  prevent  risk 
of  rubbing  off  metal  by  the  friction  of  the  clipB,  then  dipped 
gently  in  clean,  recently  diatilled  water  contained  in  a  glass 
vessel,  so  that  any  smiill  crystslB  which  may  fall  from  the  plnte 
may  be  detected.  The  adlierent  nitrate  solution  is  thus  to  a 
Kreat  extent  removed  ;  and  the  plates  are  then  laid  in  the 
bottom  of  u  shallow  glass  tray  containing  clean  distilled  water, 
and  washed  by  gently  tilting  one  Bide  then  the  other  of  the 
tray  so  as  to  moke  the  water  flow  gently  over  their  surfacea. 
Then  they  are  washed  in  a  second  tray  in  the  same  way,  and 
allowed  to  soak  for  a  quarter  of  an  hour  before  being  dried. 

To  dry  the  plotes  one  corner  is  laid  on  a  pad  of  blotting- 
paper  and  the  greater  part  of  the  water  drained  off.  The  plate 
19  then  dried  by  holding  the  upper  end  in  a  t^pirit  flame. 

The  electrolysis  of  copper  sulphate  with  copper  anode  and    Electro  _ 
kathode  gives  results  which  for  very  high  accuracy  in  standard-     Ijsiao' 
iting  are  but  little  if  any  inferior  to  those  obtained  with  stiver  :      Copper 
for  most  practical  purposes  results  quite  accurate  enough  can   Sulphati'. 
be  obtained  with  much  less  experimental  skill  on  the  part  of  the 
operator.     Itepeated  experiments  made  in  the  Physical  Labora- 
tory of   the   UniverHty  of   Glasgow,  in  connection   with   the 
graduation  of  Sir  W,  Thomson's  standard  instruments,*  hare 
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shown  that  iiniler  certain  easily  fiilliiled  conditioiiB  the  msthod 
of  standardizing  by  the  olectrolysia  of  ODpper  aulpliate  in 
perfectly  auciirale  and  triialworthy. 

The  aiEe  of  pistes  is  not  of  so  great  iinportnnce  os  in  Ibe  ciiie 
of  silver,  but  the  kathode  plate  for  the  best  resullB  in  luiig- 
continued  electrolyses  should  have  about  60  cms.  of  active 
surface  or  upwards  per  ampere.  When  the  current  is  of  small 
density  deposits  are  obtained  which  are  much  mure  sdid  nrnl 
ndliarent  than  those  of  silver,  and  therefore  much  mote  easily 
dealt  with.  As  in  the  case  of  silver  tlie  anode  should  be  of  inucli 
{p'eater  area  than  the  opposed  surface  of  the  Icathode.  With  u 
density  of  current  of  upwards  of  ^  of  an  ampere  per  sq.  cm. 
thx  resistance  at  the  anode  l>eco[nee  variable  and  very  consider- 
able, sometimes  almost  slopping  the  current,  which  after  a  littlf, 
with  evolution  of  gas  ut  tlie  iinode,  regnins  nearly  its  former 
strength. 

It  was  found  by  Prof.  T.  Gray  in  the  eiperiinenU  above 
referred  to  tliat  satisfactory  ajid  concordant  results  could  bo 
obtained  with  a  solution  of  any  ordinary  pure  commercial 
copper  sulphate  made  with  pure  water,  provided  tlie  density  did 
not  full  betow  1'05,  and  Ihe  solutions  were  made  slightly  moru 
uoid  than  in  their  normal  atate.  An  addition  lor  uxninple  of  ^ 
per  cent  of  sulphurio  acid  to  different  solulionsj  which  pcve 
results  differing  anioug  themselves,  brought  tliPm  into  complele 
accordance.  Tbe  loss  of  weight  which  is  well  known  to  take 
place  when  a  copper  plate  is  left  standing  in  a  copper  sulphate 
solution,  was  also  carefully  investigated.  This  loss  it  wns  found 
seldom  exceeds  ^  of  a  milligriimme  per  an.  rni.  per  hour,  or 
about  j(^  of  that  which  would  bo  deposited  by  a  current  of 
one  ampere  per  50  sq.  i^ms.  When  the  current  deusjly  in 
smaller  than  this  the  Ions  is  nearly  the  seme  as  when  no  current 
flows.  The  effect  seemed  to  have  a  mioimuni  for  a  density  of 
solution  between  I'lO  and  I'lS,  and  seemed  for  this  density  to 
be  rather  retarded  than  the  reverse  by  the  addition  of  u  Hinall 
percentage  of  free  acid. 

The  kathode  plate  having  been  cut  and  rounded  at  lliecoTncrs 
is  polished  with  silver  sand  in  the  same  manner  as  the  silver 
plate.  It  is  then  placed  in  the  cell  and  a  thin  coating  of  copper 
deposited  over  it,  while  the  current  (if  a  large  current  is  to  bc 
used)  is  adjusted  to  its  proper  strength  by  placing  resistance  in 
the  circuit  The  plalc  is  theti  removed,  washed  in  clean  water 
and  dried  before  a  clear  6re  without  being  sensibly  healed.  Any 
defect  in  the  tirat  cleaning  will  lie  shown  by  the  deposit,  iind  if 
no  such  defect  is  shown,  the  plate  is  weighed  and  replaced  in 
the  cell  for  tlie  continuation  of   the  eiectrolysis.    If  feeble 
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turrenta  are  to  lie  uaod  tUin  preliuiicar}'  adjustutent  is  liardly 
ocewary,  aa  it  is  preferable  tben  to  use  a  larger  number  of  cella 
absolutely  necessary  to  produce  the  current,  and  tiring 
e  current  to  the  nerwiiity  slreuglh  by  adding  an  amount 
E  resistance  which  uan  be  easily  enough  eatiinaled. 
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After  the  electrolysis  the  plates  are  carefully  removed  and  at 
Mine  dipped  in  otdinary  (not  necessarily  diHtilled)  clean  wnler, 
Bcontwning  two  or  three  drops  of  sulphuric  acid  per  litre,  then 
■^washed  in  a  trny  like  the  silver  plates,  The  plates  are  then 
><lineed  in  clean  water  without  acid,  nnd  dried  first  in  u  clean  pad 
■'X>t  white  blotting  paper,  and  then  before  a  (ire  or  over  a  spirit 
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lamp.  If  tliin  is  cnrefully  done  and  tbe  deposit  be  fairly  t;on>l 
no  copper  will  be  lost  and  tbere  will  be  no  kbid  of  weight  by 
nxidation.  Tiie  pkteB  way  be  weighed  a^r  having  been 
allowod  to  cool  down  to  the  ordinary  t<?mperaturc. 

The  anode  platen  are  treated  in  a  similar  luiinnor  (except  an 
roKBHJB  the  drying  in  a  blotting-pad,  which  might  cnues  luaa  iif 
sj^er)  without  lo<is  of  copper,  or  gain  by  osidatiou,  but  owing 
to  loaa  of  weifiht  in  the  notuliim  &c.,  they  give  much  Ichm 
aatiafaotory  nmults  than  do  tlie  kathode  platea. 

The  arrangement  of  the  circuit  for  electrolytic  oiperiiucntfi 

conaiatB  of  a  battery  of  tray  Daniells,  or  other  constant  ceil", 

joined  in  seriea  with  tlie  eleelrolytic  cella  to  be  uaed,  a  aenaitivd 

galvanometer,  and   a  rhuostat  (or  other  readily  variable  reeio- 

tiince)  by  wliicli  tlie  current  ie  to  be  regulated.    The  current  in 

ndjuaten  so  that  a  convenient  defluclion  ia  obtained,  which  in 

restored  by  slightly  turning  the  rheostat  in  the  proper  direction, 

if  any  alteration  tiikes  pluce.     The  conduct  of  an  experiment 

will  be  understood  from  the  description  of  the  pruccsB  of  stnn- 

dardi^^ing  given  below. 

I   Kleetni-        From  Lord  Rayleigh'a  result  for  the  electro-chemical  equivii- 

{  Chemical   lent  of  ailver  (nee  p.  416  above),  namely  that  a  coulomb  depoHJiH 

Kiiuiva-     -0011179  gramme  of  silver,  very  nearly,  Professor  T,  Gray  ha* 

lent  of      determined   by   comparison  the  electro-chemical   equivalent  of 

Copjior.     oopper,  and  found  it  to  bo  very  approximately  -0003287  (or  ft.r 

practical  purposes  0003290)  at  ordinary  temperatures,  and  with 

a  current  density  of  one  ampere  per  60  sq.  cms.  of  active  surfuct; 

of  katliode,    This  number  citn  be  corrected  for  otlier  curreni 


;.  100. 


n  the  following  Table. 
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STASDARDIZIKG  BY  ELECTHOLYSIS. 


The  effect  of   variation  of  temperature  •  on  Ihe  amount   of 

S^dpper  deposited  lias  been  found  by  Mr.  A.  W.  Meikle  to  }>e  very 

■BllRht  Kt  ordinary  temperatursH ;  for  a  clinnse  from  12"  C.  ti> 

B-SS"  C.  it  ia  B  diminution  for  a  given  size  of  plate  of  only  ^  per 

at  temperntureB  rising  above  20°  C.  the  effect  of  variation  of  Griuliii*^ 
dta  of  pUtB  becomes  more  and  more  important.  tio"  "f 

The  application  of  electrolysiB  to  the  Btandardizing  of  inalrTi-  SlaiidarJ 
roents  will  now  be  illuBtratedby  «  short  account  of  its  upplication      'i»t"'- 

to  the  deteniiination  of  Ihe  proper  weiglils  for  use  in  Sir  William  'plf^,.„' 
Thomacn'i   Btnndnrd   cutrent   balances  described   above.      The 
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1  wrangemeot  of  upparatoB  ie  ahown  in  Fig.  101,  which  may  ho 
taken  aa  a  plan  of  the  standardizing  table  with  inBtruments  in 
position.  C  C  C  C  C  C  are  six  of  the  Electric  Power  Storage 
Co.'b  secondary  cella,  ahown  joined  in  aeriea,  by  being  connecled 

■  See  Kef.  p.  417  above. 
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to  a  Bsries  of  meMmry  oupa,  a,a,  .  .  .  wliich  are  conneoted  uorosa 
hy  thick  copper  rods  as  indicatett  by  the  fiill  nml  duttBd  lines. 
(These  cups  are  on  a  vulcanite  base,  nnd  have  boltoniB  of  thick 
Popper  to  ensure  coritnct.)  When  however  ciiirents  uf  grent 
strength  nre  required  for  the  K'ndiiation  of  low  reBiatance 
instruments,  these  cups  are  joined  in  parallel  by  two  rods  of 
copper  which  hnve  teeth  at  the  proper  distunce  spart  to  fit  into 
the  cups,  so  as  to  join  all  in  each  row  toKether,  Tiic  battery 
fully  clmrged  and  thus  joined  in  pnrftllel  will  maintain  u  current 
of  200  iimperes  for  10  hours. 


Flo.  102. 


The  termiuttl  cups  of  the  coinTnutating  bonrd  are  shown  joined 

to  a  dietribiitiDg  board  provided  with  cups,    1,  2,  .  .  .  l:i,   by 

»  which  the  battery  is  put  in  series  with  a  rheostat  li,  in  piirallel 

arL-  with  a  set  of  conductance  burs  D,  ft  galvanometer  0,  a  pair 

of    large    electrolytic  celU  joined   liy  a   movable   cjp   M,  and 

linally  the  balance  S  to  be  standardised.     The  eunductance  barn 

"  Conduct-    are  constructed  aa  shown  in  Fig.   102.      Rods  of   platinoid  of 

■  nca  Rar.i.  thickness  according  lo  the  conductance  required  nre  bent  into 

^-shape  as  shown,  and  the  limbs  held  at  propot  dlHCnnces  spun 

by  wooden  blocks  at  intervals,  or  by  a  atrip  of  wfiod  running 

H  iilong  their  whole  length,  acconiing  ns  the  rods  ore  thick  or  thin. 

^L  Tfie  length  of  rod  in  escli  IT  in  about  4  mt'tren,  nnd  the  thicknesH 

^H  is  chosen   such  that  one  or  two    volts   dilference   uf  potentiiil 


I 
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iduces  very  litlle  henting  (if  th?  wire.     Tlie  troughs,  il{P\g. 

I),  «re  made  wilh  boltoiim  of  tliiok  copper  and  contain  mercury 
in  which  the  ends  o£  the  rods  {or  tliick  copper  pieceH  soldered  to 
the  wires  if  ihin)  rest  presaed  down  by  tlieir  own  weight.  The 
different  (/a  beginniu);  from  one  side  are  (;raduated  aci  as  to  have 
condnctani^es  nearly  in  the  ratios  1  :  1  :  2  :  4,  Ac,,  bo  that  the 
total  conductance  in  the  set  may  be  increased  ut  will  by  a  step 
equal  to  the  lowest  conductancf:  (siace  eauh  conductance  is  that 
amount  greiiter  than  the  sum  of  all  that  precede  it  in  the  Berio«), 
When  any  bar  ia  not  in  una  its  lower  ends  are  lifted  out  of  the 
troughs  as  ehown  in  the  Figure.  The  rheostat,  which  lias  a 
least  conductance  rather  less  than  that  of  the  aniitllcst  bar, 
furnishes  an  auxiliary  vahahle  bar  hy  which  the  conductance 
can  lie  gradually  altered.  Its  wire  is  of  stniudtid  copper  and 
can  carry  10  DinpereH  without  duniage. 

The  current  balimce  has  previously  had  Its  scale  graduattd 
and  attached  as  deaerihed  above,  and  it  remains  only  Ui  »how 
how  the  constant  of  the  instrument  is  determined,  or  in  other 
words  the  weight  which  placed  on  the  beam  will  enable  the 
current  to  he  oblnined  from  its  indications  in  thenmunernlreudy 
described  (|i.  409).    A  chosen  arbitrary  counterpoise  weight  ia 

E laced  in  the  trough,  and  another,  which  then  just  brings  the 
Bam  to  the  sighted  position  without  cummt  when  at  the  zero 
oF  the  scale,  is  placed  on  the  heain  with  the  index  at  some 
division  near  the  ri^ht-hand  end  so  that  a  current  of,  say,  10 
amperes  (more  or  less  according  to  the  instrumctit)  is  required 
to  bring  the  beam  to  the  sighted  poaition.  The  eloctrolyliu  cells 
are  then  arranged  to  give  about  500  sq.  cms.  of  kathode  surface, 
and  are  joined  up  with  a  conductance  sufficient  to  give  nearly 
the  required  current.  The  balance  will  come  nearly  to  zero,  end 
is  brought  to  zero  exactly  by  ndjusting  the  current  hy  means 
of  the  rheostat.  These  adjustments  Tiaving  been  made,  the 
kathode  plates  are  removed,  waalied,  weighed,  and  replaced.  At 
an  instant  observed  on  an  accurate  time-keeper  the  circuit  is 
closed,  and  any  deviation  of  the  current  corrected  by  means  of 
the  rheostat  The  current  is  brought  lr>  its  correct  value  in  from 
five  to  ten  peconds,  and  hence  in  an  electrolysis  of  say  an  hour 
(the  usual  duration  of  an  experiment)  ihe  error  due  to  its  devia- 
tion from  the  final  constant  value  for  this  short  variable  period 
is  quite  imperceptible.  Any  variations  of  the  current  strength 
>re  observed  on  the  instruTncnt  itself,  or  if  (which  rarely  liappcns) 
ifa at  ia  not  sensitive  enough,  on  a  more  sensitive  galvanomeier 
0  (Fig.  101),  which  ia  introduced  when  required,  and  kept  out  of 
l«JTCuit  at  other  times.  Any  sufficiently  sensitive  instrument 
['Whiofa  can  have  its  (not  neeesaai  ily  known)  cunstant  changed  hy 
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any  required  Hmuunl  by  vnrying  tlie  fielj  at  the  noodle,  or  by 
aainif  uii  inBtrument  provided  willi  two  parallel  onita  witli  tlie 
needle   niidwny   between   tliem,   nnd    ftrranged    to   permit   Iha 
distance  of  the  coils  ipart  to  be  altered  at  ptuasure,  is  conveaieot 
for  this  purpose. 
Oalenla-         "^^^  electrolysiH  having  thus  been  carried  on  and  completed, 
of     the  circuit  is  brolien,  and  the  plalee  wiished  and  weijfbeil,     T!ie 
and  current  ii   calfulated  from  tlie   result  by  dividini;  the  gain   of 
Counter-   copper  on  the  kathode  erpreased  in   grammes,   by   the  olettro- 
poita       chemical  equivalent  of  copper  (iXI03287,  or,  as  explained  above, 
WeighU     the  proper  value  for  the  detisity  of  current),  and  ihn  result  by 
the  number  of  seconds  during  wldcli  tlie  electrulyais  has  lasted. 
Let  0  be  the  current  for  the  position  of  the  weight  on  the  beam 
UB  given  by  the  table  of  doubled  square  roots,  10,,  te^,  the  cor- 
responding counterpnise  and  beam  weights  respectively,   O  the 
current  given    by   the   electrolvflis,   ip\,    m',   the    counterpoise 
weight  and  beam  weight  applied,  then  wo  have 

C*  "  »'/i  +  «',■/, 

where  J,,  </,  are  constanta.     But  »,/»,  =  afjit't ;    hence   thlH 
aquation  gives 


Thus  v„  IT]  are  found  by  multiplying  tiie ratio  C*jC^\>y  v'^  u', 

res[ieclively,and  the  deteriidnution  is  coDipletb. 

Jtmngi--        When  a  very  strong  or  a  very  weak  current  is  required,  as  in 

mput  for    the  graduation  of  a  hektonmpere  or  a  centianipere  balance,  it  is 

Atrnng  or    desirable  in  the  former  case  to  allow  the  whole  current  to  flow 

Weak      through  the  instrument,  and  only  a  convenient  part  through  the 

nireati.    electrolytic  cell,  and  in  the   latter  ease  to  use  a  considerably 

greater  current  through  tl  e  electrolytic  cell  than   through  the 

instrument.      The  current  must  therefore  be  divided   in  both 

these  cases  into  two  parts  whose  ratio  is  accurately  known,  and 

this  may  be  done  by  the  condnotance  bridge  shown  in  Fig,  100. 

A  set  of  parallel  straight  wires  of  platinoid  are  each  soldered 

at  one  end  to  a  thick  terminal  bar  ol  copper  b,  and  have  soldered 

to  ibein  at  the  other  ends  thick  tenninal  pieces  of  copper  by 

which  they  can  be  connectod  in  twogroiLpBliynieiins  of  mercury 

troughs  b,,  bf.     In  the  ligure  tiiey  are  shown  in  two  groups  of 

10  and  I  respectively. 

The  wires  are  adjusted  so  that  when  Ihey  are  in  position  they 


When  a  current  krown  in  absolute  mensure  flows  through  a 
n  remKtance  the  difference  of  pot«titial  lietween  the  terrtii- 
nalii  of  ihe  resistance  is  bIso  known.  By  mesns  of  this  known 
<llfference  of  potcnliiil,  which  may  be  varied  at  pleasure,  a  volt- 
meter muy  be  prndnal*d.  A  voltmetor  of  any  ly[iB  Ib  nn  instni-  Potential 
ment,  the  rtisistance  of  which  is  bo  high  that  Uie  attachment  of  MeasDiing 
its  tenoinals  to  two  points  in  a  condoctor  csfrjinj;  a  current  InBtni- 
'  does  not  perceptibly  change  the  difference  of  potential  formerly  ments  ot 
•xisling  between  thesepoints.  Of  course  every  ahsolute  galva-  Volt- 
nometer,  electrodynamometer,  or  standard  balance  meaeuniB  tuetora. 
differences  of  potential],  for,  if  its  resislance  is  known,  thw 
difference  of  pot«ntial  h?tween  its  terjninals  can  be  culculaled 
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from  Olim's  law  ;  but  the  convenience  of  k  voltmeter  eBpedally 
riinde  Willi  a  high  reBistotico  coil  ia  that  its  termiiiiilB  miL}>  be 
iipplied  lit  iiry  two  pointH  io  a  working  circuit,  nnd  thecJitferente 
of  potential,  thua  culrulnted  as  existing  between  tliese  two  points 
while  tbe  tenninals  are  in  contact,  may,  in  most  cases,  tie  taken 
lie  the  actual  difference  of  potential  which  exists  between  the 
Haine  points  when  nothing  hut  the  ordinary  conductor  connects 
them.  For,  )et  F  he  tliia  actual  difference  of  potential  in  voltn, 
let  r  ohms  he  the  equivalent  raaiMtance  of  the  whole  circuit 
between  the  two  points  and  H  ohina  the  reaistance  of  the  volt- 
meter. Then  (Vol.  I.  p.  161)  by  the  application  of /i!,  risdimin- 
islied  in  the  rutin  of  A  to  R+  r,  and  therefore  Ihe  difference  of 
potcDlial  between  the  ends  of  the  coil  is  now  rSI{R-\-r). 
Hence  by  Olim'R  law  wo  have  for  tlie  current  through  the 
galvanometer  the  value  /7/({l  +r/S).  If  r  be  only  a  email 
fraction  of  ^,  rjR'ia  inappreciable,  and  the  difference  of  potential 
calculated  from  the  equatioa  C  =  VjR  will  be  nearly  enough  the 
true  value.  So  far,  it  is  to  be  obaervcd,  r  ia  the  equivalent 
resistance  between  the  two  points,  and  the  result  stated  holde, 
however  the  electromotive  force  uiaj'  have  ita  seat  in  the  circuit, 
if  only  R  he  great  in  comparison  with  r.  If,  however,  either  of 
the  two  pnrta  of  the  circuit  between  the  two  points  in  queation 
have  a  resiatance  r'  amull  in  compariaon  with  R,  then,  as  can  be 
caaity  proved,  iho  value  of  tlie  difference  of  potential  between 
the  terminals  of  r  ia  pntctically  unchanged  by  the  addition  of  R 
na  a  derived  circuiL 

The  voltmeter  has  ita  terminala  attached  to  those  of  the  resist- 
ance through  which  the  current  is  flowing;  or,  if  the  standard 
meaauring  instrument  is  sensitive  enough,  llie  measured  current 
is  sent  through  tbe  voltmeter  itself;  and  readings  of  needle  or 
other  indicator  are  taken.  In  either  case  the  rcadinga  are  pro- 
portional to  the  difference  of  potential  between  the  terminals  of 
the  in8trumi;nt,  hut  in  the  former  arrangement  the  difference  of 
potential  ia  equal,  in  volts,  to  the  current  in  amperea  flowing 
through  the  reaistance  multiplied  by  the  value  of  the  resistance 
in  ohma,  in  the  latter  the  difference  of  potential  is  equal  to  the 
measured  current  through  tlio  voltmeter  into  the  resiatance 
between  ita  terminala. 

If  the  acale  of  the  inatrtiment  does  not  follow  any  known  law, 
it  ia  neceasary  to  determine  bv  direct  experiment  the  electro- 
motive force  correaponding  to  different  deffections  and  thus,  so 
to  apeak,  calihrnte  the  instrument.  To  do  this  the  most  con- 
venient plan  is  to  divide  the  scule  accurately  into  equal  divisione 
and  to  numbnr  these  from  zero  at  the  position  of  equilibrium 
with  no  current.    Then  the  current  measured  by  the  standaril 
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j^lvanometer  ia  vnrJed  conveniently  by  introducing  reHiatance 
into  the  circuit  by  ii  rheoaCut,  and  tbe  deflection  ohserved  for 
aeverul  different  vuluea.  Tiio  correspond  ing  differences  of 
potential  are  tlieti  plotted  on  squared  paper  aa  ordiDBtea  for 
wliich  the  number  of  divisions  of  tbe  deBectioDs  are  ihe  corre- 
sponding abacissfB.  A  curve  is  then  carefully  drawn  through 
the  estremities  of  these  ordinates,  and  the  ordinate  of  this  curve 
drawn  for  any  choaen  ahscissa  will  be  the  ditference  of  potential 
for  that  deflection. 

For  verifying  the  accuracy  of  the  graduation  of  the  potential 
instnimenls  when  performeil  by  either  of  theaa  niethode,  or  for 
actually  performiug  Ihe  jirnduatjon  when  other  nielhods  are  not 
conrenient,  some  form  of  voltaic  cell  of  known  elertromotive 
force  may  be  used. 

Ab  the  result  of  many  careful  experiments  made  by  Lord 
Rayleigh  and  othera,  it  boa  beeq  found  that  the  moat  reliable  StmidarU 
standard  cell  is  that  proposed  by  Mr,  Latimer  Clark,  When  Cell. 
e«rtaJD  precautions  arc  taken  in  ils  pieparation  the  electromotive 
forces  of  different  specimens  are  very  nearly  the  same,  and 
remain  constant  for  a  long  tiine  provided  care  is  taken  to  prevent 
more  than  a  very  feeble  currout  from  ever  passing  through 
them. 

The  cell  may  be  made  in  a  reliable   and  handy  form  in  the     Mode  ol 
following  wiiy,  which  inctudea  the  precautions  that  Loril  Hay-  SvltiuK  up 
leigh'a  eiperience  *  has  shown  to  be  necessary.     The  vessel  is  a      Clnrk 
weighing  tube,  or  for  small    eizva  merely   a  test-tube,  with  a      Cells. 
platinum  wire  sealed  through  the  bottom,  and  rests  on  a  suitable 
■tand   as   shown   (Fifj.    104),      This   wire   makes  contact   with 
mercury,  which  occupies  the  bottom  of  the  cell  and  fonus  one  of 
tiiB  plates.     The  mercury  must  be  ]>ure.  snd   it  is  desirable  to 
ensure  its  being  so  by  ledistilling  in  vacuo  good  clean  commer- 
cial mercury.     On  the  inertury  resla  a  paste  made  by  ndciing  to 
190  grammes  of  mercurous  sulphate  5  grammes  of  zinc  ciirbo- 
nnle,  and   suHident  saturated  zinc  sulpljate  solution  to  give  a 
stiff  pasty  eonsislflncy. 

The  zinc  sulpbrito  solution  should  be  made  from  pure  zinc 
sulphate  dissolved  under  gentle  heat  in  distilled  water  so  as  to 

*  See  Lnrd  Rnvlngh  and  Uni.  Sidgwick'a  pnper  On  Ike  EUntro- 
Chemieal  Eouvcaient  of  SilneT  already  r.iteil  (Hit.  Tram.  Part  II. 
1884),  also  Lord  Bajleigh  on  the  Clark  Cell  aa  a  Standard  of  Ektlru- 
tMlixe  Porta  [Phil.  Tram.  Part  II.  1885).  These  papers  contain 
paiticalars  of  the  method  of  determiainB  the  electromotive  force  of 
Clark  Cells,  ami  the  latter  esppciallj  details  of  the  mod 
Ing  them,  of  which  an  abstract  ia  given  helow  in  tli<i  tui 
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mnke  a  lalurated  solution,  ood,  after  having  beea  allowed  t*.^ 
isUnd  for  some  time  to  predpitnte  any  iron  which  may  have  been  T 

E resent  in  tiie  aulj^iliale,  filtered  in  a  warm  place  into  a.  atock  | 
ottle.  When  requirtd  the  Bolulinn  is  gently  wBrmMl,and  drnwti 
oS  by  a  siphon  from  just  above  the  crystals  nt  the  button).  Tlie 
paste  ia  made  by  placing  the  raorcurouB  sulphate  and  zinc  caibu- 
'n  s  mortar  and  rubbing  in  the  zinc  sulpliule  at  intervala 
during  two  or  three  dnyr,  to  give  time  for  all  CHrbnnic  acid  to 
pnas  otr. 


H 


A  rod  of  what  is  called  "  redistilled  zinc ''  reeting  in  the  piuite, 
and  held  upright  in  the  vessel  by  a  notched  ring  of  cork,  forms 
ihe  other  plate.  TIil-  zinc  is  cleaned  before  putting  it  In  position 
by  dipping  it  in  sulphuric  acid  and  then  washing  it  in  distilled 
water.  Connection  with  it  in  made  by  a  gutt«-percha-covered 
oopper  wire  soldered  to  it,  nnd  passed  up  tlirough  u  cork  wbictr 
closes  the  cell  and  nearly  tills  the  upper  pnrt  of  it  au  that  very 
little  air  ia  included.  The  cork  is  flush  with  the  top  nf  die  lube, 
and  the  edges  of  the  tube  and  the  whole  upper  surface  of  the 
cork  is  covered  witli  marine  glue  to  seal  up  Ihe  cell. 

A  cell  thus  made,  if  used  with  only  the  feeblest  currents,  never 
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■liort-circuitod,  iior  exposed  to  great  v 
I  will  have  a  constant  eltctroiiiotive  force  E  ii 
I  ture  f  C.  giveii  nccording  lo  Lord  linyleigli  utiil  Mrs.  Sidgwick's 
[  deiermination  (if  1  B.A.  unit  =  ''JS6ti  olim )  by  tlic  eqiiation 


i'=  l-4345{l--00077(/-16)l 


(64) 


I.F.   ,.l 
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The  metliod  employed  by  Lord  Ettyleigh  and  Mrs.  Sidgwjck  in  Determi- 
the  deterniinntinri  of  llie  electromcitivo  forco  of  the  Clurk  cell,  nntion  of 
tnd  the  metliod  of  iiaing  llie  cell  for  purposes  of  graduation,  E.M.F.  of 
will   be  understood  from   Fif;.   93.      (Par  cDnveDieuce   Fig.   93  ClarkCelL 

'lere  repented.)    Two  Leclanch^  cells  Jf,  and  two  resistance 


I 

^^m    i'rt 
^K-and 

I 


Via.   105. 

bosea  N,  0,  were  joined  in  circuit.  At  two  points  in  0  wero 
attached  two  wires  in  one  of  which  was  pluced  the  Clark  cell  P, 
whioh  was  to  be  tested.  These  wires  formed  with  a  resistance 
R  a  derived  branch  of  the  circuit  of  M  including  a  mercury 
reversing  key  Q,  a  Thomson  reflecting  galvanometer  T,  and  a 
reaiBtance  S  of  1000  ohms. 

in  the  earlier  experiments  the  galvanometer  had  in  its  coils  a 
resbtsnce  of  about  200  olinis,  but  in  later  determinations  it  wiis 
provided  witb  a  coil  contwning  a  much  greater  length  of  wire,gi) 
that  a  higher  Bensiliility  was  obtained. 

The  other  arrangements  connected  with  the  circuit  are  the 
battery  A,  the  voliameterE,  and  the  current  weigher  as  described 
ftbore  (p.  398).     One  extremity  of  A  wiis  connected  to  carlh 

Kt£. 

The  xa\\n  current  from  A  after  truveriing  the  voltameters  and 
carrent  weigher  passes  through  the  resistance  R  back  to  A.  To 
prevent  ondue  heating  by  tbc  electrolysing  current,  which  was  ' 
ftbout  \  ampere,  tlie  resistance  R  was  constructed  of  bare  german 
silver  wire  wrapped  round  a  frame  of  two  parallel  ebonite  rods 
kept  apart  \>y  wouden  bars,  and  was  provided  with  stout  copper 
termioats  which  rested  on  the  copper  bottoms  of  cups  B,  K  lilled 
witb  mercury.  The  resistance  R  was  4'0OG99  B.A.  units  at 
17°6  C.  This  was  corrected  for  iho  difference  between  IT'fi  C. 
and  the  temperature  of  the  atmosphere,  and  also  for  healing  pro- 
VOL.  II  F  F 
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duced  by  tlio  current.  It  wna  found  tliat  a  correcting  factor 
liXKMI  li&d  to  be  applied  to  tnke  account  of  the  latter  effect. 
I  Hoile  of  In  the  first  detenni nations  tlie  buttery  M  waa  not  ubciI  and  tlic 
I  Adjoit-  electromotive  force  of  P  was  boianced  by  tlie  difference  of  poten- 
t  to  xiH  existing  between  its  terminslH  H  and  K.  The  adjustmant  to 
^'">-  balnnce  was  made  by  placing  a  liigli  resiBtance^bus  in  multiple 
are  across  E,  between  II  and  A',  and  unplueging  resistance  until 
with  tlie  current  flowing  tlirougb  llie  Toltameters,  no  current 
passed  througli  T  when  the  derived  circuit  was  thrown  in  fur 


jVoltnietct 

LAUniird 
Cells. 


The  difference  of  potentiul  between  //and  JC  was  then  obtained 
from  the  resistance  of  the  double  iirc  now  conatituling  R,  and  the 
abaolute  value  of  the  current  given  by  the  electrolysis.  The 
value  of  the  current  at  the  instant  when  P  was  balanced  could  be 
obtained  from  the  curves  (Fig.  91)  showing  the  res  nils  of  the  two 
current  weighings ;  and  thus  several  determinations  of  electro- 
motive force  could  be  made  in  a  short  time. 

Id  lat«r  determinations  the  balance  was  finally  adjusted  by  in- 
cludiug  in  the  derived  circuit  with  P  a  part  of  the  elect romotive 
force  of  the  pair  of  Leclaachi  eel's.  An  independent  comparison 
of  the  electromotive  force  of  the  fjeclRiich^s  with  that  of  the 
Clark  cell,  was  made  by  balancing  the  Clark  cell,  in  the  manner 
just  described,  by  the  difference  of  potential  between  two  points 
of  a  resistance  in  circuit  with  the  Leclanchis.    This  enabled  the 

Eart  cif  the  balancing  electromotive  force  supplied  by  the 
eclanch^  to  be  found  from  tlie  known  resistunce  intercepted 
between  the  terminals  of  the  derived  circuit  and  the  whole 
resistance  in  If  and  0  together,  which  was  kept  at  10,000  ohms. 

The  following  values  have  been  obtained  by  other  experi- 
menters for  the  electromotive  force  of  a  Clark  cell  at  15°  C. : — 

Carhnrt 1-434  volts 

Kahle  (Zeitschrift  fur  Instnimentenkunde).  1-4341     „ 
Gla^ebrookandSkinner,Proo.R,S.54(I892)  1-4342    „ 

Standard  cells  of  known  eluctromotive  force  being  available 
they  may  be  used  for  the  graduation  of  voltmeters  by  the  same 
compensation  method.  A  circuit  is  made  of  a  battery  .4  (Fig. 
106)  of  storage  or  Daniell's  cells,  in  series  with  resistances  It,  S, 
and  tlie  voltmeter  Q  to  be  graduated.  A  battery  of  a  suitable 
number  of  standard  cells  has  its  terminals  applied  at  tlio  ex- 
tremities of  the  variable  resistance  M,  and  its  circuit  contains  a 
sensitive  galvanometer  D,  and  a  key  K.  S  or  S  is  adjusted  until 
no  current  flows  through  D  when  the  key  K  ia  tapped  down  for  sn 
instant.  When  this  is  the  ease  the  electromotive  force  of  C  is 
balanced  by  the  difference  of  potential  at  the  two  ends  of  R  pro- 
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lodby  A  Hencethediffercnpeofpotential  in  volts  then  esiating 
Lween  tlie  terminalB  of  G  ia  given  (for  a  Clarh'B  cell  at  15"  C.) 
tbe  equation 

....    (65) 


r-  1-4345  ; 


By  this  method,  which  ia  an  application  of  PoggendortPa 
method  of  comparing  the  electromotivQ  forces  of  batteries, 
bala'icc  is  obtained  when  no  current  is  flowing  through  the 
standftrd  cell,  nnd  diaturbance  from  polarization  is  altogether 
avoided.     It    has    heen    found   very   easy    and    convenient    in 

Some  form  of  Daniell's  cell  is  easily  set  up,  and  thongh  less    Rionlt'a 
reliable  is  convenient  for  use  as  a  staadard  when  Clark  cells  nre    Standard 

t  available,  A  well-known  form  is  Raoult's,  which  hae  the  zinc  DanieU.  \ 
copper  loliitiona  in  separate  vessels  connected  by  a  tube  filled 
with  zinc  sulphate  and  tied  over  (he  ends  with  bladder.  This, 
when  made  with  a  plate  of  pure  zinc  amalgamated  with  mercury 
and  a  plate  of  electrnlytically  deposited  copper,  was  found  by 
Lord  Rayldgh  to  have  an  olecLromotive  force  of  approximately 
•7703  ofthaiofa  Clark  ceil. 

A   standard    Uiiniell's    cell    baa    been   proposed    by   Sir   W.  Thomson's 
Thomson,  which  consists  of  a  zine  plate  resting  at  tlia  bottom  nf    Stnndnrd 
a  glass  vessel  inaatratuni  of  saturated  zinc  sulphate,  and  a  copper    I'""''^'!- 
a  solution  of  copper  sulphate  of  denwtv  1  02,  which  haa 
o  gently  formed  in  the  atratum  of  zinc  Bolphate  as  to  je 
F  F  2 


^_BUte  in  a  soli 
^^S^en  eo  genii; 


J 
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a  clear  surface  of  Reparation, 
introducod  by  mennB  of  a  gl 
liquid  und  tenniiiating  in  a  iim 
KonUl  direction  so  an  to  dolive 
B  pnasiblB.     TtjiH  lube 


The  copper  sulpbnte  solution  is 
IBH  tube  dipping  dovra  into  the 
point,  whicb  is  bent  into  a  hori- 
the  liquid  with  as  little  distiirb- 
^ted  by  a  piece  of  indin- 


rubber  tubing  witb  a  funnel,  by  tlie  raising  or  lowering  of  wbich 
the  sulphate  of  copper  can  be  run  into  or  run  out  of  tbe  cell.  By 
tliia  meana  the  aulpliatc  of  copper  ia  run  in  when  tbe  cell  is  to  bo 
naed,  and  at  once  removed  wncn  the  cell  in  no  longer  v-nnled. 
Tbe  Boiutiona  should  be  kept  in  stock  bottles  and  tbe  cell  set  up 
freab  when  wanted. 
Method  of  The  standard  Daniell's  cell  is  very  conveniently  used  along 
^  Usieg  with  u  Danicirs  bntlery  in  the  manner  represented  in  the 
Standard  (ijagram  {Fig.  107).  C  is  tiie  standard  cell,  end  S  a  battery  of 
Duiicll. 


from  30  lo  10  small  gravity  Danielle.*  A  circuit  ia  formed  of  a 
resistance  bos,  tbe  g-ah-anoineter  0  lo  be  graduated,  and  the 
battery  B  joined  in  series  with  the  slandard  cell  C.  &  aenaitive 
galvanometer  D,  which  may  be  a  reflecting  gnlvnnomcler,  or  any 


throe  to  three  and  a  half  iucliea  in  diameter,  in  a  stratiim  of  saturated 
copper  sulphate  Eobitioii,  and  a  grating  or  plate  of  zinc  a  little  beloiv 
the  mouth  of  the  vesgul  inimoreed  in  ■  aolation  oF  tine  sulphate,  ot 
density  I '2.  The  <ieppi?r  sulphate  may  be  kept  saturated  by  cryatala 
droppeil  into  a  glasi  tube  pnaaiiig  down  tbmugh  a  hole  in  the  zino  plain 
to  the  oeppor.  A  copper  wire  well  covered  with  gutta  percha  ahould 
^e  used  an  the  electrode  of  the  copper  plate. 


GRADUATION  OF  VOLTMETEE 

itive  giilTnnoniotEr  of  low  reeialaiice,  has  ono  letniitml 

■  MtauliC'il  at  a  point  Jlf  between  the  battery  und  tlie  ntundard  cell, 

■  «nd  tli8  Oilier  temiinnl  tliroiigh  the  key  A"  to  an  intermedrntB 
['tenniind  Z  of  tlie  realBtance  box.     Tlie  resistances  in  the  box,  on 

",e  two  sides  of  £,  are  ndjusted  until  no  current  flows  tlirough 

le  galvnimnieter  1),  when  tlie  bey  A'  is  depresBed. 

Let  R  ho  tlie  reaistance  in  the  box  to  the  riglit  of  L,r  Uie  E-  M.  F  of 
Mistftnoe  iif  the  cell  (;  and  Q  llieresistjince  of  the  galvanometer,    Daiiiolls 

"  en  if  7  be  the  difference  of  potential,  in  volts,  between  the       *^l'- 

minalB  of  the  galvanometer, 


(66) 


poiai 


In  iiractiee  a  reaiaUnce  of  from  300  to  400  uhma  is  generally 
miuired  for  R.  The  clectromolive  force  of  the  standard  cell  was 
determined  by  Prof,  T.  Gray  nn.l  found  Ic.  be  1-072  voIIh  at 
ordinarv  tcniperalurc.  A  determination  of  the  electromolive 
force  of  till)  snme  cell  has  also  been  made  by  Lord  Bayleigh,  who 
found  it  to  be  '743  of  n  Clark  cell,  the  electromotive  force  uf 
which  was  I '4542  13.A.  vcilta,  nearly,  at  IS''.  This  would  give 
very  approximately  I'06R  true  volts  for  the  Dnniell  cell.  It  was 
token  OS  1-U72  volts,  an,  notwithalandiiig  the  large  battery  in  the 
oiroait,  tliL-  total  reuisiaDce  is  ao  grent  that  llicre  is  very  little 
polarizatioD.  This  method  in  fact  ia  peculiarly  well  adapted  for 
Uta  DsDiell's  cell,  hb  the  alight  ctiri-ent  flowing  thrmtgli  serves  to 
ip  it«  pliitcB  in  a  constunt  ;iiid  fresh  stale.  It  ix  known  as 
nicden'a  and  also  as  Bnancha'a  method  of  comparing  electro- 
lotive  forcea. 

The  difference  of  potential,  the  magnitude  of  whii'h  ia  thus 
obtained,  is  chosen  such  as  lu  giro  a  convenient  deflection  on  the 
instrument  to  he  grnduated.* 


CHAPrEK  VllI 


MEASUREMENT  OF  INDUCTANCES 


■  The  subject  of  tlie  experimental  detenoiuation  ot 
j_  coefiGcients  of  in<iuction,  or,  aa  they  are  now  called, 
iitdiicta-nces,  with  one  another,  with  known  resistances, 
and  with  electrostatic  capacities,  has  attracted  much 
attention  during  the  last  fifteen  years.  This  is  a  con- 
sequence mainly,  on  the  one  hand,  of  the  efforts  that 
have  been  made  to  obtain  a  more  accurate  determination 
of  the  ohm,  and  of  the  ratio  of  the  electromagnetic  to 
the  electrostiitic  unit  of  quantity  of  electricity;  and  on 
the  other  of  the  vastly  increased  importance  given  to 
induction  in  electrical  theory  and  practice  by  the  enor- 
mous development  which  has  lately  taken  place  in  the 
use  of  dynamos  and  especially  of  alternate-current 
machines. 

In  what  followB  an  attempt  is  made  to  describe  the 
various  methods  of  comparison  which  have  been  devised, 
giving  iu  each  case  a  fairly  fult  account  of  the  theory 
of  the  method,  and,  if  possible,  an  illustration  of  the 
solution  obtained  by  one  or  more  examples  of  actual 
experiments.  We  shall  use  Mr.  Oliver  Heaviside's 
term  "  ind  uctance  "  to  signify  what  is  generally  denoted 
by  "  coefficient  of  induction,"  distinguishing  where 
necessary  between  mutual  inductance  and  self-induct- 
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•■e;  but  fts  self-induction  is  reUtivcly  more  important, 
and  is  much  more  frequently  referred  to  than  mutual 
induction,  we  shall,  where  no  ambiguity  is  likely  to 
arise,  use  the  single  word  "  inductance  "  in  the  sense  of 
"  coefficient  of  self-induction," 

It  is  conveuient  lo  eonaider  in  the  firat  place  eome  points  of 
geaeral  theorj  which  are  of  impfjilanee  in  this  connection.  The 
oqufttioos  of  varying  currents  in  any  condiictuT,  or  circuit  of 
conduclow,  are obluinable  from  the  eleclrokinetic  eneigy  and  the 
diasipation  function,  when  these  are  known,  if  only  electrokinetic 
phenomena  are  in  queation,  or  from  these  two  expressions,  to- 
gether with  that  of  the  electroetattc  energy,  if,  as  will  be  the 
case  in  some  of  the  prolilema  in  the  present  Chapter,  elec'trostatic 
phenomena  have  also  to  be  taken  into  account. 

E((uationa  of  currents  liave  been  obtained  above  (p.  160)  by 
constderin);  an  asiemblage  of  complete  rircuita  as  a  dynamical 
ajetem ;  but  similar  equationa  are  obtainable  in  precisely  the 
same  way  for  the  currents  in  the  individual  conduotore  of  a 
Rstwork,  proT  ded  that  instead  of  reaiatuncea,  inductaacee  and 
eloctroniative  forces  in  circuita,  the  reaiatances,  inductancea,  self 
and  mutual,  of  the  comJuctora,  and  tho  impreaaed  differences  of 
potentials  between  their  teriiiinnla  are  need.  The  only  difficulty 
IB  M  to  the  meaning  of  the  aelf-inductance  of  a  conductor  joining- 
two  points  in  a  cucuit,  or  the  mutual  inductance  of  two  such 
eonduotors  in  the  same  or  different  circuits.  But  a1[  such  ques- 
tions are  resolved  by  adopting  some  proper  mode  of  calculating 
inductance  [for  example  Neumann's  tormula  pp.  129, 171]  which 
enables  the  inductance  of  a  conductor  to  be  found  aa  that  of 
K  part  of  a  circuit,  in  (lie  aenae  that  when  the  inductancea  of 
the  parta  are  calculated  in  this  way  they  give  the  [iroper 
value  ai  the  electro'kinetic  energy  of  the  circuit  or  circuits 
for  any  possible  arrongement  of  currenta.  A  caae  in  point  ia 
that  of  two  or  more  coiU  joined  in  multiple  arc  between  two 
points  AB.  The  inductancea  for  these  conductors  are  very 
approximately  those  obtained  by  regarding  the  coila  as  made  up  uf 
so  many  complete  circuits  given  in  dimensions  and  position  by 
the  turns  of  wire.  In  such  casea  the  flux  of  magnetic  induction 
through  the  part  of  the  circuit  considered  is  definite  nnd  calcu- 
lable, and  different  melhods  lead  to  the  same  result.  But  there 
are  otiier  coses,  for  example  that  of  a  Hertzian  vibrator,  in  which 
I  different  prooeasea  lead  to  distinctly  different  vahies  of  the  eelf- 
Linductancc  of  the  apparatus  (see  Cliap.  XIV.  beloiv), 
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The  difficulty  here  indicnted  is  avoidud  by  a  device  sdopted 
by  Maiwell,  A  network  ia  made  up  of  a  aericB  uf  meslieH  or 
"eullH,'' in  wliicli  UEicli  indlvidiial  conductor,  except  thuxe  form- 
ing tlie  oiitnr  edge  of  the  network,  is  common  to  two  meBlies. 
Maxwell  supposed  a  current  to  oiroulute  round  each  iiieBli  in  tbe 
same  direction,  so  that  the  actual  current  in  each  conductor  was 
tliB  difference  of  the  current*  round,  two  adjoining  meshes. 
ThuH  each  nieeh  ia  a  cloaed  circuit  with  its  own  current  in  it,  and 
the  self  and  mutual  inductances  of  the  system  are  perfectly 
dulinite,  being  those  due  to  the  various  chwed  ciicaits  eacn 
Bupposed  to  carry  unit  current. 

Taking  the  furnier  method  ftrst  let  Z,  /,„  .  .  denote  the  solf- 
inductsnces  of  the  ditferent  homogeneous  conductors  of  the 

system  supposed   linear  ifu  ^p the  currents  in  them,  Mu, 

Mj,, ....  the  mutual  inductances  of  the  conductors  indicated 
h^  the  sulIixeB,  then  lis  nt  p.  18S  the  electrukinetic  energy  is 
■  given  by 

The  diasipntion  funcliun  is 


whore  Ri,  denotes  the  resistance  of  (lie  conductor  in  which  the 
current  is  ft.  If  E  he  the  electrostatic  energy  due  to  the  charge 
of  condensers 


E-JSCC.. 


m 


tnuntiun 


where  Cu  is  the  capacity  of  a  typical  condenser  o£  the  system 
clisngcd  to  a  difference  of  putential  Fm  between  its  coating. 

The  effect  of  the  electrostatic  capacity  of  the  conductors  con- 
cerned ia  something  quite  sensible,  and  may  in  certain  cases 
bo  allowed  for.  Whin  it  can  be  expressed,  the  part  of  the 
electrostatic  energy  whiuli  d^ands  on  the  capacity  of  the  con- 
ductors, enaliles  th«  terms  in  (6)  below  to  be  calculated. 

By  this  expresxinn,  also,  when  it  can  be  calculated  for  the 
different  parts  of  the  conductors,  the  electrostatic  capacities  uf 
the  conneating  wires  can  be  taken  into  occnunt.  In  such  cusea, 
liQwever,  the  capacity  can  in  generul  only  bo  roughly  estimated. 

Bringing  then  into  the  account  the  electrostatic  energy  re- 
garded as  potential  energy,  wo  have  to  add  to  the  electrokinetio 
applied  furce  corresponding  to  the  current  ^k  the  electrostatic 
force  -  3E/3/*-'     Thus  if  Fk  denote  the  difference  of  potential 
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Iwlween  tlie  tcnninala  of  the  conductor  id  wbidi  tlie  current  i 
'It  tUe  typical  equntiou  of  current  is 


3?* 


'Writiag  down  the  equaliou   of  tliis  type   for  Ibe  succeaaive 
homogeneous  condiictora  taken  in  order  round  a  circuit  of  u  nel- 
t,  nnd  adding  both  sides  of  llie  eijuBtions,  we  get 


\ojrj       dyj-t- 


(5) 


P  where  E  is  the  total  intemnl  applied  electromotive  force  in  tlie 
drcnit,  iince  wo  know  tint  Ihe  latter  is  the  sum  of  tlie  diller- 
encee  of  potential  between  the  tenninnls  of  tlio  aucceaaive 
homogeneous  conductors  forniiug  it.  Tliis  equation  may  be 
WTitt«n 


Hl^»i  +  3fj*:yk  +  JijM-E--^^^. 


(6) 


e  taken  for  all  Ibe  conductora  of  tbe 


k which  the  aumrnatione 
■cuit  considered. 
Thia  equation  may  be  taken  aa  the  most  general  fonn  of  the 
■aailed  "second  law"  which  Kirchhoff  firat  ex)ilictlly  stated 
'  ateady  curreQla  in  a  system  of  linear  conductors.  It  will  be 
III  conatnnt  uae  in  wliat  follows. 

The  principle  of  continuity,  commonly  called  KirchholTa  first 
law,  is  generally  assumed  for  -vnrisble  currents,  and  it  ia  also 
usual  to  assume,  as  has  been  dune  above,  that  at  any  instant  the 
magnetic  force  iit  any  pointdue  to  a  varying  current  in  a  circuit 
is  the  same  as  would  be  produced  by  a  steady  current  equal  in 
Uit«DBity  to  thnt  which  exists  in  the  circuit  at  that  instant.  The 
latter  aaaumption  ia  Justilicd,  for  points  which  are  near  the 
circuit,  by  the  theory,  confirmed  now  by  experiment,  of  propa- 
j^tion  of  electromagnetic  action. 

It  does  not  seem  to  have  been  noticed  thnt  the  principle  of 

oontiniiity  for  a  linear  circuit  can  be  deduced  from   the  law  of 

magnetic  force  as  follows.    Let  three  wires  meet  at  a  point  0, 

^"Imu  according  to  the  principle  of  continuity  the  rate  of  flow 

nia  Ihe  point  miut  be  exactly  equ4l  tit  any  instant  to  the  rate 
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of  Row  to  the  point  nt  the  Hrime  initunt.  Let  0  be  taken  &s  the 
centre  of  a  soiall  sphere,  and  let  the  wireH  paaa  tUruugli  the 
Burfaceof  thesphere  at  ^,  ff,  f?(Fig.  lOd).  Lut  a  pnthbedrawn 
round  the  wire  ^I  on  the  spliere,  tlien  carried  to  B,  then  to  C 
nearly  round  it,  uid  Anally  back  to  the  noiiit  of  atnrtinp  from  A, 
BO  that  n  uloBoa  path  ia  traced  on  the  apuere,  conHititing  of  tliree 
nearly  closed  curves  described  in  the  same  direction  round 
A,  B,  C,  snd  an  inlinitely  nearly  closed  path  A',  B',  C,  not 
enibracine  any  of  the  conductors.  A  mnKnetii!  pole  carried  round 
the  ooinpTete  path  will  have  no  work  none  on  it  on  the  whole, 
~"  e  the  path  does  not  really  surround  any  conductor ;  in  Ather 
words,  it  could  be  shrunk  to  a  point,  without  cutting  through  the 
conductor,  and  the  work  done  in  carrying  t,  pole  round  the 
infinitely  nearly  closed  path  A',  B',  0  also  vaiushes.    [To  see 


tliia  it  is  only  necessary  tu  conceive  the  path  opened  out  inlo 
an  open  loop,  slipped  bnck  beyond  the  centre  of  the  spliere  and 
then  shrunk  up.]  But  if  yj,  y^,  y^  be  Uie  currents  in  the  wires 
at  A,  a,  C,  uU  reckoned  as  innowing,  or  all  as  outflowing,  the 
work  done  on  the  pole  in  the  three  paths  closely  surrounding  the 
wires  is  iw(yi  +  Vi  +  yi),  and  thus  uiuBt  be  zero,  since  the  work 
done  round  A'  ff  Cia  zero.     Hence  we  have 

4"(yi  +  yj  +  r.)=0 

T.  +  r.  +  y»=0 (7) 


ving  at  or  flowing  away  from  the 
The  same  thing  can  obviously  be 
proved  in  the  same  way  for  any  number  of  conductors  meeting  at 

Beturning  to  the  dynamical  cqualiona  of  currents,  the  equations 
for  MaiwoU's  method  of  meshes,  each  carrying  its  ovra  current. 
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ly  writtai  flown.  Tlie  i|uantities  of  elcolricity  whidi  liovu  Tlieory  of 
flowed  round  llie  different  nieslieB  from  uny  era  of  reckoning  uji  Maiwell's 
to  the  inatnnt  under  considemtion  become  the  genenilieed  eoii- 
diiotors,  and  their  tirae-ratctt  of  variation,  or  the  ciirrents  at  that 
instant,  the  corresponding  velocities.  If  then  i,,  i,,.. .denote 
the  Nelf-inductniiccH  of  the  different  mcalieR,  each  regarded  iis  a 
eeparate  circuit,  in  which  cumrnlji  ji,  gp...QQv,-,  M^,  ^»,...li>o 
mutual  inductances  of  the  pairs  of  nieahes  indicated  Ty  the 
■ufiixes,  we  have 


F=iSBjk(fj-h)^ 


.nations  with   (3)  ahovc  enable  the  eqiiiitio 
H  for  tho  diffcient  nicHhea  to  he  written  down.    The 
IB  of  the  type 

;{  a?'  ,  BF  _  ^  _  eE 

bliere  Ej  ia  the  electromotive  force  in  the  ci 

""  's  method  avoids  tlie  necessity  for  an 
tnciple  of  continuity,  inaamnch  as  Ilih 
in  tlie  statement  of  tlie  inethod,  and  it  la  convenient  for  the 
syetemtttie  working  out  of  a  complicated  system ;  but  with  tho  . 
eloctrokinelic  energy  expresacd  in  the  above  form,  whicli  in  the 
strictly  accurate  one  when  the  generalised  velocities  are  tho 
meah-  or  cycle-cnrrenta,  it  ia  not  convenient  for  the  derivation 
of  equationa  from  which  the  inductances  of  given  conductors  are 
to  be  obtained.  In  these  applications,  however,  it  is  usual  to 
lodify  the  form  of  the  eleotrokinetic  energy  by  writing  it 


it  indicated  by  the 
iplicil  reference  to 


=  !  2  SLjt  ij]  -  fi)-  +  2,lA(*)(i,.)  !ji  -  /■)! . 
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riiera.  Lji  is  the  Bclf-inductance  of  the  conductor  comn 
Ipo  cycles  indicated  by  the  auflixcs,  and  U(ji,)(tm)  the  ii 
lactaiice  between  that  conductor,  and  the  conductor  ct 

t  two  meshes  indicated  by  the  sufBies  ^n.  But  this  merely 
Jnounts  to  using  the  first  method  after  all.  In  general  it  is 
Aite  easy  to  write  down  the  equations  for  the  differeut  conduc- 
ftn  from  (4)  for  tho  first  method,  applying  the  principle  of 


I    Jnduct- 
lrplvbl«ms 
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continuity  meiititlly ;  nnd  db  only  one  Hyinbol  ia  required  for  tiic 
uuiront  iu  each  (.'onductor,  the  first  iiictlioil  tms  tlio  udvniilnt'e  of 
grenter  brcTity  of  exproHsion. 

Tlie  comparison  of  InductaDces  comprises  five  problen« 
with  which  we  shall  deal  in  succession:  the  comparison 
(1)  of  two  mutual  inductances,  (2)  of  two  seif-induct- 
ancea,  (3)  of  a  mutual  inductance  with  a  solf-inductance, 

(4)  of  a  mutual  or  self- inductance  with  a  resistance, 

(5)  of  a  mutual  or  sclf-inductance  with  an  electrostatic 
capacity. 

Of  the  first  problem  the  following  solution  has  been 
'  given  by  Clerk   Maxwell.     Let  A^,  J^,  (Fig.  109)  bo 


the  two  coils,  the  mutual  inductance  M^  between  which 
is  to  be  compared  with  that  between  two  other  coils 
Ay  A^  A^  and  A^,  A^  and  J,  are  placed  opposite  one 
another  at  the  required  distance  in  the  case  of  each 
pair.  A  circuit  ia  made  up  of  A^,  A^,  a  battery  and  a 
makf-and- break  key  K\  while  Ai.  A^  are  joined  up  a* 
a  secondary  circuit  to  which  the  former  is  the  primary, 
and  a  branch  cantnining  a  galvanometer  is  made  to  join 
two  points  F,  Q,  on  thia  latter  circuit. 
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The  resistances  li^,  li^  of  the  coils  Ay  A^,  respectively, 
I  with  any  additiooal  resistanne  iacluded  with  the  coil  in 
I  each  case  up  to  FQ,  are  adjusted  by  adding  resistance  ' 
[  cults  from  boxes,  until  there  is  no  current  through  the 
I  galvanometer  when  the  battery  circuit  is  made  or 
[  broken,  and  are  then  compared  by  means  of  a  Wheat- 
I  Btone's  bridge  or  other  convenient  method.     We  have 


t'lAieD 


(12) 


To  increase  the  sensibility  of  this  and  similar  methods, 
I  Bome  arrangement  such  na  Ayrton  and  Perry's  secohm- 
meter,  described  below,  for  successively  making  and 
breaking  the  battery  circuit,  and  sending  the  successive 
integral  flows  through  the  galvanometer  in  the  same 
direction,  must  be  adopted. 

To  prove  the  condition  (12)  let  £j,  Lt  bo  the  Belf-inductanccn  1 
of  the  coils  .■(,.  .i„  L  tlie  Belf-lnductmico  of  tlie  battery-  circuit, 
and  r  that  ut'  tl^ie  galvunomcler.  Then  if  i  be  ihe  battery 
,  current  at  iny  instant,  x,  f,  tlie  currentM  in  the  some  direction 
I  round.  J^,  Jy  reEpectiveiy,  tlie  current  through  the  gulva  no  meter 
[  tBi  -f,  and  the  electrukini;tic  energy  of  the  syBtcin  is  given  by 
*  the  equation 

If  S  be  the  resialnnce  of  the  battery  circuit,  0  the  reniBtance 
[  of  the  galvnno meter,  we  gel  for  the  dissipation  function 

F^i{Ri*+Ii,r*  +  B,^  +  0{i-f)^\.     .     .     (U) 

I  Since  the  impressed  electrainative  forces  uorresponding  to  r,  y, 
Bero,  we  have  by  (4) 
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I   Hence  by  (13)  and  (14) 

V+  r  (i  -y)  +  M„u  +  n.i+G  (i-jJ)  =  0 

L,i/-  r  {^-!f)+M^u  +  ll^y  -  G  (i-y)  =  0, 

or,  integratitig  and  writing  t  forz-y,  and  taking  account  of  the 
fiict  thut  X,  y,  i,  f,  i,  are  initially  zero,  we  obtain  two  equations 
which  may  bij  written 

Elitninatiiig  y  between  these  we  obtain  an  equation  of  tbe 

Ji  +  Si+  Ci=Di  +  Ea 

where  -*.  B,  C,  D,  E  ore  constants. 

a  Soon  after  completion  of  the  primary  circuit  tlie  current  in 
■  Ibe  secondary  will  have  died  out.  Tlien  the  last  equation 
0  becomes 

Cz  =  Br (IG) 

where  y  is  tlio  steady  current  in  the  primary.  By  iuHpection  of 
(10)  it  is  easy  to  see  that 

C=fl,(fli+ (?)  +  fl,  0,  E=MuR,-Mt,Rt. 

TIma  (IB)  becomes,  since  !=x-y 

Hence  if  r(  =  .r-y)=0, 

*:,-t <"' 

the  relation  stated  ubove. 

It  is  to  he  noticed  that  if  ^  =  0  at  eoch  constant,  and  this 
relation  be  fulfilled,  D=(\  that  itt  by  (15) 

J"-^. (IS) 
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Tliua  the  ratio  ItJRf  is  also  the  ratio  of  the  aelf-indnctaocee, 
if  the  arrangementH  be  etich  tlitit  no  current  whatever  pnasea  in 
either  direction  through  tlie  gnlvanometer. 

It  ie  Bomeliiiiea  important,  as  Lord  Rflyleigh  haa  pointed  ont,* 
that  tliia  last  oonditioii,  and  in  other  cases  a  aimilar  one  if  it 
exist  J  should  be  fulfilled  in  order  that  the  method  may  be  an 
Kbsolutely  null  one.  Very  frequently  unless  the  galvanometer- 
needle  ia  of  very  long  period  it  shows  considerable  uneosineas 
even  if  the  condilion  fur  zero  integral  current  ia  fuifllled.  The 
fullilment  of  (18)  or  a  corresponding  condition  may  be  brought 
nlioiit  by  the  insertion  of  eelf-inductnnce  in  addition  to  th»t 
asaociated  with  the  conductors  employed  as  resistances. 

The  experiment  may  be  arranged   with   a   derived   Comjiari- 

braoch  on  both  the  primary  and  the  secondary  circuit,    Mutual 

j   as  shown  in   Fig.  110,  and  the  galvanometer  in  the    Indui^t- 


\ 


circuit  of  one  of  the  coils  as  A.^.  Let  the  resistance  of  M?'l'fl=;- 
the  coil  A^  and  connections  to  the  right  of  AB  be  R^,  Maiwell 
the  resistance  to  the  left  oi  AB  R^,  the  resistances  ^''^^°^ 
similarly  to  right  and  left  of  CD  j?,,  R^  (R^  including 
the  resistance  of  the  galvanometer),  the  resistance  of  the 
I  derived  branch  on  the  primary  iJ.  of  the  derived  hrancli 
6n  the  secondary  ,S. 


'  British  Association  Eiport,  1883. 
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Ratio  of        With  this  arrangement  when  no  current  through  the 

Induct*         .  •Ill  •  •  •         1 

anc«8  in    galvanometer  is  produced  on  depressing  or  raising  the 
'rIS^i^^  battery  key  the  relation 

M;,^  S  (B  +  B,)    •    •    •    • 


Resist 
ances. 


(19) 


holds.  Thus  the  mutual  inductances  are  opposite  in 
sign,  that  is  the  coils  must  be  joined  up  so  that  the 
induced  electromotive  forces  in  the  secondary  circuit  are 
opposed.  In  the  test  therefore  the  coils  are  joined  up 
in  this  way,  and  the  resistances  are  adjusted  until  no 
deflection  of  the  galvanometer  needle  is  produced  by 
making  or  breaking  the  battery  circuit. 
Particular  If  ii!  =  00 ,  that  is  if  there  is  no  derived  branch  on  the 
^-     primar,..  the  relation  (19)  becomes 

~M,,-"  S    ' ^^"^ 

In  this  case,  since  numerically  M^^  >  J/jj,  the  galvano- 
meter must  be  placed  on  that  side  of  CD  on  which  the 
induction  is  the  weaker. 

If  S=oo,  that  is  if  there  is  no  derived  branch  on  the 
secondary. 

If,  for  the  coils  in  the  positions  of  Fig.  110,  M^^>3r^^ 
numerically,  (21)  becomes  —  MiJM^^  =  Rj^R  +  R^, 

Theory  of       Let  u  be  the  current  at  any  instant  through  the  battery,  and 

Method,     therefore  through  y/^,  u'  tlie  current  at  the  same  instant  tiirough 

jf,,  then  the  current  in  JB  is  it  -  it'     Denoting  now  by  Zg,  7>4,  X, 

the  inductances  of  the  throe  parts  into  which  the  primary-circuit 


I 
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H  Jivided,  iiftiiiely  J„  J„  iioi  tlie  derived  brnncb  J/l,  by  i'  the 
inductance  of  tlie  derived  branch  CH,  we  have 

T=  A  ;Zi'  +  /.jy"  +  ;-■  (.r-jf  +  /,*'"  +  L^mi* 4  i  (« - »')- 

+  2.V„i'J^  +  2.)V/|.     .    .     .     (22) 

/■=  k  -.ji.i' +Ji,f+ i'  u  -^y + -»>" + ^=«'' + « (« -  i')";  (23) 

wLere  i,  y  denote  as  before  the  cuirenta  ia  .4,,  ^,. 

The  eqantions  of  currents  obtained  from  these  and  integrated 
over  any  interval  from  an  inetant  jiist  before  the  contact  was 
made  or  hrokeo,  with  attention  to  the  fact  that  the  initial  viilnes 
of  the  variable  i[nnntities  are  all  zero,  ^ve  equations  which  can 
be  wriiten  in  the  fomi 

("■+'->l+"'+4'-('-'s+*)'+-"""'-° 

-('•■y, +  »■)-•■ +  j[i'+«  J, +  V(>  +  sJj  +  .1f„.-0 
Gliniinalion  of  ji  from  these  given  an  equation  of  the  f<ir 
.ir  +  S^+  Cx=Di  +  lyi,-  +  E-i  +  Ba'. 

If  the  L-urrentH  have  become  etendy  this  reduces  to 

f.V  =  By  +  E'y', 

where  x  is  the  time- Integra  I  of  the  current  which  has  t 

through  the  gsl  van  a  meter,  and  y,  y  are  the  ate 

the  bftttery  and  the  ctril  J..     Henue  y'  =  yRj{R  +  R^, 

•■-{"+ ''\-h)'    ■  ■ 

Now  by  (24) 

E=  -  V,i.S.  !■:=  -  My,  (.li,,  +  .V). 

JF^SUi  +  tfj)  +  .1/,;  R  (R,  +  -Vl 

(fl,+fli);f/i'3+.s-)(fl,  +  .v)-.Y-;^' 
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If  j-=0  tiling!  ves  at  once 


I 


tlie  conditiiiD  (19)  nbove  for  no  iiitegral  curruut  Uirougli  tlie 
galvsnouetcr. 

As  stated  ftbovo,  the  eenaibility  of  tliese  iiietlioda  may  lit 
greatly  increflaed  by  using  successive  reversals  of  the  battery 
current,  witli  a  proper  arrnngBinent  for  cotnmuteting  the  inductive 
flows  througb  the  galvanometer.  An  excellent  contrivance  for 
tliia  purpose  hoB  been  provided  by  Frofessoni  Ayrton  and  Perry 
in  the  Secobmmeter.  This  is  an  arrangement  of  two  rotary 
com  mutators,  worked  by  tlie  aania  spindle,  one  for  periodically 
interchanging  the  points  to  which  tlie  galvanometer  terminalc 
are  attached,  the  other  for  reversing  the  battery  circuit.  Each  of 
these  commutators,  as  will  be  seen  &om  the  diagrammatic  aketi-bes 
(Fig.  112)  showing  the  mode  of  using  the  instriiment,  consists  of 
four  brushes  presBiog  on  a  cylindrical  surface  made  up  of  two 
nearly  semicylindricnl  metal  pieces  separated  by  insulating 
material.  The  relative  times  of  reversal  by  the  two  commuta- 
tors can  be  adjusted  to  suit  the  purpose  fur  wliich  it  is  to  be  used. 
Tiie  spilidle  can  be  driven  by  a  handle  or  by  any  convenient 
■mall  motor.  For  a  given  speed  of  driving,  two  apeeda  of  tlie 
commutators  can  be  arranged  for.  Witli  one  there  are  rather 
mure  than  eight,  and  with  the  other  iwenty.four,  re  versa  1b 
effected  by  each  for  one  turn  of  the  handle  or  driving  pulley. 
The  speed  of  the  driving  handle  or  pulley  is  governed  by  a  fly- 
wheel. 

For  example,  the  instrument  can  be  npjilied  to  the  comparison 
of  two  mutual  inductances  by  the  methods  just  described.  The 
battery  commutator  is  arranged  to  reverse  the  batterj"  circuit  at 
an  instant  when  the  galvanometer  circuit  on  the  secondary  is 
complete.  An  Induction-flow  takes  place  through  the  instnuiient 
unless  the  proper  adjustment  of  resistances  has  already  been 
made.  After  the  battery  current  has  reached  its  steady  value, 
the  galvanometer  terminals  are  reversed  by  the  commutator 
preparatory  to  a  second  reversal  of  the  batterj'.  The  flow  due  tu 
induction  in  this  second  case  thus  takes  place  through  tlie 
instrimient  in  the  same  direction  na  before,  and  so  on  us  the 
commutator  revolves.  If  the  period  of  rotation  is  small  in  com- 
parison with  that  of  oscillation  of  the  needle,  the  result  is  to  give 
a  steady  deflection  equal  to  that  which  would  be  produced  by  a 
current  equal  to  ny,  wbere  n  is  the  number  of  reversals  of  the 
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battery  per  aecond,  and  q  the  quantitf  of  electricUj'  wtiich  paBses 
at  each  of  them. 

The  sensibility  therefore  increases  with  tlie  speed  of  rotntion  ; 
but  in  the  present  application, as  in  all  others  in  which  only  ttie 
integral fiow  through  the  galvanometer, taken  over  the  interval  of 
variation  of  battery  current,  vaniBhes  for  certain  experimental 
airangements,  tlie  speed  must  not  be  ho  great  as  to  prevent  the 
battery  current  from  reaching  its  Bteadyvaliie  between  each  pair 
of  reveraala.  In  cases  in  which  the  method  is  really  "  null "  the 
speed  may  be  made  as  high  as  is  thought  desirable. 

M.  Brillouin*  has  carried  out  eoiue  careful  comparisons  of 
mutual  inductances  by  tliese  methods.  He  used  (1}  a  derived 
branch  on  the  primary,  (2)  a  derived  branch  on  the  secondary 
(with  ia  each  of  these  cases  the  galvanometer  in  series  with  one 
of  the  coils  in  the  secoadary),  (3)  the  ^Ivanometer  in  the  de- 
rived branch  on  the  aeoondary.  We  give  liero  a  short  account 
of  experiments  (I)  and  (3). 

The  derived  branch  in  (1)  was  made  up  of  a  resistance  box 
reading  to  fractions  of  an  ohm.  As  its  coils  were  not  wound 
double  it  was  placed  at  a  distance  from  the  rest  of  the  apparatus. 

The  galvanometer  used  had  a  resistance  of  900  nhma  and  was 
an  astatic  needle  mirror  instrument.  It  was  provided  with  a  damp- 
ing vane  of  wire  gauze,  and  was  enclosed  in  a  case  to  shield  off 
air  currents.  The  observations  were  made  in  the  ordinary  way 
if  a  telescope  nnd  attached  scale  placed  at  a  distance 

ires  were  carried  along  side  by  side  to  reduce 
as  nearly  as  possible  to  zero. 

s  not  sensitive  enough  to  enable 

itisfactorily  with  a  single  make  or 

driven  by  a  Gramme  motor   was 

it  (1)  connected  tiie  galvanometer 

with  the  secondary  circuit,  (2)  closed  the  primary  circuit,  (3) 

abort  circuited  the  galvanometer,  (4)  opened  the  primary. 

Tiie  secondary  circuit  was  kept  closed  permanently  and  the 
galvanometer  received  only  the  transient  current  at  each  closinn 
of  the  primary.  About  10  impulses  were  given  to  the  needle  per 
i,4Kond,  and  a  permnnent  deflection  was  thus  produced. 

The  coils  used  were  first  a  pair  consisting  of  an  exterior  coil 
made  of  a  cable  of  twenty  insulated  wires  lightly  twisted  together 
surrounding  an  internal  bobbin  uf  somewhat  thick  wire.  Thi 
mutual  inductance  between  ihe  internal  bobbin  and  each  of  thi 
twenty  strands  of  the  other  was  the  same,  if  soy 
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enabled  any  nuiuberji  of  the  stranils  to  be  aiipiniiid  to  tLu  re*t, 
80  thftt  llie  unefficient  of  induction  between  the  two  bobbins  wus 
rednceil  to  (20  -  2p}^f.  Tlie  wires  however  beinfj  kept  in  series 
die  n'sistnnce  did  nut  vary. 

Tliu  mftximutn  iniitiul  inductance  of  these  coiU  will  be  denoted 
by  .1/,,. 

In  experiments  (1)  of  whieli  results  ure  ijiiotcd  below  a  pair  of 
I'oils  was  iised  of  mutual  inductance  interniedinte  (for  the 
jionitions  adopted)  between  the  mnxinium  and  minimum  induct- 
luices  of  tlie  apparatus  jiisl  described.  We  shall  <lenote  tbe 
mutual  inductance  of  tbexe  coils  by  Jlf^. 

A  pnir  of  coils  used  in  eiperimentu  (3)  consisted  of  n  very 
carefully  wound  bobbin  of  thick  wire  19  cms.  long,  and  10  cms. 
in  internal,  12  cms.  in  external  diameter,  placed  conceniricnlly 
with  a  Kutall  coil  of  length  47  cms.  Bud  mterniil  nnd  eilernni 
diameters  1  cm.,  5  cms.  respectively,  The  latter  bobbin  could 
hv  iLirned  round  through  any  required  imgie  by  means  of  nn 
index  nnd  divided  circle.  The  external  coil  being  long,  the  two 
coils  had  a  coefticieiit  of  mutual  induction  proportiomil  to  the 
cosine  of  the  inclination  uf  the  axeit. 

The  coefficient  of  iuduccion  between  these  coils  in  noy  given 
relative  positions  will  be  denoteil  by  .l/'j,. 
T  Tiie  following  are  the  results  of  five  experiinenta  made  with 
difierent  fractions. 4  of  ^f^„  anil  no  derived  branch  on  the 
secondary.  The  ratio  of  tlm  coefficients  comes  out  as  shown  in 
(21)  in  terms  of  the  resistance  /C  of  the  shunt  on  the  primary, 
nnditjtheresiBtaoeeof  thecuit  ^,in  Fig  109.  ^,  waa  corrected 
to  agreement  at  the  temperature  of  esperimeiit  with  the  box 
from  which  R  was  taken. 
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id  at  one  lemper&ture  IS^-eC.  willi  iJfi,<J/j,. 
ratio  ia  thia  case  comes  out  in  terine  of  the  resistaDce  &^  < 
coil  A^  nnd  any  non-icductlve  reaiataiice  \d  BerieB  witli  ii 
the  leaiatance'^  of  the  derived  bratieh.  Bi  waa  that  e 
bobbin  ^„  together  with  a  reaistance  seven  times  as  | 
making  /!,•.  18-49  ohms  in  all. 
The  result?  ure  given  in  the  taMp. 
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1-675 

O'l  +  0-t 

18-62 

■5017 

1-672 

0-1  +  0-i' 

18-70 

■Biiaa 

1676 

0-2  +  0-2' 

37  5 

■669 

1-672 

01  +0-3  +  0-2' 

92-7 

■8336 

1-667 

0-5 

92-5 

■8334 

1-667 

for  the  ralnes  1,  - 


■8,  iif  * 


These  results  give  by  additii 
naed  in  the  former  set  of  experin 

J/,i' J/«  =  1  -670,  9 Jf,j/ J/;, = 1  -504,  ■SiI^J^f,^  =  1  334 
whicli  closely  agree  with  the  values  of  (if+/tj)/i((  then  found. 

A  set  of  experiments  was  also  made  n-ith  the  galvanometer 
included  in  a  derived  branch  on  the  secondary  according  to  the 
arrnngenient  of  which  the  tlieorj'  is  given  above  p.  44fi. 

The  galvanometer  n'os  a  verj'  sensitive  astatic  instrument  of 
the  Thomson  pattern  with  a  coil  of  7,000  ohms  resistance.  The 
coils,  wliich  were  the  two  pain  already  described,  were  at 
distances  of  only  about  2J  metres  from  the  galvanometer,  but 
were  placed  in  such  positions  that  the  direct  action  of  each  on 
the  needle  was  jrero.  They  could  be  turned  through  Iff  from 
these  positions  without  producing  any  sensible  action.  The 
induced  currents  in  the  small  bobbin  of  the  second  pair  of  noils, 
was  found  to  produce  do  direct  effect  upon  the  needle  in  any 
position  in  which  the  bobbin  was  used. 

All  tlie  joining  wires  had  their  outgoing  and  return  parts 
together  and  were  carefully  insulated. 

The  primary  circuit  contained  a  battery  of  lO  Dnniell's  cells ; 
and  the  rotating  commutator  was  not  employed,  as  the  galvnn- 
w.is sufficiently  sensitive  to  show  a  single  impulse  when 


menu  by 

UhTsr.n'. 


Method  or 
Eiperi- 


MEASUREMENT  OF  INDUCTANCES 

the  integral  t-urrent  thfongli  it  was  not  zero.  For  the  final 
adjustment  the  deflections  were  amplified  by  closing  anii  opening 
the  circuit  when  the  needle  was  paseing  through  zero  alternately 
in  opposite  directions.  Any  want  of  perfect  adjustinent  mani- 
feBted  itaalf  by  tlie  nggrsgate  effect  of  the  BuccesBive  exceedingly 
small  impulses  thus  given,  since  tiiese  all  tended  to  increase  the 
kinetic  energ3'  of  the  needle. 

But  for  halnnce  in  these  circumalances  it  is  necessary  that  the 
effects  on  the  neeille-eystem  of  completing  the  circuit  iitid  of 
breaking  the  circuit  should  both  be  zero,  it  was  found  at  first 
^  that,  while  making  tlie  circuit  produced  no  effect,  breaking  it 
always  produced  a  slight  impulse.  This  M.  Brillouin  traced  to 
inductive  action  between  the  coils  and  the  metallic  vane  attached 
to  the  needles  for  the  purpose  of  damping.  This  induction 
ilepended  on  the  law  of  variation  of  the  induced  current  in  the 
colls  and  took  plaoo  notwithstanding  the  fact  that  the  integral 
current  at  break  was  zero  as  well  as  that  make.  By  placing  a 
condenser  across  the  primary  circuit  and  Ihe  make  and  break 
key,  the  law  of  variation  of  the  current  could  be  altered  ;  and  it 
was  found  that  a  corresponding  change  took  place  in  the  deflec- 
tion. The  electromagnetic  action  between  The  induced  currents 
in  the  vane  and  the  inducing  current  in  the  coils  clearly  ought 
to  cause  such  effects  as  those  observed. 

It  was  found  that  this  action  had  a  maximum  for  any  position 
of  tlie  needles  when  the  capacity  of  tlie  condenser  was  '2S  micro- 
farad, and  that  when  the  name  was  quite  symmetrically  placed 
relatively  to  the  coils  the  effect  always  vanished.  A  condenser 
of  this  capacity  was  therefore  applied,  and  the  position  of  the 
needles  adjusted  by  the  directing  magnet  until  the  effect  was 
zero.  The  experiment  was  then  made,  and  the  raelhod  of 
multiplication  used  for  the  deflectioni<,  with  certainty  (liat  Ihe 
effect  of  make  was  exactly  ei^uat  anil  opposite  to  that  of  break, 

have 


n  the  experiments  made  i(j  was  constant  und=974'2  ohms, 
wnile  B,  was  made  up  of  a  constant  part  Ji=  1264'1  ohms,  and 
a  variable  part  r.  The  results  of  one  set  of  experiments  are 
given  in  the  table.  The  fourth  column  is  calculaied  by  taking 
the  fraction  A  of  the  sum  of  the  results  in  column  3,  and  indicates 
the  closeness  of  ogreeiiient  of  the  results. 
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A.V„ 

KM,, 

J/'„ 

(Mean  value  from 
kBt  col.). 

0-1 

191  ±0-5 

1-493  ±-001 

1-491 

0'3 

1630±3 

2 '980  ±-003 

3-981 

0-2' 

1640  ±3 

2-981  ±-003 

2-981 

0-5 

5994  ±3 

7-450+ -003 

-■i:>i 

The  following  method  of  comparing  two  sell-indue-   Coniimri- 
ifances  is  due  to  Clerk  Maxwell.*     The  two  coils  the  T^''seir- 
linductances,  Z,,  Zj,  of  which  are  to  be  compared  are    InilaL-i- 
Tplaced  in  adjacent  branches,  AC,  AD,  of  a  Wheatstone 
rridge  (Fig.  Ill),  and  balance  ia  obtained   for  steady 


ntirrents  by  properly  adjusting  the  (non-inductive) 
Mistances  R,  S  of  the  branches  CB,  DB.  If  the  reaiat- 
ajcea  of  the  branches  AG,  AD  be  P,  §  respectively, 

;.  nnd  .Vfj.  Vol.  ii.  p.  sar. 
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and  the  inductances  of  the  branches  Ch,  DB  aru 
negligible,  the  relation  fulfilled  when  the  balance  is 
attained  is,  as  we  know,  PS  ~  QR.  If  besides  this  the 
relation 

X,     Ji 


(27) 


be  fnlfilled,  there  will  be  also  balance  for  transient 
currents,  and  no  deflection  of  the  needle  will  be  pro- 
duced when,  the  galvanometer  branch  CD  being  com- 
plete, tiie  battery  circuit  is  made  or  broken.  Or  tht' 
coils  may  be  placed  in  AC,  Ch  so  that  Z,  is  associated 
with  V  and  Z,  with  II ;  then  balance  is  obtained 
when 

L,_V 

L.~'H    '     '     ■ 


CIT) 


A  secohnimeter  may  be  used,  as  shown  in  Fig.  112  to 
increase  the  sensibility.  Balance  for  induction  cur- 
rents is  simply  tested  for  by  rotatiug  the  commutators. 
The  arrangement  of  the  apparatus  will  be  obvious  from 
the  diagram. 

Bory  of  Tu  prove  (27)  ai.d  (27')  «l-  writL-  drnvn  by  (6)  t!ie  equai^ons  ..f 
ithod.  ciirrenls  of  the  circuits  ACDA,  CBDC,  patting  r,  G,  for  tlie  self- 
inditctnDce  aiid  resistance  nf  tlie  gftlvaiiomeler,  Z„  Z^.  for  th» 
induetnnces  of  the  brnnclieH  ('B,DB,  i  for  tiio  current  in  AC,  y 
for  Ui.it  from  C  to  D,  and  *  lor  thiit  in  tlie  battery  nt  (iny 
instant.     Tlie  emintiona  are  l>y  (6) 

E.iu«tieL.s   V-1-  /';.-|-  r,i^-|-  G^-£,(fc-r)-C(i-^)-0  I 

Cartents.   £#-y)+^*-.f)- A(S-i+y)-.?(i-^+^)- r>- ^^=0/ '  '' 

Integrated  over  the  whole  period  of  voriiitioii  of  currentH  theee 
equatlooB  become,  since  Ibere  is  findly  zero  current  in  CII, 
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t 


4S7 


•    (29) 


where  x^  y,  u  denote  the  quantities  of  electricity  which  have 
flowed  through  AC,  CD,  and  the  batterv,  respectively,  in  the 
interval  of  integration,  y  denotes  the  steady  current  through  the 
battery,  jind  for  the  steady  current  in  the  branch  AC  has  been 
put  its  value  yQi(P^Q), 


The  continuous  lines  represent   permanent  connections  inside  instromeat,  the 

dotted  lines  temporary  connections,  bridge,  Ac. 

FlO.  112. 


Elimination  of  x  from  (29)  gives 


Q     


(30) 


A-(^t-l)-» 


MEASUREMENT  OF  INDUCTANCES 
Hence  in  order  llmt  y  nmy  be  xero  we  muit  have 

or  if  Z),  L^  he  negligible 

h  _  £ 

the  relation  stiiteil  above. 

,       It  is  to  be  noticed  that  if  Zi  he  nej^ligible  in  comparison  with 
the  other  Induclnnces,  nnd  P  be  finite,  hnlance  will  be  obtained 
B  Q,  fl,  Jnreiiiich  that 


(31) 

(31') 


.  l:'=o. 


^  It     s 


(31-) 


TliiB  result  will  bo  of  nse  in  connection  with  the  oonipftrison  of 
a  mutual  inductance  with  a  Belf-inductnnce. 

We  nmy  now  sljortly  investigate  the  Bensibility  of  the  nrrange- 

ment.     If  r  be  the   resistance  of  the  battery  Branch  SB,   the 

'   rexistancc  of  the  whole  circuit  for  steady  currents  is  evidently 

'■  +  -P?/(  P-k-fD-V  RSm  +  A-),  or  since  P.S-  qR,  r  +  .S-(P  +  K)l 

(fi+.V).     If  E  be  the  electromotive  force  of  the  battery 

y=ff/lr  +  5(/'  +  yf)/(fi  +  5)!. 

Thus  (30)  bccunics  with  a  little  reduction 

If  the  ratio 7(/5(=P/§}  bo  tnken  ns  liied.and  Pnnd  tt  given, 
R  is  to  be  taken  so  thnt  iho  denominaior,  D  sny,  of  this  eipres- 
eion  for  y  nmy  be  a  minimum.     Denoting  RIS  by  f),  we  have 

^-j°0 +3 +-f('+y)(''''+ "+'■+■«> 

Calculating  dDldR  from   this  and  equaling  it  to  lero  we 
jj..!Lfi'if+r(<'  +  >)! (33) 

(.>+?(p+ll 


-'(f- 


r 
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If  the  condition  (31),  and  tlie   rclai 
fulfilled,  the  difference  of  potential  bef 

sero  and  therefore  not  only  is  tliere  no  iniegrni  now  ironi  o  10  it, 
but  the  current  at  each  instRiit  ie  zero.  This  may  be  aeen  as 
follows.  AKHuming  that  the  difference  of  potentiitl  at  iinj 
instant  IB  zero,  there  will  be  no  current  throagh  the  galvanometer. 

Eliminating  ii  from  these  e'luations  we  get  ihe  relation 

of  i,  dxldl,  ililii/C.     Hence  we 


Conditioua 

that 
Qalvano- 

Current 
mny  be 

Zero. 


which  must  hold  for  all  va 
mu«t  have  in  the  lirst  place, 


Qfl-  PS  =  0 

the  condition  for  balance  in  the  case  of  steady  ciirrerils. 

Equating  the  coefficient  oi  rtj-jdl  to  nero,  und  using  :herelatioi 
Cyf  =  Wweget 


P 


R^ 


which  is  the  condi.. 
flow  through  the  gnl< 
circuit 

LaBtly.  equating  the  coefficient  of  ilHldP  to 


[(31)]  that  there  Bhoiild  be  no  integral 
at  make  (or  break)  of  the  battery 


/-,^-Z,^4-(^. 


(34) 


which  uhowH  that  if  (7 and  I)  are  kept  at  one  potential  alwayu, 
the  indnctanccH  of  the  branches  of  the  bridge  nmet  fulQl  a  reln- 
tion  precisely  »iinilar  to  that  fulfilled  by  tlie  resistances  when 
there  is  balsnco  for  steady  currents.  The  relations  (31)  and  (34) 
moRt  be  fulfilled  by  the  inductances  in  order  that  a  telephone 
may  be  used  in  a'Wheatstone's  bridge.  When  the  teletibono 
was  first  introiluced  it  was  thought  by  many  experimenters  that 
by  using  a  telephone  and  intermittent  currents  the  Wheatstone's 
bridge  method  of  testing  could  be  made  mach  mor 
As  a  matter  of  fact  there  can  be  silence  in  a  teleph 


Useol 
Telephoii 

■\Vheal- 
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tuted  for  n  gali-nnometer  in  a  Wheststofie'H  bridge,  only  if  the 
inductunc^B  iire  balanced  as  well  as  the  rematancea  by  being 
made  to  fulfil  tbe  relation  (34). 

If  Lf,  L„  are  negligibly  slua!!  eacb  tennof  (31)  vnniHlieH,  ami 
the  only  cundltion  to  be  fulfilled  by  the  indue tnnc-es  is  then  (^1) 
which  tnkea  the  fonii 


The  converse  prupoaition  however  Ibat  if  tbiH  uondilion,  ur 
in  Ibe  more  general  cttie  (31)  and  (34).  bo  fulfilled,  the  current 
through  the  gulvanoiueter  is  always  zero  is  nut  proved.  But 
if  tbe  nointa  CV,  itre  not  joined  by  a  wire,  and  ttie  conditions 
be  fiilBUed,  CD  will,  it  baa  juat  been  ehown.  be  at  the  anine 
(lotential  during  the  whole  interral  of  variation  of  the  currents. 
Hence,  if  dt  any  instant  during  that  interval  a  conductor,  of  any 
resietance  and  inductance,  be  supposed  applied  between  C  and 
fl,  no  current  would  start  in  it,  Hince  there  would  be  no  differ- 
ence of  potential  between  its  extremitiea.  Thus,  with  fullilinent 
of  tlie  condition,  vnrying  flow  in  the  network,  with  zero  current 
in  CO,  ia  physically  possible,  andia  the  solution  o£  the  problem, 
otherwise  there  would  be  more  than  one  solution,  nnJ  this  we 
know  to  be  impossible  if  tbe  currents  can  be  regarded  as  a 
dynamical  system, 

■<=*^  In  the  practice  of  the  metiiod  tie  battery  key  is 
I  Method,  depressed  first,  theu  tbe  galvauometer  key,  and  balance 
is  obtained  in  the  ordinary  way  for  steady  currents. 
Then  a  test  of  balance  is  made  for  variable  currents  by 
putting  down  the  galvanometer  key  first  and  observing 
whether  there  is  any  sudden  deflectioii  to  one  side  or 
the  other  when  t!io  batttTy  key  is  depressed. 

If  there  is,  the  resistances  li,  S  are  unaltered,  and 
balance  for  steady  currents  restored  by  adding  non- 
inductive  resistance  to  the  coils  in  AC,  AD.  Then 
a  test  is  made  for  an  induction  dettection  as  before,  and 
if  necessary  a  further  change  in  B,  S  is  made,  and  bo  on. 
Balance  for  steady  currents  is,  at  each  step  of  the 
ndjustment,  obtained  before  a  test  for  the  variable  cnr- 


L 
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m 


BreDts  is  maile,  and  thus  confuaiou  between  a,  traii.sient 
E  and  a  steady  defiectiuii  is  avoided. 

The  repeated  adjustmenta  necessary  in  this  method     NiveD'e 
I  render  it  troublesome  in  the  above  form.     The  following   ^.^^^^  ^f 
I  modification  of  it,  due  to  Prof.  C.  Niven,*  overcomes  -Maxwell'* 
[  this  difficulty.     One  of  the  coils  say  that  of  inductance 
I  Z  and  resistance  P  is  made  one  arm  of  a  Wheatstone 
bridge  (Fig.  113),  and  balance  is  obtained  with  resist- 


l:<tuices  Q^,  M,  S   which  form  the  other  three  branches. 

I.The  other  coil  of  inductance  L'  nnd  resistance  Q  is  then 

I  inserted  at  FD,  and  balance  is  restored  by  inserting  a 

non-inductive    resistance    P"   at  £C.      Non-inductive 

resistance  A',  is  then  inserted  between  £  and  F  until 

there  is  no  induction  current  in  the  galvanometer,  when 

I  putting  down    the  battery   key   prodxices  no  cun'ent 

I  through  the  previously  completed  circuit  of  the  galvano- 

■  meter.     When  this  is  the  case 


/.      (K+P+Q-)S 
L~  KS 


(35) 


'  Phil.  Mng.  Sept.  188". 


Li  +  J'i  +  Ai-Qii-d-)^0 


t-i)-Ai-0 
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Theory  of        Let  at  anv  instant  ■  be  tUe  current  throagh  (he  battery,  i  tbe 

tlie  current  from  A  to  £,  i  tliat  from  C  lo  I),  :  tliiit  from  £  to  F, 

Method,  then  the  otber  currenisure,  in  JFCf -;,  in  fZ)  «  -i-  +  i,iaCB 

x-f-i,iaI)Bu  -  r+y  +  i.     We  get  tben  by  (6)  from  the 

I  three  circuits  JEFA,  ECDFE,  CBDC,  the  following  e.iUBtions  of 

I  currents  in  ivbicli  r,  O,  denote  respectively  the  induotance  and 

I  resistance  of  the  bruucli  CI). 
la 
^' 


_  Integrating  these  from  an  instun 
circuit  of  the  buttery  to  the  steady  ( 


:   before  closing  t!ie 
te,  denoting  the  steady 


battery  6y  i,  and  y  respectively,  and 
.liustuients  linfe  been  supposed  si  ' 


n  Et'fCIi,  are  zero,  we  get 
{P+Q')i-\-K:~q'v-Li.  I 

Cj'  +  {P'+(?)x-{(2  +  i"  +  A").— (?«  +  Z'(y-i)    - 

It  of  tbiasysteDi 


(36) 


\  CiuTents. 


Mence  if  A  denote  tliedete 
ve  get  by  elimination  of  x  andy 

\su,  n-\-  •%  - 


equations. 


Exjirefuioii      Expanding  this  deteriiiinaiit  (first  ainiplifying  it  by  adding 

lor  lute,     the    second    column    to   the   third),    remembering   that   since 

gral        Pjq  =  p'jq  „  JijS,    the    reUtions    {R  +  S)q  =  (P  +  §■)■?, 

Currant  ia  (i'-+Oj5=  (fl^S)0,  hold,  and  putting  (y  -  J.)/>.  =  Ith% 
Galvano.    ^^   =  y.v[i(+ «)  we  ttnd 


4^=y  l(A-  +  /'+(?')  bu-ksl;  . 


(37) 


If  the  ri^ht  hand  side  be  zero,  and,  as  will  genemlly  be  the  case, 
the  determinant  4  does  not  vanish, y  must  bo  zero.  Hence  in 
order  tiiat  there  muy  be  nu  integral  current  tlirough  the 
galvanometer,  it  is  necessary  and  sufficient  that  as  stated  in  (35) 


li  r  denute 
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resistnnee  of  tlie  battery  brantli  Afi,  wa  e« 
It  of  tbe  relations  t/Q'  =  FIQ  -  BIS,  tl.ni 
"liole  circuit  for  steailj'  c 


-  fl(c  +  <?'  +  mR  +  •% 


Bridge  for 
ScuEi- 
liiiity. 


-{fC-\-P+q){GS+[Q-\-  . 


Hence  putting  E  for  tlie  electromotive  force  of  tlitj  botterj-  w 
havoy  =  £/lr  +  «(A'+(?4-?')/(fl  +  S),  aii.linsteadof{36) 


T.  {'■(«+*)+« (?+«'+5):  \GS+W[G+H-lrS) 


in  wliicli  «'  is  i^-ritten  for  q  +  A'^'/(A'  +  i"  +  ?') 

If  i>  denote  the  deDominator  in  this  expressioD,  then  in  order 

thut  tlie  orranKemenc  may  be  as  sensitive  as  possible  DIRxauat 
:  be  inftde  a  minimum.  For  simplicity  let  F  =  Q',  F"  ~  q,  R  =  S- 
^  Tlienf  islobesocbosenthat  A/^Bball  be  a  miiiimmii.  Thiti 
I  by  tlio  ordinary  method  ia  found  to  be  tbe  case  wlieu 


Ji'-+Q±9')9J'' 


(3fi) 


This  comparison  may  also  be  effecteil  by  means  of  a  ' 
L  differential  galvanometer.  Tlie  two  coils  uf  inductances 
I  X„  X*  and  resistances  if,,  R^,  are  joined  as  shown  in  the 
I  diagram  with  non-inductive  adjustable  resistances,  and 
f  balance  is  obtained  for  steady  currents  without  the  , 
[  cross-conductor  of  resistance  S.  It  is  plain  that  if,  as 
[  we  suppose,  the  resistance  of  each  coil  of  the  galvano- 
J  meter  is  the  same  (G).  and  their  effects  on  the  needle 
I  ue  equal  for  equal  currents,  the  additional  resistances 
,  JB*!,  R^  (including  connections)  must  be  equal  to  £,,  A, 
^  respectively.     If  E  be  tht-  L'lectroinottve  force  and  r  the 
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resistance  of  the  battery  tlie  steaily  cun'ent  in  each  < 


E 


f  7?',  +  e  -I-  2/' 

^ E 


li.  +  li\+G-^-2r 


(30) 


The  cross  conductor  is  then  applieJ  at  the  points  of 
junction  P,  Q,  iind  the  balance  for  steady  currents  is  again 
tested  and  if  found  to  be  disturbed  is  restored  by  slightly 


ahiCting  one  or  both  of  the  contacts  P,  (J.  Tlie  ri?sistanco 
iS  is  then  adjusted  until  there  is  no  deflection  of  the 
needle  on  depression  of  the  battery  key.  Wheu  this 
adjustment  has  been  made  the  relation  is  fulfilled 

l:-V^ («) 

Theory  ol       If  *,  ^,  be  tlie  currentH  from  1',   Q,   roiiiiectivelj',  10  tlie  jfal- 
Sleiliod.    vnnomeior,  i  that  from  P  to  Q  througli  the  croBB-connection,  \hv 
ourrent  arriving  from  the  bsttery  is  i-  +  i  at  J",  unU  ^  -  i  at 

S.  Hence  if  r  be  tlie  inductance  of  each  galvanometer  coil,  M 
leir  mutual  inductance,  and  the  induotBiiceB  of  other  yntX*  of 
tlie  circiiitH  he  negligible,  the  equationa  of  cnrrentH  for  the 
circuits  JPGK\ ,  JQGFJ,  JPQJ  uro  hy  (6) 
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■x  +  .Of  +  l,{i  +  z)-i-  (,R,  +  R;  +  (}}i  +  r  {i  +f)  +  N,i  =  H   ] 

Integrating  the  first  two  of  tlieic  eqiiationg  over  the  riise  of 
ihe  current  in  encli  circuit  from  tern  to  the  ateady  vnlue  y,  and 
subtracting  the   second   tategral   from  the  first  we   get   since 

(£,-i,)>  +  (fi,-t-^+O)(^-.r)  +  (ffi  +  ^J^=0  .    (il) 

I   Also  the  third  equation  integruled  given 

Ar  +  «.('-y)  +  (2fi,  +  5).-=o  .   .   .   .   (42) 

SiibBliluting  in  (41)  (lie  vaUie  of  a  given  b}-  (42)  and  solving 


I 


fori- 


e  obti 


(3Ri  +  S)Li-SLj 


-    iJii(Jt,+  G)+S{S,+  J!,+  Q)'   ■    " 

luo 

rder  ihnt  tbis  inny  be*eru  we  mu 

nt  hnve 

Z.      2Jf,+  .S 
i,           5 

The 

v«lue 

ff/(fl,  +  -«,+  G  +  2.)   a.i 

ibstitiited   for  y   in 

„-K 

r2fl,  + 5)  ti- 

-5i, 

I2R,  («,+o)+i(*,+A,+0)i  («,+;;,+(;+!,) 


The  re^istBDcee 
I  given.  If  the  gal< 
at  the  needle*  irni)'  be 
shunted  provided  the  shunt 
(if  any)  and  resistauce  in 
coil  will,  if    S'  be  the 


both 


and  in   practice   G  als-i  \n 

sensitive  tlie  iniignetic  field 

itensity.  or  the  coils  may  be 

precisely  the  same  iu  indiictaooe 

''         !B.    The  flow  through  each 

of    the   shunt,   he   simply 

^^^     ,_     „,_,,_    ,   _„-_..   .,  juld  he  if  the  galvanometer  coils  Hnil 

^^H  Maxwell  has  aleo  given  the  following  method  of  coin- 
^^^  paring  the  mutuel  iaductance  M  of  two  coils  with  the 
^^V  self-indnctance  of  one  of  tbetu.     One  of  these  coils,  Cj. 


W  4M  MEASUREMENT  OF  1SDUCTANCE9 

Compiiri>   of  inductance  Z^  (>  M)  is  inclmied  in  the  branch  AC 

Miiiuil     (fio-  lis)  "f  **  Wheatstone  bridge,  and  the  other  coil. 

Induct-    c^.  of  the  pair  is  joined  up  with  the  battery  in   the 

r  Twocoila  branch  AB.    The  galvanometer  is  id  the  branch  CD. 

Let  P,  Q,  B,  S  be  the  reaistances  of  the  bmnchea  AC, 

AD,  CB,  DB,  and  let  balance  be  ubtaloed  for  st«ady 

aetn.      currents  so  that  BS  =  QR.     Then  if  the  coils  be  proj>erly 


placed  the  ratio  PjQ=BjS  can  be  so  adjusted  that  there 
is  no  varying  current  through  the  galvanometer,  and  the 
relation 

(46) 


^3f(l+9=-./(Mf) 


is  fulfilled  if  the  inductances  of  the  other  branches  are 
negligible,  or  are  balanced  in  the  manner  described 
below. 

In  order  that  the  bridge  may  be  balanced  for  both 
steady  and  varying  currents,  the  coils  must  be  so  placed 


COMPARISON  OF  MUTUAL  AND  SKLF-INDUCTANCK 


ihat  the  inductive  actions  in  the  branch  jiC  are  opposed.  Avoidnnco 
and  the  resistances  adjusted  until  no  deflection  is  pro-  succeasivo 
duced  on  depreasing  or  raising  the  battery  key.  After  ^''^.''^u' 
each  alteration  of  the  ratio  PjQ  or  MIS  balance  for  steady  ."hunting 
currents  must  be  restored  before  testing  for  varying 
currents.  To  avoid  the  repeated  adjustments  necessary 
in  this  process,  a  non-inductive  coil  is  joined  between 
A  and  B,  and  varied  in  resistance  nntil  no  deflection  is 
obtained  on  depressing  or  raising  the  battery  key  after 
the  galvanometer  circuit  has  been  completed.  The 
presence  of  this  coil  does  not  affect  the  balance  for 
steady  currents,  so  that  when  PS  has  once  been  made 
equal  to  QR,  this  adjustment  is  not  disturbed.  Nuw  if 
W  be  the  resistance  supplied  by  this  coil  and  M  the 
point  in  it  at  the  potential  of  C,  D,  it  is  divided  into 
two  parts  AE,  EB  by  the  point  E  the  resistances  of 
which  are  QW  I  {Q +  S),SW I  {Q -ir  S).  Since  if  we 
please  E  may  be  taken  as  in  contact  with  D  the  former 
of  these  may  be  regarded  as  a  shunt  on  AD,  bringing 
it  down  to  tbe  resistance  Q  Wj{Q  +  .S'  +  W),  which  gives 
by  (46)  the  relation 

L  .._.(,. f.^t^.  .  .  ,«, 

It  will  be  noticed  that  there  is  want  of  generality  of  Brilloiim'B 

application  in  this  method,  inasmuch  as  both  (46)  and  cation  of 

(47)  require  that  L  >  M.     It  has  been  pointed  out  by  ^^^^°^ 

M,  Brillouio  that  the  method  is  made  perfectly  general,  J 

and  the  relation  between  L  and  M  simplified  by  putting  H 

the  coil  6'j  in  the  shunt  branch  between  A  and  B.  1 
BabiQce  for  steady  currents  is  first  obtained,  and  then 
H  u   2 


MKASURKMKKT  Of  INDUtTASCES 

the  total  resistance  W  of  the  shunt  branch  is  altered 
until  balaacc  is  also  obtained  on  making  or  breaking 
the  battery  circuit.  The  relation  between  L  and  M  is 
then 


W 


m 


It  is  of  great  inijwrtance  in  this  method  that  the 
inductances  of  the  other  branches  of  the  bridge  should 
be  as  nearly  as  possible  zero,  as  sensible  inductance  of 
unknown  amount  unallowed  for  may  very  seriously 
affect  the  accuracy  of  the  result  obtained.  The  roils 
used  for  balance  should  therefore  be  a^  nearly  as  possible 
nou-indiR-tive. 

It  is  shown  below  that  if  the  branches  AD,  CB,  DI! 

,  have  inductances  L^,  X,,  L^  the  complete  condition  for 

balance  when  the  battery  key  is  depressed  or  raised. 


''^^^^A-i'(f4^-"l)= 


(49) 


where  k  denotes  the  factor  1  +  P/C  +  (f  +  Rjj  W,  or 
simply  (/"+  R)jW,  according  as  the  coil  Cj  is  placed  in 
tho  battery  circuit  or  in  its  shunt  AEB.  Now  we  may 
begin  by  arranging  so  that.  L^,  L^,  L^  shall  be  large  in 
comparison  with  -/),.  This  may  be  done  by  arranging 
a  finite  and  as  nearly  as  possible  non-induclive  resistance 
P  in  AC  greater  than  that  of  the  coil  C,,  while  inductive 
coils  are  included  in  the  other  three  branches.  Balance 
for  steady  as  well  as  for  varj'ing  currents  is  then- 
obtained  fiir  this  arrangement,  and  we  know  that  then 
by  (31") 


COMPAItlSON  OF  MUTUAL  AND  SELF-INDUCTANCE 


iT^+  -I 


(50) 


This  operation  witiiout  some  special  appliance  will 
involve  successive  aJjustraents  to  balance  for  steady 
currents  at  every  alteration  of  the  vesistauces,  but  this 
may  be  avoided  by  using  for  one  of  the  coils,  say  that 
in  JiB,  B.  coil  of  variable  inductance  such  as  two  coils 
joined  in  scries,  one  of  which  is  within  the  other  and 
capable  of  being  turned  round  to  any  angle  of  inclina- 
tion of  the  axes.  The  self-inductance  of  such  a  pair  of 
coils  is  made  up  of  two  parts,  the  sum  of  the  self- 
inductances  of  the  component  parts,  and  twice  the 
mutual  inductance  between  them.  The  latter  part  can 
be  varied  by  varying  tlie  positions  of  the  coils ;  and  by 
this  means  when  once  balance  for  steady  currents  has 
been  obtained,  that  for  varying  currents  may  be  obtained 
also  without  altering  the  resistances  of  the  branches. 

This  done,  Cj  may  be  included  in  AC  (thus  making 
i,  finite)  and  balance  for  steady  currents  restored  by 
adjusting  F  to  its  former  value.  Balance  for  transient 
currents  is  then  made  by  varying  W,  and  we  have 
accurately  Z  = /.■.I/',  since  Zj,  Zg,  Z^,  Q,  B,  S  have  not 
been  altered. 

A  different  metliod  of  correL'liori  waa  employed  by  M.  BrU- 
Drilloiiin.  If  the  coils  of  a  resiBtance  box  made  of  wire  doubled  lonin'a 
in  itielf  before  being  wound  have  identicul  diroenBioDB  and  be  Kfethoda 
made  of  wire  of  the  same  specific  conduclivitj',  but  differ  only 
in  length  and  diameter  of  wire,  and  moreover  be,  ns  of  course 
they  generally  are,  witlinut  mutual  inductooco  of  aeuaible 
amount,  the  ratio  of  the  small  residual  inductance  of  any  coils 
which  may  be  used  from  the  box  to  their  resistance  will  be 
upproiimately  the  same.  This  wns  found  to  be  the  case  for  n 
rMistance   box   used   by  Brilloiiin    in    hia   inveBligaliona,  imd 


MEASUREMENT  OF  IN'DUCTANl'ES 

■O0ordin)(]y  tliis  l)oi  \va»  iisud  lo  give  1,^11.  Bnliince  butli  for 
steady  aad  varyinR  currenta  linving  first  been  obtained  witli 
certiiin  values  of  P,  Q,  R,  S,  W,  nnd  i,,  L^  L„  I,,  a  resiHt- 
anoa  r  of  inappreciabie  inducUnce  was  added  to  P,  and  the 
balances  reBtored  by  vurying  R  and  W  to  new  vnlues  R'  and  W, 
The  eqiiationn  were  then 


'i^^L*^ 


■  \(.i'-i)- 


-  /■}  .1/ 


(51) 


A  general  investigation  given  by  M.  Brillouiu  shows 
that  in  order  that  this  comparison  may  be  carried  out 
with  all  the  exactness  of  which  tlie  method  is  capable, 
the  galvanometer  ought,  if  usetl  without  a  commutator 
giving  a  steady  deflection,  to  be  from  100  timos  to 
lOOO  times  as  sensitive  for  transient  as  for  steady  cur- 
rents. ThuB  to  obtain  a  sufficiently  great  galvanometer 
deflection,  a  rapidly  rotating  comnmtating  arrangement, 
aiich  as  Ayrton  and  Perry's  Secohmmeter  (p.  457  above), 
must  be  employed,  if  very  high  accuracy  is  aimed  at. 

Theory  of       Referring  to  Fig.  115  lei  the  inductances  ut  JC,  AD,  Cit,  DB, 
MethwI.    AEB,iij)ii  the  gnlvonometer  branch  CJJ,  be  denoted  by  £,,  t,, 

IAi  '-Ji  ^-si  r,  respectively,  and  let  u,  i,  ^,  i,  be  liie  currents  in 
the  batttery,  JC,  CO,  and  the  shunt  brunch  JEB  at  eny  Instant, 
then  integrating  over  the  whole  interval  of  varintioii  of  current!! 
at  "  make  "  of  tlie  battery  circuit,  and  putting  y,  i,,  y,,  :,  for  the 
oorrcBponding  valuae  of  tlie  steady  currcnta,  we  get  for  tbe 
integral  ni]untion8  of  ciirrenta  for  the  cireuila  ACDJ,  CBDC, 
ACBEA. 
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But  Biuce  the  reaiBtance  of  the  bridge  network  is 

S(P+mii+^<    {y-i.)/i.=  W{H  +  S)IS{P+Jt), 
id  tlierefore 


4.gain  [y-i,-i;)!r,=  FiQ  which  gives 


P+QS{P+/i)+ft'l/i  +  S)^' 

Substituting  these  valaea  of  i„  i,,  in  (62)  and  elidii anting 
and  z,  we  see  that  since  PS^^QH,  tlie  coefficient  of  u  identi- 
illy  vanishes,  and  wo  find  afler  ensy  reductions 

y — p+Q— z 1"  e*^' 

liere  A  denotea  the  determitianl 


If  the  coil  a  IB  included  in  the  shunt  branch  AEB,  the  term  in- 
Toh-ing  ^in  the  flrat  and  third  equation  of  (52)  is  -  Mi,  instead 
of  My.  Hence  in  the  value  of  y  given  by  (53)  we  have  only  to 
multiply  3f  by  i,/y  to  find  the  proper  relation  for  this  cnee.     But 

i.!y  =  S{P-^  R)i{S{P  +  R)+  W{R^S)\. 


Farmuln 
for  Bril- 

Arrange- 
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f  tlie  i^econd  fracdonfl 


\       Q'^     IF  JS{P-^K)-\-W(,l!+ff) 

=  '^(f+'?)+g^^+^)  '*  P+RQS  P+R    P+R 
~  iriR+Sj+SiP-^-R)^     »'    "SQ,     W    ~    IF 

since  PI R=(ilS. 

In  order  that  jt  mny  vaniBh  tlie  iieceisary  and  sufiicient  i'Od- 
dition  is  thus 


•  q^     IF   J      \^^ 

n  tlio  case  of  Mniwell's  arniiit^Piuent ;  or 


-i'Vo 


II  Brillniiiti's  inodjtication. 

It  is  therefore  Dceessary  in  order  that  no  e 
magnitude  mny  enter  into  the  results  l.hnt   L„ 


either  neeligib'le  or  capable  of  appmximaie  oslJiiialioo.  If  tlie 
latter  is  the  case  the  correcting  t«rni  mw  be  at  once  found  from 
(M)  or  («'). 

We  may  inveetignte  the  modt  aonMilive  urrangement  uf  tlie 
I  bridge  for  this  comparison.  This  we  tihall  do  by  (o)  finding  the 
,    value  of  R  for  a  given  value,  p,  of  the  ratio  F/Q,  and  a  given 

Snlvnnoineter,  (b)  finding  the  proper  resistance  of  a  galvanometer 
obbin  of  given  shape  and  ditnensions  for  use  wilh  the  bridge. 
Let  r  be  the  resistanue  of  the  buttery  (and  the  coil  if  included 
between  J  and  if),  then,  if  W  be  supposed  infinite  for  the 
present,  the  resistance  of  the  circuit  is  r  +  S{P  +  Ji)l<.n  +  .% 
Hence  if  i?  be  the  eleclroniotive  force  ol  the  )>attery  wo  have 
y  =  B{R  +  S)l\r(U  +  S)  +  ^P  +  1C)\.    Hence  (63)  becomes 


•(b^b. 


s) 


Ir0>  +  1)  +  y  + /fi  {^7  (^  +  1  )+  P*!J^) 
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The  condition  lliat  the 


denoininattir  of  thia  cijireBsion  mi 
tl  in  llie  onlinnry  wny,  aad  ie 
_Of|r(p  +  l)+J}p 


hPO'+l) 


I 


Tlii«  t''V^B  llie  best  value  of  J{  for  use  uilli  a  given  galvuiin- 
meter.  If  however  there  is  n  chnioe  of  galvanonieler-bobhiimnr 
the  Bsme  volume  nitd  smiiKement  of  wire  but  of  different  re- 
eislnnce,  O,  then  fur  a  given  current  the  galvnnometcr  effeet 
produced  by  each  bobbin  varies  as  \'0,  provided  tlia  thickneea 
of  the  inHulatiiiK  cooling  be  in  a  constant  ratio  to  the  diMMicter 
of  the  wire,  or  be  ho  sinall  an  tu  be  negligible.  Thus  in  order  to 
find  the  condition  for  a  ninximum  we  have  to  aiibRtitiiie  for  the 
denominator  [D  suy)  of  the  ex|irBBsion  on  the  riKht  of  (5ft)  u  new 
denominator  J/  =  D! -JO.  Thus,  oalculatinR  dU'ldQ  and  equat- 
ing to  zero,  we  find  in  addition  to  (56)  the  coudition 


0-^' 


1  +  1     FR 


F+ll 

n.  tux  R  the  quadratic 

3/f"  +  /'«-i'|--(p  +  l)+f5  = 


(57) 


(58) 


Thia  hae  two  real  roots,  one  positive,  the  other  negative,  Tlic 
former  is  therefore  ibe  required  value  of  B  and  eubatitiited  in 
(67)  gives  the  value  of  0. 

A  good  practical  example  is  that  in  which  one  of  the  two  coibi 
has  a  compurativelj-  small  reaistnnce,  ns  for  eiample  the  primary 
BuhiiikorS  induction  cnil.    If  tliia  be  put  in  the  battery 


circuit,  and  the  cells  have  a  low  internal  [ 
put  equal  to  eero,  and  we  have  Ihei 


my  be 


n  the  least  by  the  introcIiicUoii 
e  we  shonld   then  have  instead 


PIQ  +  S+  W)IQjr=  R{Q+  S+  IF)l8ir, 
I  BO  that  (56)  iin.l  (57)  would  not  he  altered. 


MKASUliKMENT  OF  INDUCTAKC. 


The  following  nre  gamplex  of  results  obtnined  by  M.  Brillouiii 
cxperimentN  mudo  witli  tivoconsiitl  and  conceutrio  coils  of 


of         the  following  d; 

hiamtlfr. 

Largo  bobbin 10-9  cniH. 

Binsll       , 4-98,, 

Value  of  M  cslcuiated  (withoi 
4-79  X  10  C.G.S. 

In  all  tha  experiineuts  lier 
tbe  bttlery  circuit  «■  shown  ii 


No.  of 
Length.     Tvm». 
48  5        :j263  )  in  fourlayerH 
48-5        3272  /    in  aach  case. 

L  allowing  fur  thiokncss  of  layers) 

I  quoted  the  coil  f,  was  pkcotl  jti 
Fig.  115. 


« 

S. 

A' 

r 

k 

117-72 
117  7-2 
117-73 

2m 

587'4 

100 
1000 

10000 
100 
200 

100 
1000 
lOOOU 
200 
1000 

81-686 
480  ±-3 

3806  ±10 
68-85  ±-05 
91-79  ±-04 

lilll 

A  series  of  eight  experiments  from  which  these  results  are 
selected  gave  a  meun  value  ori('=4-G&95. 

Four  other  experiments  mudo  willi  R  nnd  S,  lOOO  ohms  and 
10000  ohms  respectively,  and  with  vahjes  of  Q,  U7G-3,  1176-3, 
lllj5,  1164-8  olims,  gave  results  ugreeiiig  very  \vell  with  one 
another,  but  fumiahing  a  somewhat  different  mean  value  of  k, 
namely  4-6397. 

Two  exporiments  in  which  these  mean  values  cf  k  were 
respeotively  used  to  find  LIM,  guve 


c 

R 

S 

H" 

k-                   -  £,/.W 

379  6    1000 
3786       1000 

1000 

10000 

6111-2  ±-6 
394-5  ±5 

4-602  ±-004 
4-694  ±  004 

4-661  ±-003 
4-660  ±-006 

COMPABISON  OF  MDTDAL  AMD  SELF- INDUCT ANCE 

A  rapidly  rot^iling  commutator  was  used  us  deBcribed  above 
I  to  make  und  break  Iha  bnttety  circuit  so  as  to  increase  the 
I  Bensibiltty  by  ^vinK  a  steady  dclIectioTi  of  the  galvniioiiieter 
f  when  tlie  condition  for  balance  was  not  fiilHIled. 

The  matual  inductance  M  of  two  coils  may  be  com-  timnat' 

pared  with  the  self-inductance  Z  of  a  third  coil  by  the  Indact- 

foUowing  methoii,  which  is  also  due  to  Prof.  C.  Niven.'  Two  Coila 

One  of  the  mutually  acting  coils  is  inchided  in  the  n^^i'g^f 

battery  branch  AB,  Fig.  116.  of  a  Wheatstnne  bridge,  indntt- 


%&ie  other  is  placed  as  a  shunt  across  the  galvanometer 
branch  CD.  Balance  is  first  obtained  for  steady  cur- 
routs,  then  the  resistance,  S'.  of  the  shunt  is  altered 
uutil  there  is  no  deflection  of  the  needle  at  make  and 
break  of  the  battery  circuit.     Then 


QS- 


C60) 


We  sliall  denote  by  P,  q,  R,  S,  (?,  aa  before,  the  reaiBtanccs  Theory  of 
of  the  four  branclies  of  the  bridge  and  the  gnlvanonieler,  by  Method, 
S\  V.  the  reaiBtance  iitid  indiietance  of  tbe  coil  Bhiiniing  tbc 
galvanometer  branch,  by  r  the  inductance  of  the  galvanometer, 
oy  i,  r,  y.  i  the  eiirrenlu  at  any  instiint  through  the  battery,  the 
S',  and  by  y  the  Bteadv  cur- 


branch  AC,  the  galvunotneter,  i 


■  Pl-il.  Mm/.,  li>-\A.  18S7. 


MEASUBKMKNT  01'  ISDl'CTANCl^S 


rent  Ihrougli  thu  bntlery.    From  the  galvanometer  cin 
ACOA,  CSOC,  we  get  tlie  integral  equations  of  currents 


-U.+  Qu  1 


in  which  tlie  induutunces  of  tlio  gulvnnomeler  and  tiie  coil 
which  siiuntB  the  branch  CD  do  not  appear,  since  there  is  no 
eteady  current  from  C  to  D  and  the  inductances  of  tlin  other 
branches  are  aupposed  ncgligihie. 

The  difference  of  potential  bclween  C  mid  i)  is 

rji  +  G.J,  =  -l/ii  +  L'i  +  S'i. 

Tliia  intcgnilcd  yields 

which  converts  the  second  cqiintiun  of  currents  jusl  found  into 

IntBgnJ        EliminaiinK*  between  (62)  iind  the  first  of  (61)  with  QrKP+Q) 
Flow      put  for  .f  and  uBiaB  the  relaiion  PS=QS,  we  find 


=Bi\r  ■\- q{P -^ K)l{P  Jr  q),  where  r  is  the  tesistance 
lery  branch  AB,  including  coii  and  conncclions 


\e+q+a  (i+^+a«))  j,  (f +«)+?{?+«) 


Y  Oondition       The  necessary  and  siiflicient  conditiot 
of  Zero      ihilN 
Int-fiml  /,        (F  +  q)i 


that  ^  may  be  eero  if 


COMPAKISOK  OF  ISDUCTANCE  AND  BESISTANCE 

Vwliicli  is  (00).  Hence  wlicii  tli«  . 
)  integral  transient  curr 
\  the  inductanceB  have  this  ratio. 

It  ia  clear  tliat  since  P  is  fixed  tbe  vulueof  5'  depends  on  that  Most 
I  «lioaeo  for  Q.  To  u  certain  eiteiit  S'  ih  fixed  and  therefore  also  Stnaiiivo 
I  Q,  since  8'  cannot  be  Icbb  tjiati  the  resisimice  of  tlifi  coil  nnd  Arrange- 
I  eonnectioiiB  naed  arroas  CO.  If  P  and  Q  be  Buppoaed  both  '2*''^  °^ 
,j  the  best  value  of  j?  to  d.ooBe  would  be  gi»-en  by  the  ""''Se- 
{  Aquation 


GQ(,S-+P+Q)  +  Q.r(F+(J)- 


(64) 


The  follov 


e  Sclil 


viag  example  if 
^  an  old  dynamo  of  the  La(?d  pdUcrii  were  joined  up 

Kill  AG,  and  their  self-induclauce  waaeonipiired  with  the  mutual 
I  inductance  of  a  pair  of  experimental  <'oils.  The  reaiatHUCe  of 
I'tbat  one  of  theae  colla  wliicli  waa  placed  in  CD  was  lO'S  oliina, 
r  tite  reaistauce  P  of  JC  wan  1'79  obma,  E  waa  made  equal  to  P, 
and  Q  wub  chosen  1000  ohma,  ao  that  S  was  uIbo  1000  ohma. 
It  waa  found  that  for  balance  un  additional  reBistancc  of  167 
ohniB  wae  required,  making  S'  177 '6  ohnii'.     Tlinf 


Exnnijils 

of 
Method, 


ohniB  wae  i 

JThe  fol 
aace  in  : 
resistEiQce 


The  following  method  of  determining  a  self-induct- 
ance in  absolute  measure,  by  comparing  it  with  a 
been  used  by  Lord  Rayleigh  in  his 
determination  uf  the  absolute  value  of  the  B,A.  unit 
of  resistance."  The  method  is  originally  due  to  Clerk 
Maxwell,  and  ia  described  in  his  paper  on  "  A  Dynamical 
Theory  of  the  Electromagnetic  Field. "f  Four  resist- 
ances, P,  Q,  Jl,  S,  are  joined  as  four  branches  of  a 
Wheatstone  bridge,  as  shown  in  Fig.  1 1 !(.  The  brjiocli 
AC  has  self-inductnnce  Z,  but  none  of  the  others  in- 

•  PhO.  Trana.  K.  S..  Part  II..  1882. 

+  Pkil.  Tmru.  li.  .¥.,  vol,  dr..  1S85  ;  or  Clerk  Maxwdl's  CelleOtd 
Lj'ajwnt,  vol.  i..  p.  S47. 


I 


Induct- 
ance with 

Lord 

H«yldgh', 
Mf^thod. 


MEASUBEMEKT  OF  INDUCTANCES 


« 


ductaiice  of  any  kimi.  A  battery  is  placed  in  the  brancli 
AB,  and  a  ballistic  galvanometer  in  the  branch  CD. 

Balance  for  steady  currents  is  first  obtained  by  de- 
pressing the  battery  key  A',,  and  a  second  or  so  after- 
wards the  key  ^j.  Then  A'j  is  depressed  first,  and  the 
angular  deflection  flj,  produced  by  putting  down  K^,  is 
obaervod. 


The  balance  for  steady  currents  is  now  disturbed  by 
altering  the  resistance  P  to  P  +  BP,  or  Q  to  Q  +  SQ. 
We  shall  suppose  that  the  latter  change  is  made.  Thu 
deflection  $^,  produced  by  the  steady  current  which  now 
flows  througli  the  galvanometer  when  both  keys  are 
put  down,  is  read  off  and  noted. 

If  *„  i,,  be  the  steady  currents  which  flow  through 
the  branches  AC,  AD  respectively,  after  Q  is  changeil 
to  Q  +  BQ,  and  T  be  the  period  of  oscillation  of  the 
needle,  then  it  ta  shown  below  that,  subject  to  correction 
for  damping, 

i  =  Sy  -.-   -       -^'    ....     (60) 
■£.    -JT     tan  fl,  ^      ' 


The  ratio  i,/*,  can  be  found  j 
thus  L  can  be  calculated. 


1  described  below,  and 


COMPAKISON  OF  INDUCTANCK  AKD  BESI8TANCK 


The  eecohmmeter  can  be  applied  to  increase  the 
[  aensibility  of  tiiis  method,  and  the  nrrangement  of  the 
i  apparatus  is  shown  in  Fig.  1  IS.  JiC  denotes  the  battery 
I  commutator,  GO  the  galvanometer  commutator.  The 
[.  arrows  show  the  direction  of  rotation  of  each  as  seen 
I  from  it«  side  of  the  instrument.     After  the  bridge  has 


been  balanced  for  steady  currents,  the  instniment  is 
rotated  at  a  speed  determireJ  by  a  speed-measurer,  and 
makes  aay  n  reversals  per  seconil.  Let  the  steady  de- 
flection of  the  galvanometer  needle  be  $,,  then  the 
uniform  current  equivalent  to  that  producing  the  deflec- 
tion is  if  tan  dJO,  where  His  the  field  intensity  acting 
on  the  needle,  and  G  is  the  constant  of  ihe  galvano- 
meter, supposed  to  be  a  tangent  instrument. 


■   Hnll 
^Mrthod 


IbmL, 


MEASUREMENT  OF  INDUCTANCES 

The  Becohmmeter  is  now  stopped,  aud  a  steady 
current  through  the  galvanometer  is  produced  by  alter- 
ing Q  to  Q  +  SQ.  Then  it  will  be  seen  from  the  inves- 
tigntion  below,  that 

«V  P  tan_^i  I 
n    Qta.Q0\\ 


}  P8, 


(Go') 


if  the  deflections  aie  small. 

By  first  balancing  for  steady  curients,  thou  altering 
Q  hy  n  convenient  amount  SQ,  and  rotating  the 
commutators  at  a  proper  speed,  the  induction  current 
may  be  made  to  balance  that  due  to  the  disturbance 
of  balance  so  that  no  deflection  is  proihiced.  When 
this  ia  the  case 

■^  =  *  «  5  fl, ^  ^ 

if  tlie  angular  deflections  are  small.  Here  /:  is  a  co- 
efficient depending  on  the  relative  positions  of  the 
galviiuomettT  and  battery  commutatora,  and  may  be 
determined  once  for  all  by  determining  the  other  quan- 
titifs  for  a  known  self- inductance  L.  The  galvanometer 
must  not  be  reversed  exactly  or  very  nearly  midway 
between  two  reversals  of  the  battery,  as  the  more  nearly 
this  arrangement  is  made,  the  smaller  must  be  the  value 
of  k  and  the  greater  SQ.FjQ  for  the  necessary  balance. 

t  The  iutegral  IrnnBient  current  tiirongh  the  gal viino meter  is 
easily  found  as  foUowB.  Let  i,  6,  r  be  tlie  currents  in  AC, 
tlirougli  tliB  galvanometer,  and  tlirough  the  bntierj',  at  any 
insUnt,  r,  6,  the  self-inductance  and  resistance  of  tlie  galrano- 


COMPARISON  OF  SELF -INDUCTANCE  AND  EE8I8TANCE 
B  circuita  ACDJ,  CBDC  (Fig.  117)  we  gel 


lr  +  Pi  +  Ty  +  Gy-Q{i-i)=0 

Tliose  integrated  over  the  whole  interval  of  variation  gin 
'  with  f|  put  for  tlie  steady  current  in  AC, 

{F  +  q)x+Gy=Qu-Li.         i 


Inlegrsl  of 
Vaiying 

through 
Oalvano- 


oO+D+i'O+l) 


Thus  the  flow  througli  the  galvanometer  is  the  aame  as  that 
due  to  an  electromotivo  impulse,  Zi|in.^(7,  actinf;independeDtly 
of  the  battery  branch  ^£.  For,  any  electromotive  force  r,thuB 
acting,  would  give  a  current  through  the  galvanometer  ef 
amount 

X+S 


'^G+R+S 


^IM'+I) 


The  iniluctance  of  the  galvanometer  would  not  affect  this  reault, 
and  IB  therafore  not  inlroducetl.  Thus,  if  we  put  for  the  integrul 
of  «  the  value  Li„  we  get  the  result  alated  above. 

Now  if  i,  denote  the  ateaily  current  through  the  branch  jiD, 
the  steady  currents  through  the  gulvaaometer  and  the  other 
branches  of  the  bridge  satisfy  the  equations  (obtained  from  the 
cireuitB  ACJ)J,  CBBJ,  and  the  circuit  JCSJ,  through  the 
battery), 


Pi,+Gy.-qi.=0-\ 


Si,-(,G+R+S)^,-Si,-v  ^ 


(68) 


t  where  Q*  denotes  any  value  of  the  reaistaiice  of  the  branch  JD, 
r  the  resialunce  and  S  the  electrorootive  force  of  the  bnttcr)'. 
z 


Steady 

I    Oiirrent 

through 


MEASUREMENT  OF  INDUCTANCES  ^B 

Putting  Q''=Q  +  dQ,  and  using  the  relation  SP=QP,  wo  get 
from  these  equations 


where  i  is  the  dctonninnnt  of  the  Hyatem  of  equations  (6S), 

But  eliminniingii,  ^i,  we  find  for  theuteailj-  current  ij  through 
the  branch  AD 

Henoe  from  (69) 


It  may  be  notli^ed  that  an  electromotive  force  iiSQ  in  Ai 
acting  AS  if  the  battery  branch  did  not  piist,  would  produi 
through  the  gnlvanometer  a  steady  current  of  amount 


ly  the  same  thing  as  i,  if  iQ  be  small, 
refully  noticed  here  that  i,  is  the  c  •  ■     ■■ 


s  to  be 
I  the  branch  AD 
afltr  the  resistance  Q  lias  been  altered  to  Q  +  SQ. 

By  the  theory  of  Iha  lialtJHtio  galvunomeier  (p.  392  nbove).f  ia 
given  by  tlie  equation 


BT  . 


M. 


subject  to  a  correction  for  damping,     Alau 


id, 


3  so  that  glJ,  =  Utl:AQ=  Tih\  Jfli./jr  tan  flj,  oi 
which  is  equation  (6oJ. 


^i.  jr    lanfl. 


COMPARISON  OF  SELF-INDUCTANCE  AND  BE8I8TASCE 

In  Lord  Bajleigh's  ezperimenta  Uie  baltery  curreot  was       Lord    ._ 
revcrsfed  to  produce  tlio  induction-flow  tliroUKli  the  galvano-  R«yleigh'» 
meter;  so  that  taking  the  deflection  produced  by  reversal  in    E'lpe"- 


each  caae 
fori. 

Lord  Buy  lei  I 
taken  from  a  i 
BiBlance  rather 
ha  determined. 
reaistHnca  box 


>  the  ratio  ii/2i,  in  the  above  formula 

:d  for  R  and  S  two  coils  of  ten  units  each   . 
,  while  P  was  a  copper  coil  of  re- 
than    24    ohmp,   and    inductance   L   to 
oil    of    S4    units   taken    from   the  same 
1  of  753  units  (which  was  taken  from 


:i1iaTy   box)  placed   in   multiple  : 
The  reBiBtance  P  was  thus  24  X  763/777  = 

Q  was  altered  by  Bubslitiiting-  853  iinila  from  the  auxiliary 
box  for  the  753  unils  used  in  multiple  arc  with  the  coil  of 
24  uniU.  Thus  Q  was  made  2334322  units,  and  therefore 
BQvaa  -08453  unit. 

The  battery  current  was  revemcd  by  a  key  placed  in  JS 
while  the  galvanometer  branch  was  kept  cloaed.  Observations 
of  tf„  fl,  were  taken  by  means  of  lelescoje  and  scale  in  the 
ordinary  manner  ;  and  were  made  aa  rapidly  as  possible,  by 
properly  manipulating  the  key,  iind  openinif  and  closing  the 
galvanometer  branch  so  as  to  stop  the  inductive  deflections 
afterthe  throw  had  been  observed.  The  observer  himself  damped 
the  vibrations  of  the  needle  by  exciting  temporarily  at  proper 
times  a  current  in  a  coil  for  the  purpose. 

The  induction  throw  was  taken  without  waiting  for  the  needle 
to  come  perfectly  to  rest,  or  arranging  for  per^ct  balance  for 
steady  currents.  The  amplitude  of  free  swing  was  obtained  by 
observing  two  successive  elongations  with  the  needle  fairly 
quiet.  Then  the  battery  current  was  reversed  as  the  needle 
passed  through  the  position  of  equilibrium,  and  it  was  noted 
whether  the  induction  throw  was  with  or  against  the  direction 
of  free  motion,  and  the  four  elongations  after  reversal  were 
observed. 

After  reversal  the  zero  for  steady  flow  had  of  course  Nliiftcd 
owing  to  imperfect  balance,  but  the  change  give  a  means  of 
correcting  the  induction  throw.  Let  a  he  double  the  true  arc 
of  deflection  due  to  induction,  Rg  the  range  of  vibration  from 
side  to  side  just  before  reversal,  and  i  the  arc  through  which 
the  zero  had  shifted,  Iheo  at  the  moment  after  reversal  the 
velocity  which  the  needle  had  in  consequence  of  free  swing  was 
numerically  irflH/y,  in  consequence  of  induction  Trn/r,  and  the 
displacement  from  the  now  zero  was  b.    The  velocity  was  thus 


Mode  of 

Alteiiug 

Q. 


I 


Method  of 

Ohserving 
Imluclion 

Deflection 
by  Rover- 

Battefy. 


MEASUREMENT  OF  INDUCTANCES 


If  now  »  represent  the  displacement  from  the  a 
Bubsequent  time  we  ha^ 


i=A» 

■»Cf 

,-,) 

wliere  A 

iinJ  0  are  constantp. 

Then 

It' 

■^-'oo. 

'C^'- 

-) 

» 

%nA 

1,-"^ 

T 

when  f  =  1 

0.    Thus 

Again  when  /=0,  j  =  A,  iini]  therefore 


This  reprenenta  a  vibration  of  which  the  amplitude 
or,  if  &  bo  email, 
BO  tliat 


Correotad  where  .i  was  the  obseri'ed  arc  of  tlefloction.    The  correction 
Valnc  of    given  by  the  last  term  waa  very  small.    2  J  wna  the  arc  between 
Inducdon   [he  two  turning  points  immediately  following  the  reversnl.     As 
_  J^DJleutioD.  a  check  readings  of  the  two  following  turning  poinls  were  nlao 
taken.     The  new  itero  wub  obtained  from  two  euccessivo  elonga- 
tions of  the  needle  which  were  observed  after  the  needle  had 
nearly  come  tu  rest  in  its  new  position. 

The  next  time  the  needle  passed  through  the  equilibrium  posi- 
1   an  induction  throw  in  the  opposite  directtun  to  the  iaat 
I  taken,   and   the  four  immediately  following  elongations 
observed. 


I  Comparison  of  SELF-isDUCTAhxE  and  resistance 

'  Beadinge  were  then  taken  ae  quickly  ee  poeeible  of  llie  etenii}'  ( 
^eorrent  (ieflection  produced  by  changing  tlie  coil  uf  763  iinila 
to  853  unite.  Readings  of  three  or  four  succcBKive  elongetione 
were  taken  as  hood  bb  the  ompliludeB  had  hecome  moderate. 
Then  the  galYanoroeter  branch  CD  wan  opened,  and  the  battery  '■ 
current  was  reversed  wliile  the  needle  was  pnwing  over  to  ihe 
Otlier  sidu  of  zero.  When  the  needle  had  swung  over,  the 
galvanometer  contact  was  restored,  then  four  elong.itions  were 
again  observed.  The  arc  between  the  two  posilions  of  e(|oiii- 
brium  wag  thus  twice  ihe  deflection  duo  to  the  sloody  cuneot 
produced  b^  changing  Q  from  23'S6869  to  33-34322  nnits. 

A  correction  of  courae  hod  to  be  made  for  the  effect  which 
would  bare  been  produced  by  reversing  without  changing  Q. 
This  waa  obtained  from  the  observations  of  the  effect  of  imper- 
fect bnlancB  made  before  eauh  induction  tlirow  ;  and  any  pro - 
KfeHsive  change  due  to  alteration  of  tcmperatnre  was  got  rid  of 
by  using  the  mean  of  such  observations  made  before  and  after 
a  change  from  753  to  853  unite. 

The  following  is  a  specimen  eetof  observations.  In  the  table 
E.  P.  stands  for  "  equilibrium  poeitioli,"  and  L  T.  for  "  indiicrion 


I 


t: 


Reading!  oa  Scale,  ind  D-Hectlana  ii 
Seals  DlviHoiu. 


I,  T.  S45'7f  Res.  753 
E.  P.  2f.3'l  I    units. 


H«S  MEAStlKBMENT  OF  INDUCTANCES 

Redadfon       In  the  firat  sot  of  tliese  results  tlie  difference  1'9  between 
of  Reauits   S64'4  and  262'fi  was  due  to  imperfection  of  bnlanoe,  in  tlie  vecoiid 


ofOliMr-   net  tlie 

v^tioim.     from  103'4  gave 

753  units  by  86; 

bakr 


of  these,  r6,  aubtracted 
t60'8  SB  the  deflection  produced  by  replacing 
and  reversing,  corrected  for  imperfection  of 

Thus  the  ratio  of  tiie  two  deflection*  obuined  from  thia 
epeDiinon  set  of  ohseryations  wsB245il/160'8— r639,  TwosetA, 
each  of  four  similar  observutious,  the  second  sot  made  with  the 
giilvnnonietor  reversed,  gave  each  the  mean  value  r&310  for  this 
ratiu,  Hu  that  reversing  the  galvanomeler  produced  no  effect. 

Qiilint;  2)  the  distance  of  the  mirror  from  tlie  stale,  2^  the 
induction  deflection,  25  the  deflection  produced  by  reversing 
the  batlery  current  when  bahmce  is  disturbed  by  the  uddition  of 
100  unira  to  the  Tfi3,  all  throe  qunntities  being  exjiressed  in 
terms  of  the  same  unit  of  length,  we  have 


tanas,- 

j.."M,-5 

which  givo 

,  by  sue 

cessive  upp 

roximation 

tan^i 

or  since  A 

-I22'5, 

,  fl  =  80,  an 

d  O=2I80, 

2Hin 

Li?'=-S992B  :^=9a925x  1-5310. 

aBj 


Comctioi 


,  ,  ,  Separate  determinations  of  (he  logarithn 

of  Indue-  X--0U2,  and  the  period  T  was  found  lo 


c  decrement  gave 
e  23  386  seconds, 
n  ftL^A«   Since  the  elfoot  of  damping  was  to  diminish  the  distances  from 
^       zero  at  the  Ural  and  second  elongationa  by  the  fractions  (A,  %\ 
jga    of  their  proper  amount,  the  difference  between  lUeae  dis'  


van  be  corrected   by  multiplying  by  the  factor 
sufficient  to  apply  this  factor  to  the  vuluc  of  Ssin  JS,/Un  0^. 
Thus  the  equation  for  L  becomes 


The  resistance  of  the  galvanometer  waa  BO  units,  and  cal- 
'    '    I  showed  that  the  current  through  it  might  be  neglected 


COMPAHISON  OF  SELF. INDUCTANCE  AND  RESISTANCE 

li.iDeBtimatinR  tlie  ratio  ii/ii.  Tlie  reaiBtanceof  the  b nt to ry  being 
J.  low,  the  difference  of  potential  between  A  and  B  was  taken  na 
I  given.     C&lling  it  y  we  hnve 

i.~  r/{10  +  23-2SS69),  i.=  r/(10  +  23-34322), 

■■     10  +  23-25869 
j,~  10 +23-34322 

Using  tlicn  l\ieae  data  with  tlie  vuluo  '08453  x  '987  ohm,  or 
I -08453  X -387x109  CO.  S.  for  aQ  obtained  by  regarding  1  B.  A. 
I  unit  IS  '967  ohm,  we  get 

Z=B-4028xlO» 
I  in  ordioary  electromagnetic  C.G.S.  units,  that  i»,  in  cms.* 


I 

I 


At  the  tcmperatnre  of  the  room  the  reeislances  given  liv  the 
boxes  were  not  exactly  multiples  of  the  B.  A.  unit,  and  the 
resistunce  of  853  units  had  to  be  increased  by  fully  one  part  in 
B  thousiind  to  give  the  neoeasary  correction.  Thus  fl§  waa 
greater  than  the  value  given  abo\B  by  this  fraction.  Thus 
finally 

/-=2-4052xlO',  in  cms. 

Calcnlation  from  the  specification  of  the  coil  gave 

i  =  2  400xl0«,in  cma. 

bout  1  in  5lW  less.     In  Lord  Rayleigh'a  jndgm^nt  liie  fonner 
■lue  waa  jiiat  as  likely  to  be  correct. 

A  Belf-inductance  may  also  be  compared  with  a 
resistance  by  the  foUowiog  method  due  to  M.  Joiibert. 
A  circuit  is  made  up  of  the  coil  the  inductance  of  which 
ia  to  be  determined,  and  a  non-inductive  resistance, 
An  alternating  machine  giving  a  suitable  electromo- 
tive force  as  nearly  as  possible  following  the  simple 
harmonic  law  is  included,  and  the  mean  square  of 
the  difference  of  potential  between   the  tenoinala   is 

*  See  npxt  ChaptorL 
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MEASUREMENT  OF  INDUCTANCES 

compared  by  means  of  an  olectrometer  with  that 
existing  between  the  terminals  of  the  non-inductive 
resistance.  Denoting  the  mean  squares  of  these  dif- 
ferences, respectively,  by  Vj  ,  V^  ,  and  the  resistances 
of  the  corresponding  coils  by  fi^,  E^  we  have 

vi~     A*     

where  n  =  iTTlT,  T  being  the  complete  pei-iod  oi 
alternating  current.     Tins  equation  gives 


(70) 
the 


(71) 


The  value  of  n  can  be  found  of  course  from  the 
speed  of  the  machine,  and  the  number  of  alternations 
in  each  turn. 

To  find  the  ratio  F,  IV^  the  electrometer  must  be 
used  idiostatically  as  explained  in  Vol.  I.  p.  2iJ9,  that 
is,  one  terminal  is  connected  to  one  pair  of  quadrants  if 
the  instrument  is  a  quadrant  electrometer;  or  to  the 
stationary  electrified  system  which  acts  on  the  movable 
system  or  indicator,  while  the  other  terminal  is  attached 
to  the  needle  or  indicator.  Then  the  mean  square  of 
the  difference  of  potential  between  the  terminals  will 
be  proportional  to  the  deflection  if  small,  or  if  the  needle 
is  brought  back  to  a  sighted  zero  position,  will  be  pro- 
portional to  the  couple  required  to  keep  it  in  that 
position.  Sir  William  Thomson's  multicellular  elec- 
trostatic voltmeter  *  is  well  adapted  for  this  measure- 
ment. 


•  Seo  the  Author'a  Siimlliir  Trca 


),  r  H2. 


^V     COMPA 
^V        To  pro 


COMPAEISON  OF  SELF- INDUCTANCE  ASD  RESISTANCE 

To  prove  the  formulas  stated  above  let  r  be  the  part  of  tlie    ■ 
reBiatance  whicb   does  not  depend  on  tbe   coila  used  for  tlie 
comparison,  KBionl,  ibe  elect roniotiro  force  in  the  circuit  nt 
■ny  instiint,  iind  i  the  current  at  tbat  InstBiit,    Then  it  L-^-  L' 
is  tbe  total  inductance  in  tlio  circuit 

(i  +  i')i  +  (ii,  +  ^,  +  r)  J-^Bin  nl. 

Tbe  part  LS  4~  -'^i-^  is  the  difference  of  potential  then  existing 

between  the  terminals  of  theci ^  -■     . 

'    between  tbe  tomiinsls  of  tbe  n' 
therefore,  if  v.,  v.,  be  coiiBtantH 


complete  Bolut 


n  of  tbe  6ret  of  these  equations  . 


in  tbe  rigbt  dies  out  in  a  short  time,  and  has  n 
e  if  ibe  macbine  works  regular)}',  and  so 


\  By  tl.ii 


jult  and  tbe  second  of  (72) 
Biff, 


s^= 


f  «"i' 


{-i-^)  = 


,=  +  »■■-£' 


[■  Uid  therefor 

Voo8»(n(-e)  =  - 
EBence,  integratiiig  over  a  complete  period,  we  find 


^vbicb  is  (70),  and  tbe  rest  follo^ 


B'<M  MEASUBEMEKT  OF  IND0CTANrE8 

Compwi-  Uaxwell  also  showed  Iww  to  compare  the  inductance 
of  Self-  of  a  coil  with  the  capacity  of  a  condenser,  and  hia  method 
ance'w/th  ^^^  ^'"'^^  '^^^^  modified  by  various  experimenters  bo  as 
Capacity  to  obviate  thg  necessity  for  successive  adjustments 
Condenaer.  which  it  involves.  As  originally  given  the  method 
consisted  in  placing  the  coil  in  one  branch  of  a  Wbeat- 
stone  bridge,  as  DB,  Fig.  119,  while  the  plates  of  the 
condenser  were  attached  directly  at  AC.  Balance  for 
steady  currents  is  first  obtained  and  is  not  affected  by 
the  condenser;  then  the  resistances  are  altered  antil  no 
inductive  flow  through  the  galvanometer  is  produced 
by  making  or  breaking  the  battery  circuit.  If  C  be  the 
capacity  of  the  condenser,  P,  S  the  resistances  of  the 
branches  jiC,  DB,  the  relation  fulfilled  when  balance 
ii  thus  obtained  is 

L  =  PSC (74) 


Theory  of       ^^^  "*  before  P,  Q,  R,  S  donote  the  reiiiatancDB  of  AG,  JD, 

Mflthod.     CB,  Off,  I  Ihe  inductante  in  the  branch  £>B,  and  put  C  for  tbo 

capHcity  uf  the  condenser.    Lot  f^irtber  for  any  iiistnnt  i  denote 

I  the  current  ftlong  AC,  i-i  the  current  charging  thecoiidenBer, 

j  the  current  from  A  lo  J),  and  f,  ij  the  potentials  nt  C  and  D. 


t  from  All      , 

SuppoRe  thnt  balance  for  steady  ciirrenta  ih  first  obtained  so  that 
PS=  QB,  then  in  order  that  at  the  instant  in  question  g  may  be 


(75) 
(76) 


COMPARISON  OF  SELF-IS DCCTANCE  AND  CAPACITY 

must  hold.  But  Pi  is  thedifEerenOBof  potential  between  ji  and 
C,  and  may  be  taken  m  tlint  between  tlie  platcB  of  the  con- 
denser. Hence  the  cliurge  of  the  condenaer  is  CPi,  and  since 
B  of  tliis  charge  wo  liave 


P»i 


i-.-  = 

CFi: 

=  CQj/. 

This  wi 

ih  (75)  converts  (76)  i 

nto 

lii  +  ftp 

"  P 

i  +  RCQj/. 

.     (77) 

wliicli  if  f  U  always  to  be  eqi 

ml  to 

tj  must  hold  for  all  values  of 
we  must  have  also 

L= 

■  PSC 

■    (78) 

nod  5  a 

□d  P  must  be  chosen 
through  tlie  galvanoir 

"teH 

to  fulBI  thi 

8  conditic 
be  zero. 

m  if  U>e 

A  series  of  Ruccessive  adjustments  is  thus  necessary  Riming* ' 

ifore  the  proper  values  of  S  and  F,  and  balance  for  Mojjfl^  J 

steady  currents  are  obtained.     Mr.  E.  C.  Rimington  •  tion  rf  ■ 

lias  shown  bow  these  adjustments  may  be  avoided  by  °        1 


I 


very  simple  modification  of  the  method.  The  balance 
for  steady  currents  having  been  obtained  as  before,  the 
condenser  is  applied  at  two  points^,  F,  in  AC  (Fig.  120). 
including  between  them  a  resistance  p  (<  P)  such  that 


k 


•  Fha.  Mag.  July.  1887. 


MEASUREMENT  OF  INDUCTANCE9 

with  the  inductance  L  in  DB  uo  deflection  of  the 
galvanometer  needle  takes  place  when  the  battery  key 
is  depressed  or  raised.  The  resistance  p  may  be  taken 
from  a  resistance  slide  the  whole  (or  variable  part)  of 
which  is  included  in  AG,  or  preferably  two  slides  in 
series  may  be  used  so  as  to  give  two  adjustable  sliding 
contact  pieces  to  which  to  attach  the  plates  of  the  con- 
denser. The  galvanometer  needle  should  havesufficient 
moment  of  inertia  to  enable  the  whole  inductive  action 
to  begin  and  end  before  the  needle  has  sensibly  moved, 
for  the  effect  of  the  condenser  AG,  which  is  charged  by 
the  current  from  A  to  E,  is  to  delay  the  rise  of  the 
potential  at  C  to  its  final  value  after  the  battery  key 
is  put  down,  while  the  inductance  L  in  DB  produces  a 
similar  effect  on  the  rise  of  the  potential  at  C\  henc« 
if  the  needle  were  not  sufficiently  ballistic  it  might 
show  a  deflection  due  to  a  difference  in  the  rate  of 
variation  in  the  two  cases,  although  the  time-integral 
of  the  current  through  the  galvanometer  were  really 
zara.     The  inductance  is  given  by  the  equation 


j;-cj.'> . 


(79) 


If^MTy  of  'Writing  down  tlie  equations  of  ciirrentg  for  the  circuita 
\  Uodified  ACDA,  CBDC,  putting  i  for  Ihe  current  in  AE&nA  FC,  i  for  tlio 
I  3btko4.  current  in  EF,  using  the  Knme  notaiion  as  before  for  the  other 
quantitieB,  ftnd  integrating  over  the  time  interval  from  the 
'  instant  before  completion  of  the  bnttery  circuit  until  the  steady 
State  huB  been  ottuined,  we  find  by  (C) 


(P+(3)r  +Qs=</,u+Cp'i.      1 


(80) 


where  y,  i„  denote  tbo  steady  currents  in  the  battery  and  i 


W" 


S{G{Ii  +  ii)+lG  +  I{  +  S){P+Q)\ 


a  the  neco«eary  rtnd  sufficient  conditio 
integral  fluw  tlirough  the  galvanometei 


that  there  should  Comlifian 
LB  for  Zeva 

lDl.gt»l 

Flow. 


a  I  rend y  slated. 


If  f=«P  tLis  gives  the  result  already  obuined  for  the  cobo 
origiDBlly  conoidered  by  Maxwell. 

It  ought  to  ho  nuticed  here  that  precisely  the  pnme  equalion 
may  be  obtuined  by  iategrsting,  in  the  same  way,  over  the 
interval  at  break  from  the  steady  stale  tu  7ero  current  in  each 
conductor,  so  that  the  test  may  be  repeated  at   breaking  the 


I 


We  may  now  investigate  the  most 
the  bridge.  In  generul  S  is  given  in  niagnitudt 
must  of  course  be  less  than  P,  will  in  most  cases  ne  some  con- 
venient resistance  depending  on  the  apparatus  available, so  that 
P  may  be  regarded  aa  given.  Hence  we  have  to  choose  t!i a 
value  of  R  (and  thnl  of  Q  will  follow)  so  that  y  may  for  some 
chosen  value  of  p  bo  a  maximum.    £y  (81)  and  the  eqnation 


igement  of       Most 
111  p.  which    SoBsitivo 
Arrange- 
ment ot 
Bridge  I 


J.-- 


SE 


r(R  +  S)  +  S{P+R) 


B  the  electromotive  force  of  the  battery,  and  r  t 
of  the  battery  and  the  n-ires  connecting  it  to  A,  B,  < 


!)  +  J'(l  +  |))('(«  +  S)  +  S(i"  +  «)) 

t  Tbe  numenitor  of  this  expression  does  not  vary:  hence  calling 
e  den  Diu  in  at  or  D,  calculating  iDjdR,  and  equating  to  zero,  we 
d  aftei  reduction 

bbich  gives  t)ie  best  value  of  if  if  tiiut  of  Q  is  given. 


iltaneous  equations  llie 


M.S  by'r-i'.-'-P' 


Msthoil.     jg 

^H  change  in 

^H  however  a 

■ 

I 

k 

L 


13)  >ind  (fl4)  a. 

ire  ta  be  found. 

it  the  disposal  of  the  eiperiinonler  ond  can  be  varied 
the  best  arrangeniont  is  that  for  which  when  f 
a  given  Hmal)  change  in  p  gives  a  mnximuTii 
Hence  if  poBsible  we  have  to  arrange  bo  Uint 
I  maximum  when  y=0.  Tlie  conditions  for  this 
complicated  na  to  be  unserviceable. 


Professor  Anderson  •  has  also  given  the  following 
simple  ballistic  method  of  comparing  the  capacity  of  a 
condenser  with  an  inductance.  A  bridge  is  made  up 
as  before  of  four  conductors,  and  a  condenser  and 
galvanometer  are  arranged  as  in  Fig.  121,  so  that  by 


means  of  mercury  cupa  the  galvanometer  can  be  con- 
nected either  to  CD  by  the  cups  a,  b,  c,  d,  or  in  seriea 
with   the  condenser  in  the  branch  AB  by  the  cups 
•  Phil.  Mag.  April,  1881. 
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'  COMPARISON  OF  SELF-INDITCTAirCE  AND  CAPACITY 

A  rocking  key  is  conveniently  made  to  effect 
these  connections  at  a  single  operation.  A 
coil  of  inductance  L  is  placed  in  AC,  all  the  other 
branches  with  the  exception  of  the  galvanometer  are 
destitute  of  inductance. 

Balance  for  steady  currents  is  first  obtained  with  the 
galvanometer  in  CD.  Then  when  the  key  K  ia  depressed 
iJr  raised  an  inductive  flow  of  integral  amount  j/  passes 
through  the  galvanometer.  If  t,  is  the  steady  current 
in  DB,  the  value  of  y  is  (p.  481)  given  by 


Lr, 


e(l  +  l^  +  5(l  +  ^" 


15) 


'he  deflection  0j  produced  by  this  is  noted. 

By  means  of  the  rocking  key  the  galvanometer  is 
joined  in  series  with  the  condenser  between  the  points 
A  and  £,  so  that  the  plates  of  the  condenser  are  charged 
to  a  difference  of  potential  x,  (Q  +  S).  If  C  be  the 
capacity  of  the  condenser  a  quantity  of  electricity 
C±,  (Q  ->-  S)  passes  through  the  galvanometer.  The 
resulting  deflection  d^  ia  observed. 

We  have  then  by  the  theory  of  the  ballistic  galvano- 
meter  and  (85) 

P  z-c(e+s)je(i+|)4s(i+p)::|-|.  (86) 


The  fallowing  are  the  dotal 
hy  the  author  of  the  method.  A  coil  of  mean  radiue  20-9  ( 
wound  with  278  turns  of  wire  in  a  groore  of  breadth  1894  ( 
aad  depth  lil6  oio.,  was  placed  ia  AC.  The  galvanometer 
"  ,11  ordinary  reflecting  iaatnin.ent  of  reflietance  164-8  ohms, ' 


ade    Practicsl 
ms.     ExH  Triple 


/as    Mothod    

J 


ilual   inductance  the  method   is 
eil  thus:    One  coil,  C^.  of  the  mutually  influencing 
pair  ia  joined  in  DB  as  before,  the  other,  C^.  has  its 
g  terminals  joined  to  a  pair  of  mercury  cups  g,  k,  which 
are  arranged  so  that  a  rocking-key  can  put  the  galvano- 


COMPAEISON  OF  INDUCTANCE  AND  CAPACITY 

J  meter  between  A  and  B,  or  between  the  cups  g,  h,  so 
as  to  connect  the  terminals  of  the  coil. 

Balance  for  steady  currents  having  been  obtained  as 
before,  the  terminals  of  the  galvanometer  are  connected 
to  ff,  h,  and  the  battery  circuit  is  completed  or  broken. 
Calling  0^  the  deflection  produced  and  denoting  by 
dj,  dj,  as  before,  the  deflections  obtained  by  operating 
with  the  coi!  C,  as  already  described  (p.  495),  we  have 


Buid 


M=C{Q  +  S)(t^+G) 


K--^<-f) 


sin  J^j* 


sin  1$^ 


(87) 


ni^,' 


The  ind'ictive  electroinoUve  fume  et  nny  inttant  in  the  coil 
C^  is  Mx,  hence  liie  ititegral  electromotive  force  is  Mii.  Tlie 
whole  quantity  of  electricity  which  flows  ihrough  the  galvaao- 
ineter  is  thus  Arii/('",+  0)  where  rj  is  the  reBiBtance  of  tlie  coil 
C,.  But  the  quantiiyof  electricity  which  paaeeB  when  the  throw 
^^iaproiluceilis  Ci,{(i+S).  Hence  we  get  (87),  and  combining 
(87)  with  (86)  we  get  (88). 

Ab  an  exaiopU  Professor  Anderson  givea  the  following ; — 

S=.y=  1-003  ohm.  the  resistance  of  the  coil  C, ;  r,  =  I67'7  ohiiiB, 
=  164-8  ohms  :  C=  1  microfarad,  S^  5,=  72  and  6  scale  divisions 
raipectively.    Hence  roughly,  in  C.Q  a.  units 

if- ICx  2-006  X  322-6X  li'4 
L  =0315861 

P  Professor  Niven"  has  shown  how  to  compare  the  j 
inductance  of  a  coil  with  the  capacity  of  a  condenser 
by  means  of  a  differential  galvanometer.     A  circuit  ia  v 
made  up  as   shown   in   Fig.  123,  of  one  coil   of  the 

■  •  Phil.  M<ig.  Sspt.  1887. 


I'ntctlcal 
Example 
of  Method:.  i 


MEASUREMENT  OF  INDUCTAKCES 

difTerential  galvanometer,  the  ooil  (of  inductance  L  aud 
resistance  Jt-^  to  be  compared,  an  additional  resistance 
in  the  branch  AE  and  the  battery  5.  A  conesponding 
circuit  is  arranged  with  the  other  coil  of  the  galvano- 
meter, a  non-inductive  resistance  R^,  an  additional 
resistance  in  the  branch  AF,  and  the  batterj'  as  before, 
80  that  the  battery  serves  both  circuits  as  shown  in  the 
Figure,  After  balance  for  steady  cnrrenta  has  been 
obtained  by  adjusting  the  additional  resistances,  the 

— 665irjiinii'-p ^= v^^' 


condenser  is  joined  across  the  two  branches  ^jS",  ,4/', 
and  tlie  terminals  shifted  until  no  deflection  is  produced 
when  the  battery-key  is  depressed,  or  raised,  the  circuits 
having  been  otherwise  completed  previously.  When 
this  is  the  case  the  following  condition  is  fulRlled 


X  =  C  {R^*  -  R^'^). 


(89) 


where  R\,  R^,  are  the  resistances  from  A  %o  P  aud  Q 
respectively  (see  Fig,  123). 

t'Tbeory  of  We  hIibII  suppoae  the  ooila  of  tliA  galvsnometer  exactly  equal 
T  Uothud,  for  oqual  currenia  in  niagiietio  effect  on  llie  needle,  and  that 
eacli  lias  the  same  ranhtunce  Q,  Ck-arly,  for  balance  witlialead}' 
currents,  the  reaietaiice  of  each  circuit  tniist  be  the  Baine. 
Denoting  therefore  by  R  the  resittlnn'e  in  eadi  drciiit, exclusive 
of  the  battery  reB[Btance,r,  and  the  reBistunco  G  of  Ihe  galvnno- 
■",  nnti  pulling  E  for  the  eleclromotive  force  of  the 
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battery,  we  Lave  for  the  Hteady  current  y  througb  ei 
laWaaometer  coils  y  {W  +  6')  +  Syr  ™  E,  nr 


from  P  to  the  nearest  galvanometer  terminal,  R'^  Ji'^.j,  the 
reaietances  from  A  to  Q,  and  from  Q  to  the  galvanometer,  r  the 
inductance  of  each  galvanometer  coil,  ^  their  mutual  induetance 
i-i  the  current  from  Jto  P,y  +  i  that  from  J  to  §,  and  i  tlie 
current  from  Q  charging  the  condenser.  The  equatjona  of  cur- 
rents ohlaineil  from  Ihe  Iwo  circuits  ASO^A,  AFGFA,  are 
-  (lince  Jtj  +  JC\  +  B'\  =  if,  +  R\  +  R'\  =  S). 


(A  +  r)  j;  +  Mf  +  (if  +  6-  +  tM  +  rS  - 

ifi  +  I^r  +  '■*  +  (fi  +  fi  +  r)^  4 


}t\:  =  £■ 


Integrating  these  from  before  make  to  the  steady  state,    Effective 
Motling  y  for  the  atcady  current,  and  subtracting  we  tind  Integral 

"^  Flow 

(A+c)(.r-j-)  +  i:y-(fl\  +  ify,-  =  o.  .   (91)  ^■^';^^^'"j^|,^ 

'  But  the  final  charge  of  the  conilenser  is  C(H'2  -  ii\)y  if  ^' 
'ts  capacity,  so  that 


»-e(ii',- 

e  last  equation  ' 


re  get 


_      C{R'*  -  fl'.')  -  L 


If  DO  deflection  of  the  galvanometer  needle  takes  plaro  x 
must  be  equal  to  y,  and  for  this  the  necessary  and  sufficient 
condition  is 

/-  =  C(R'^  -  il',') 


MEASUREMENT  OF  INDUCTANCES 

Willi  regard  to  tlio  Boiiiiibility  of  tlic  arrangement  it  ia  lo  be 
obacrvei]  that  /f,  i«  given,  being  the  lOkimtanco  of  the  coil  to  be 
compared,  and  in  general  <}  >I»o  is  given,  eo  that  all  tlmt  can 
be  done  to  make  the  armngoincnt  senaitivc  is  to  keep  down  the 
value  of  the  reaiviftnce  additional  to  A,. 

If  the  reKititancc  of  the  buttery  ia  negligible  and  the  gnlvano' 
meter  hobbina  be  s  matter  of  choice,  the  beat  arrangement  In  to 
make  tho  additional  reaialanoo  aa  aiiiall  aa  puBaible,  and  niako 

a=  11. 

If  the  galvanometer  L-oila  be  each  ahuiited  by  a  wire  of  reBig- 
tanro  S  the  roBiatance  of  iiach  (galvanometer  bobbin  will  become 
0-V/{0  +  S),  which  we  denote  by  0'.  iind  ibia  if  tlie  inductance 
of  each  ahiint  is  the  aame,  takes  the  place  of  0  in  (92).  The 
integral  flow  through  the  coils  in  then  .\>/(0  +  S)  for  ono,  and 
H^Kfl  -I-  .S^  for  tlin  other.  Hence  the  t^'tal  flow  offeeting  the 
noedle  la  Hit  -  y)/{0  +  S),  or  (i  -  j)  G'lQ.     Hut  we  now  have 


Ut  +  O')  i'l  +  ir 


f. 


(93) 


Hence  in  order  tlial  (j-  -  y)  G'lG  niny  b^  u  maiimiim,  wc  must 
iiiake  (fl  +  ff')  (R  +  0'  +  2r)IG'  a  minimum.  Uifferenliating 
with  reB]iect  to  W  we  find  that  tho  condition  for  a  niinitaum 


Null 


ThiiB  if  tlio  giilvanomnter  hare  a  high  reaistaace  ao  that  the 
ilofJectinna  are  small,  nn  improvement  can  ba  effected  by  sliunt- 
irig  down  onch  coil  of  tlie  inatriiment  to  an  effective  reaiatunce 
given  by  this  equation. 

A  modification  of  Maxwell's  metlioii  which  has  the 
Method.  &<tvatita^e  of  being  a  Null  method,  and  therefore  of 
jrermitting  a  telephone  to  bo  used  instead  of  a  galvano- 
meter has  been  given  by  Prof.  A.  Anderaon.*  The 
arrangement  of  reaistances  is  the  same  aa  before,  but 
the  condenser  instfad  of  being  placed  between  A  and 
0  is  placeil  between  A  and  a  point  A'  on  Cl>  (Fig.  124). 
The  galvanometer  (or  telephone)  is  supposed  included 


*  mi;  Man,  April,  1 
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in  the  part  ED  of  CD,  and  tlie  resistance,  g  say,  of  CE, 
is  varied  until  no  deflection  of  the  galvanometer  needle 
is  produced  by  making  or  breaking  the  battery  circuit. 


Flu.   124. 


Let  the  reBialsnce  of  B/i  be  denote/t  by  G,  tlie  currents  tliroagli  ThMrf, 
the  galvanometer  (from  S  to  2»  and  to  the  condenser  by  y,  i,  so 
tbut  the  current  from  S  io  C  le  i  -g.  Thns  from  the  druuits 
ACDJ,  ChUA,  by  integrating  over  tlie  interval  of  variation,  nnd 
using  tlie  value  <iy!{P  +  Q)  for  x,  the  steady  current  in  AC,  and 
CPi,  fur  the  finil  charge  t  of  the  condenser,  we  get  If  the 
inductances  of  the  other  arms  of  the  bri<l[;e  are  negligible 


CP+«>+(G+i-)y= 


^CP(?y+e« 


e  find 


S'lT 


FiC\nq\g(q^S)\-L-\ 


t   Tlie  value  of  y  is  zero  if  the  namerntor  vnnisb,  thnt  is  il 

i  =  Cifl?+^(G  +  5)l 

If /  =  0  we  fall  back  on  Mszwell's  Bulution,  vin, 

L=CRQ=CPS 


MKASURKllE.VT  OK  INDUCTANCES 


OMiillUon      Tlint  llii"  i*  the  npconiory  eon 
lor  Null    a  null  'ino  may  be  «oen  id  the  following 
Motbod.     thecondiiclor  between  A  nnil  ff  iho  diffei 


tiiat  Hie  method  may  bs 


Wim 


rbe 


of  potential  between 
A  And  E  ii  PiA-giS-i)<  while  that  bolween  A  mid  D  ii 
g  («  -  i  -  i).  1£  tlioro  U  nu  diff^rcnfu  of  potentinl  between  K  and 
l),f-0,anA  wa  liBve /'i-yJ  —  (^{i-/-i).  InteKraling  from 
ju«t  before  the  coin|ilution  of  the  circuit  to  any  inalaiit  during 
the  interval  of  variatioa  we  find 

P*-^»-«("-^-i) (99) 

0  from  Hie  branchea  ECB,  DB  we  get  in  like  mnnner 

But  by  (09)  the  last  eipiation  may  be  writicu 

'UFi-si)  =  S{.>i-x-,).    .     (100) 


lix  Jr  (s  ■¥  It)  t 


Kqualiun  (99)  multiph'ed  by  S  and  aubtra'ted  from  the  last 
O'luatiuii  inuiiiplied  by  Q  givea,  Hiate  r:i=QIi, 

\Qli+ffl(l  +  S)}i-HPi-gi)=Q, 

oPi=i/C4-j?i,  thisiH 

CiQn  +  g{q  +  S)\i-L::  =  0. 

L  =  C{QIi+ffiQ  +  S)i (101) 


That,  conversely,  the  differcnre  of  potential  ht-lwopn  E  nnd  IJ 
is  zero  if  thia  conilition  ia  fulfilfed  can  be  seen  aa  at  p.  4G0,  from 
the  consideration  tlint  otlierwiBe  tliere  would  be  more  than  one 
solution  of  the  problem  of  flow  of  electricity  in  the  given  network 
between  A  and  B. 
Moit  Betuniing  to  (9(1)  i)utting  for  y  its  vuliie 

Iflanntive 
J.Arringc-  El  [r  +  S  (P  +  It)  /  {Ii  +  S))  m 

tjon  in  the  form  ^H 


o+j+(«+i+o+ii)y  ('(«+« )-«(f+n 


OOMPABISON  OF  INDUCTANCE  ASD  CAPACITY 

For  Bensitiveness  a  given  uhunge  in  g  ibe  iidjustuble  reMstance 

I  must  produce  a  maximum  cliange  in  y  when  y  is  neurly  zero, 

I   that  is  dy/dg  muat  be  n  iiiazimuLii  when  >~0.     We  may  negleit 

'  I  all  practical  caaes  /,  tlje  nraistance  ut  tiie  battery  do  that  we 


[G  +  g  +  {R  +  S+G  +g)j\!HP  +  R) 


PiQ  +  S)     PSQ_±_S)_ 
.'i{P  +  R)'R{q  +  S) 


-{G  +  g)  +  R+S+G  +  g 


Henco  in  order  that  tlie  denominator  may  ba  small  we  must 
faika  £  aDd  g  Biiiall  and  P  large,  und  tliemfure  Q  also  large. 

A  niethoil  of  conipariog  a  coefficient  of  mutual  indue-  Compari- 

tion  with  the  capacity  of  a  condenser  has  been  given  by     jjuiunl 

Prof.    Carey   Fusler.*     It   ia   bascJ   on   the  following    Iniluti- 

Capacitj : 


considerations.  Let  the  two  coils  (7,,  G^  the  matual 
inductance  for  which  ia  reqnireil  be  given  in  position 
as  in  Fig.  13a,  and  be  joined,  one,  C^,  through  a  battery, 
of  resistance  Bi,  a  make  and  brenk  key  K,  and 
ler,  C^  as  a  secondary  circuit  through  a  galvano- 
•  Phil,  ifiig.  Feb.  1887. 


B«M 
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(10*) 


meter  0.  Then  if  R^  be  the  resistance  of  the  secondary- 
circuit,  A£  the  mutual  inductance  of  the  two  coils,  the 
whole-quantity  of  electricity  which  flows  through  the 
secondary  when  a  steady  current  of  strength  -y  is  pro- 
duced or  annulled  in  the  primary  is  3fyjR^ 
Rutin  of  Again  if  the  resistance  coil  in  the  circuit  of  (7j  havo 
its  terminals  connected  to  a  condenser  of  capacity  C, 
(Fig.  12G)  and  the  primary  circuit  be  made  or  broken 
the  quantity  of  electricity  which  traverses  the  galvano- 

^L  meter  G  is  GS^y.     Thus  if  the  same  deflection  as  before 

^^  ,  is  obtained  we  have 

r 

H  ArmiiRC- 


Fio.  128. 


If  however  deSecUons  are  obtained  indicating  currentl' 
7,,  7j.  in  the  two  coses,  then 

J/=  CR,R,'^ 
Now  let  a 


Jk 

(105) 


-.-  . ihination  of  these  two  arrangements  be 

mant.  made  as  shown  in  Fig,  127,  including  a  resistance  box 
in  the  secondary  circuit  to  enable  the  resistance  R^  of 
that  circuit  between  the  points  J  and  E,  to  be  varied 

Lat  pleasure.     Then  let  the  resistances  fl,  (in  the  primary 
between  the  terminals  of  the  condenser),  and  R^  be 
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''  varied  until  on  making  or  breaking  the  battei-y  circuit 
no  deflection  ia  produced.  When  this  is  the  case  the 
integral  flow  through  the  galvanometer  due  to  the 
charging  of  the  condenser  (that  is  the  charge  of  the 
condenser)  is  exactly  equal  and  opposite  to  that  due  to 
the  induction  current  in  the  secondary  circuit.  Thus 
noticing  that    the  inductance  in  C^  cannot  affect  the 

j  integral  flow  tiirough   it  we  see   that  CR^'f  =  MyjR^, 


M  =  CR.  R. 


(106) 


an  easily  fiu'l  tlie  most  senaitlve  arrangement  for  Ihe 
I  experiment     In  tlie  first  piitce  it  Is  to  he  noticed  l.liiit  tlic  rcHisI-    '• 
e  (R\  B8y)  other  llisn  i(,  in  ttie  primary  circuit  rtependB  on    . 

rriinary  coil  and  tlie  battery  and  is  to  be  tnken  bb  fixed.  We 
regard  the  galvanometer  bobbin  (1)  ni>  given  (2)  aaa  matter 
\  at  cboiee  from  Bimilat  bobbins  of  different  resistunue.?. 

H  suppose  tbal  Ibe  potential  at  A  ia  not  equAl  to  Ihnt 
I.Bt  £  Tben  putting  i,  i  for  the  eiirrents  in  Ibe  primary  anil 
I.HCDndnry,  f  for  tlie  current  tbrough  the  galvanometer,  r  for 
Vtlte  induutnnce  and  G  for  the  reeiHtance  of  Ibe  galvimometer 
f  bobbin,  we  get  from  the  circuit  JC^EA  (Fig,  127)  the  equiition 
".i  +  Jf«  +  R^  +  rjf  +  G^=Q.  Tbis  gives  the  integral  equation 


P   tOS  JIEASUEEMENT  OF  INDUCTANCES 

Inti!(?r«l     Further  we  have  for  flia  total  charge  of  the  condeiifit 


Solving  rir_y  from  thei 


(Cfl.ff,-30y 
G  +  J't 


\ 


T  Btnao  y  =  EI{Ri  +  if'J  where  E  is  the  el  net  rora  olive  force  of 


which  gives  the  same  condition  dh  before  tiinty  may  be  sero. 

In  order  thntjr  may  he  a  mnsiimim  tlie  value  of  the  denorai- 
nntor  must  bo  a  minimum.  Calling  it  D,  nod  noting  tii»t 
^,,  ^ooly  vary,  and  are  connected  by  the  relation  jriB,=e3f/C 
wliere  e  is  a  small  qnanlity  we  lind 


_jditlniu      Eliminating  rfflj/rfff,  we  get  as  the  rcfiuircd   i 
I  Haxi-    maximum  BensiliveQesH  with  s  given  galvnnometer 


L 


Ji-  =  J)/  ^/(,■  =  {S^+!^\)(  -JG  +  It^  -JG). 
addition  to  (108) 
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e  hitve  in  tlie  latter  caw  as  the  conditions  for  m 
senBibilitv 

Jf,=fl,-G (110) 

If  it  cnn  be  nrrang^ri  (o  maintain  the  two  points  J,  B  alnays  Condition 
at  the  Bume  potential,  we   may  use   s   telejilione  instead  of  n        tiii' 
galvanometer  as  obietvinj;  instrument.    To  find  the  neceBsary     *'*'''?|J 
■■  ■  n  consider  the  secondary  circuit  JC^BA-    Since  ihere  is    .ri?!,™. 
"  ■    '  veen  A  find  E  we  have 


^le  oliarge  of  the  condenser  is 

(Jf-i)i=(Cfliff, 

which  tliere  has  txen  ro  integral  Hdv 
lugh  the  galvanometer  during  the  rising  of  ihe  currtnt  froi 
KMo  to  its  Hteudy  viilue  we  hnvo   seen  that  C^,ffj=.I/. 
the  equation  juat  found  becomes 

I  {i( -!.){' 

I   which  saserta  that  either  J/=£,  or  ■  =  i.     The  latter  istmly  li 

I  when  the  current  h  iu  the  battery  has  attained  its  steady  valui, 

K  however  M=  L  it  will  be  poBsible  to  nialce  the  differpnce 
■    potential    between   A  and    E   always  itio  und  to  employ  i 

telephone. 


WEA8UKKMEKT  OF  IKDUCTANCE3 

Practical  The  following  reaults  obtained  in  Prof,  Corey  FoHter's  labore- 
Eiample  lory  by  Mr.  F.  Womock  illuBtrate  the  method.  A  Binnll 
°if  induction  coil  was  UHed  with  fixed  prim&ryand  coniial  secoudsry 
"■  cupnbla  of  beinR  moved  in  the  oirection  of  (be  Miia  fo  as  to 
atler  the  mutusi  inductance  of  tlio  coils.  The  dimensionB  etc. 
uf  the  coila  were: — Primart/,  length  ITS  cms.,  mean  rudiua 
,  wire  1-65  ohtnn  of  Mo.  20  B.W.G.  Stcontlary,  length 
10'4  emf ,  inside  radius  2'55  cms.,  outside  rndins  8'63  cms,,  wire 
194  ohms  of  No.  30  B.W.G.  Two  Grove's  tellM  were  used  and 
a  condenser  of  4  92G  [nicrofunids  capacity,  with  a  galvanometer 
of  about  LIB  olm  '  ' 


^  Eipori. 
meutsl 
Results. 


R, 

^1 

+  Rf^.fvomB<^. 

*,.ff,-M/a 

16  ohms. 

411  obma. 

6165  X  10" 

14          Tl 

^41       „ 

6174 

13       „ 

476      „ 

61 B8 

12       „ 

51fi      „ 

6Ii)2 

am      „ 

6171 

10      „ 

617      „ 

6170 

9       ., 

(i«4      „ 

PlSfi 

8       .- 

770      rt 

6160 

1       „ 

8H2       „ 

0174 

6       „ 

1029       „ 

6174 

Mean  6172  4X10" 

Thus  in  C.G.S,  units 
jtf=4' 


10-' 


K  6172  X  10»=3-0403  x  10^. 


The  total  reaiBtance  in  the  bdllcry  circuit  was  abont 
1.65+'6+ffi,  or  fi'.  =  2'25.  Thus  for  greatest  sensibility 
.ff^fl,  =  G/fl',  =  135/a-25=e0. 

Some  very  concordant  results  were  also  obtained  with  a  7 
inch  spark  induction  coil.  The  resiatanceof  the  primary  was  '278 
ohms ;  of  the  secondary  7394  ohms.  One  Grove's  cell  was  used 
with  tl>e  snmc  condenser  as  beture  and  a  galvanometer  of  resist* 
anco  135'6oImjs, 
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509 


J<x 


27 

olims 

28 

29 

30 

31 

32 

lu 


8944  ohiuR. 

8640 

8334 

8044 

7784 

7544 


R,I{, 


2-415  X  1023C.(J.S. 

2-419 

2-417 

2-413 

2-413 

2-414 


Mean  2-415  X  10^"^  C.G.S. 


TIlUH 

M=  4-.92G  X  lO-i"'  X  2-415  x  1023  =  M896  x  10«, 
ill  C.G.S.  units. 


CHAPTER  IX 


UNITS  AND  DIMENSJONS 


In  Volume  I.,  Chapter  III.,  a  short  account  is  given  of 
the  Theory  of  Dimensions,  witli  a  discussion  of  Funda- 
mental and  Derived  Units  as  far  as  ordinary  dynamical 
ami  electrostatic  quantities  are  concerned.  In  the 
present  chapter  the  subject  of  electric  units  is  dealt 
with  from  a  sumewhat  different  point  of  view,  and  we 
therefore  begin  with  electrostatic  mitts,  repeating,  with 
modifications,  a  few  paragraphs  from  the  former  chapter, 
in  order  that  the  discussion  of  electric  and  magnetic 
units  here  given  may  from  that  point  of  view  he 
complete.  For  distinction  here  we  shall,  as  a  rule,  use 
in  the  case  of  those  quantitios  which  appear  in  both 
the  electrostatic  and  electromagnetic  systems  of  unita 
small  letters  for  quantities  taken  in  electrostatic  measure, 
and  the  corresponding  capitals  of  these  letters  for  the 
same  quantities  taken  in  electromagnetic 


DERIVED  ELECTRICAL  UNITS. 


Quantity   of    Electricity   [q\      In    the   electrostaf 
system  of  units  which  is  convenient  when  electrostatic 
results,  independently  of  their  bearing  on  electromag- 


m^ 
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netic  plienomena,  are  required,  the  units  of  all  the  otLer 
quautitiea  are  founded  on  the  fullowing  definition  of 
unit  quantity  of  electricity.  Unit  quantity  of  cUctricUy 
is  thai  quantity  ichich,  concentrated  at  a  point  at  unit 
distance  from  an  equal  and  similar  quantity,  also  coTicen- 
traied  at  a  point,  is  repelled  with  vnit  force  when  the 
medium  across  which  tlie  electric  action  is  transmitted  is 
a  certain  standard  insulatimj  medinm.  An  ideal  vacuum 
ia  sometimes  taken  as  standard,  but  we  shall  8u[)p08e 
at  present  that  the  medium  is  air  at  temp.  0°  C.  and  at 
standard  atmospheric  pressure.  We  shall  call  this 
simply  air. 

This  definition  is  precisely  similar  to  the  definition 
(p.  fil6  above)  of  unit  magnetic  pole  which  forms  the 

'  hasis  of  another  sy^^tem  of  units  called  the  electromag- 
netic sy^em,  of  much  wider  and  more  important  appli- 
cation than  the  olectrostat.ic.  Hence  by  Coulomb's  law 
that  (the  numerical  values  of^  electric  attractions  and 
repulsions  are  directly  as  the  products  of  the  {numerics 
for  the)  attracting  and  repelling  quantities,  and  inversely 
OS  the  second  power  of  the  (numeric  for  the)  distance 

I  between  them,  if  a  quantity  of  positive  electricity  ex- 

.  pressed  by  5  be  placed  at  a  point  distant  Z  units  from 
an  equal  quantity  of  electricity,  then  the  medium  being 

I  air,   the   numeric   F  for  the   force  between   them   is 

If  the  medium  across  which  the  electric  action  is 

I  transmitted  be  some  other  medium  than  air,  the  force 

between  the  charges  is  numerically  q'lKL^  where  K  is 

the  numeriL<al  measure  of  a  quautity  called  th;  electric 

inductive  cojwri'^y,  or  usually  the  specific  inductive  capa- 
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I 

^H  cUy  of  the  medium.     This  (quantity  is  precisely  analo- 

^H  gous  to  the  conductivity  of  a  substance  for  heat*  and 

^1  to  magnetic  permeability  (see  p.  517  below).     In  the 

^K  ordinary  electrostatic  system  of  units  it  is  defined  (as- 

^M  at  p.  514)  so  as  to  have  a  dimeosiouat  formula  1,  that 

H  is,  to  be  a  mere  numeric. 

Dimeu-        But  We  might  proceed  otherwise  and  regard  AT  as  a 

Spedfii;  quantity  of  undetermined  dimensions  as  regards  the 

Inducti™  fundamental  units,  but  such  that  flKL°  has  the  dimen- 
sions of  a  force.  We  may  then,  in  the  absence  of 
special  reasons  for  preferring  one  dimensional  formula 

H  for  IC  to  another,  assign  its  dimensions  according  to  any 

^ta  convenient  hypothesis.     One  such   hypothesis   is  that 

^H  which   forms  the   basis  of    the   ordinary   elcctrostatio 

^H  system,  namely,  that  A'  is,  as  regards  the  fundamental 

^H  units,  of  zero  dimensions,  that  is,  has   a   dimensional 

^H  formula    [1].      But   in   the    ordinary    electromagnetic 

^H  system  of  units,  which  has  quite  a  different  derivation 

^M  from  the  electrostatic,  the  dimensional  formula  of  ATib 

^^  [i~'J^J,  and  the  numerical  value  of  K  depends  on  the 

^H  choice  made  of  fundamental  units. 
^1  We  shall  in  what  follows  suppose  the  dimensions  of' 

^M  A!"  undetermined,  and  therefore  allow  the  symbol  A'ex- 

^B  pressing  it  to  appear  in  the  dimensional  formulas  of  the 

^^L  other  quantities.     We  shall  tlius  obtain  a  more  general 

^B  electrostatic  system  in  which  the  absolute  dimensians 

^B  of  the  quantities  are  not  settled.  From  this  the  ordinary 

^H  electrostatic  system  is  obtained  by  simply  deleting  A'.f 

L 


I 


1.  I.  Chap.  I.  Sect.  V. 
t  Tbisinelhod  of  proceediuKi9MlTiicated,Bndit8aiIvttnbiKe»paiiit  . 
mt,  by  Prof.  A.  W.  Ituuker,  F.K.S.,  in  a  puper  on  tli«  "  SnpjTCMed  J 
DimeiiBimis  of  fh^sicftl  Qiuatities,"  FMl.  Mag.,  Feb.  1SE9.  * 


TnnT8  AKD  DIMEKSI0K3 

_  The  dimensional  formula  of  qtiantily  of  electricity  is 
accordingly  [FiL/C*]  or  [AOZi  f-^  A'*]. 

EUctric  Surface  Density  [a].  The  density  of  an 
electric  charge  on  a  surface  is  measured  by  tlie  quantity 
of  electricity  per  unit  of  area.  Therefore  [a]  is  [j-£"^ 
orlMil-iT-'Ki]. 

Electric  Force  and  InttTudly  of  Electric  Field  [/]. 
The  electric  force  at  any  point  in  an  electric  field,  or 
the  iotensiiy  of  the  field  at  that  point,  is  the  force  with 
which  a  unit  of  positive  electricity  would  be  acted  on  if 
placed  at  the  point.  Hence  if  tlie  numeric  for  the 
quantity  of  electricity  at  a  point  F  be  g,  and  that  of  the 
electric  force  at  that  point  be  /,  the  numeric  F  for  the 
force  on  the  electricity  is  5/,  and  we  have  the  equation 
f  =  Fq-\   Therefore  [/]  is  [^V'']  or  [-V'-i-^r-'-Sr-l]. 

Electric  Potential  \v].  The  difference  of  electric 
potential  between  two  points  is  measured  by  the  work 
which  would  be  done  if  a  unit  of  positive  electricity 
were  placed  at  the  point  of  higher  potential  and  miido 
to  pass  by  electric  force  to  tiie  point  of  lower  potential. 
Hence,  in  transferring  q  units  of  electricity  through  a 
difiference  of  potential  expressed  numerically  by  v,  an 
amount  of  work  is  done  for  which  the  numeric  W  is 
equal  to  qv.  We  have  therefore  v  »■  Wq~'^,  and  hence 
[r]  is  [  IKg-']  or  [M^  /,*  T-'  A'"*]. 

Capacity  of  a  Conductor  [c].  The  capacity  of  an 
insulated  conductor  is  the  quantity  of  electricity  re- 
quired to  charge  the  conductor  to  unit  potential,  all 
other  conductors  in  the  field  being  supposed  at  zero 
potential.  Hence,  denoting  the  numeric  fur  the  capacity 
iven  conductor  by  c,  those   for   its  charge   and 
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potential  by  g  anil  r,  we  Iiave  c  —  jw',  and  for  [<■] 
therefore  [yp"']  is  [^A'].  Tlie  unit  of  capacity  bas 
therefore  the  same  dimensions  as  the  unit  uf  length 
provided  [A!"]  =  1 ;  and  tho  capacity  of  a  conductor  is 
then  jiroperly  expressed  as  so  many  centimetres. 

The  ulectrostatic  capacity  of  a  coDducting  sphere  is 
in  ordinary  elcctrostalic  units  nuinencally  equal  to  the 
radius  of  the  sphere.  A  conducting  sphere  of  1  cm. 
radius  has  therefore  1  C.O.S,  unit  ol  capacity. 
Spocifio  Specific  Inductive  CapacHy  [K\  The  specific  induc- 
Cipacitj.  tive  capacity  of  a  dielectric  has  already  been  virtually 
defined  above,  but  it  is  usual  to  define  it  as  the  ratio 
of  the  capacity  of  a  condenser,  the  space  between  the 
plates  of  which  is  filled  with  the  dielectric,  to  the  capa- 
city of  a  precisely  similar  condenser  with  air  as  di- 
electric ;  or,  according  to  Maxwell's  *  Theory  of  Electric 
Displacement,  it  is  defined  as  the  ratio  of  the  electric 
displacement  produced  in  the  dielectric  to  the  electric 
displacement  produced  in  air  by  the  same  electric  force. 
Thus  iu  the  ordinary  electrostatic  system  of  units  its 
dimensions  are  taken  as  zero,  that  is,  it  is  simply  a 
numerical  coefficient  which  does  not  change  with  the 
units.      Hence    in   the   ordinary   eloclrostatic    system 

m-i. 

This  definition  is  quite  consistent  with  the  former 
as  by  assigning  to  each  medium  according  to  the  former 
definition  its  own  value  of  A',  the  capacities  of  con- 
densers in  which  they  are  used  as  dielectrics  have  the 
ratios  to  one  another  given  by  the  second.     Thus  if  ^ 

•  El.  and  Maij.,  Vol.  I.,  2Lid  edition,  p,  15*. 
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I  be  taken  as  the  expression  of  a  physical  property  of  the 
medium,  which  whea  futly  known  would  in  a  natural 
manner  fix  the  dimensions  of  A",  it  will  be  only  neces- 
sary to  multiply  all  the  values  of  K  obtained  on  an 
arbitrary  supposition  (such  as,  for  example,  that  the 
value  for  air  is  unity)  by  the  same  factor  depending  on 
the  units  adopted.  This,  in  fact,  is  what  is  done  when 
JTis  taken  in  ordinary  electromagnetic  units. 

Skdric  Current  [■/].  An  electric  current  in  a  con- 
'.ducting  wire  is  measured  by  the  quantity  which  passes 
a  given  cross-section  per  unit  of  time.  If  q  be 
the  numeric  for  the  quantity  which  has  passed  in  a  time 
for  which  the  numeric  is  T,  then  denoting  the  numeric 
for  the  current  by  7,  we  have  7  =  q/T,  and  [7]  is  [jT'] 
or  [3fi  JJ  T'^  Ki]. 

^Resistance  [r].  By  Ohm's  law  the  resistance  of  a 
ooaductor  is  expressed  by  the  ratio  of  the  numeric  v 
for  the  difference  of  potential  between  its  extremities 
to  the  numeric  7  for  the  current  Sowing  through  it. 
"We  have  therefore  r  =  v/y,  and  [r]  is  [17-']  or 
[£-■  TK-^l 

CoTviuriancc  (formerly  ConduetMttj).  The  dimensional  1 
formula  of  conductance  is  plainly  [LT~^  K].  Hence  in 
the  ordinary  electrostatic  system  its  dimensional  formula 
is  [£?■"'].  which  is  that  of  velocity.  Hence  a  conduct- 
ance in  ordinai-y  electrostatic  C.G.S.  nnits  is  properly 
expressed  in  centimetres  per  second.  A  physical  illua- 
of  thia  fact,  due  to  Sir  William  Thomson,  is 
1  Vol.  I.  p.  205. 
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II.— Electbomai 


Magnetic  Pole  or  Quantity  of  Maynelism  [ni] ;  Surface 
DcnsUy  of  Magnetism,  [tr'] ;  Magnetic  Fovce  or  Magnetic 
■   Field  Intensity  [/] ;  Magnetic  Potential  [  V]. 

The  electromngnetic  system  of  units  is  based  on  the 
unit  magnetic  pole  as  defined  above  {p.  2).  Tbis 
definition  is  exactly  the  same  as  that  of  unit  quantity 
of  electricity  on  wliich  the  electrostatic  system  is 
founded ;  and  therefore  tlie  purely  magnetic  quantities 
here  mentioned,  which  bear  the  same  relations  to  the 
unit  quantity  of  magnetism  that  the  corresponding 
electric  quantities  bear  to  the  chosen  unit  quantity  of 
electricity,  have,  with  the  substitution  of  the  magnetic 
analogue  to  K,  in  the  electromagnetic  system  the  same 
dimensional  formulas  aa  those  just  found  for  the  latter 
quantities  in  the  electrostatic  system. 

Observations  precisely  similar  to  those  made  abovsfl 
regarding  specific  inductive  capacity  apply  here  regard- 
ing its  analogue,  m^netic  inductive  capacity,  or,  as  it 
is  frequently  called,  magnetic  permeability.  The  force 
between  two  poles,  each  of  strength  m  at  distance  L,  in 
a  medium  of  magnetic  inductive  capacity  fi,  is  numeric- 
ally m^liiL^.  and  hence  [m]  =  {M^  D  Tr'  m*]-  In  the 
ordinary  electromagnetic  system  fi  is  defined  (see  p.  517 
below)  so  as  to  be  a  mere  numeric,  We  shall  not  here 
make  this  assumption,  but  allow  fi  to  appear  in  the 
formulas,  and  its  dimensions  may  he  afterwards 
assigned. 


By  simple  deletion  of  /i  from  the  din 
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mulas  tlicy  becomo  tlioae  for  the  ordinary  electroraag- 
Detic  system  ia  wliich  [/t]  =  1. 

Magtulic  Moment  [Af].    The  numeric  fJI,  for  the  m^-  ' 
netic  moment  of  a  uoiformly  magnetized  bar-magnet,  is 
the  product  of  tho  uumerics  for  the  strength  of  either 
pole  and  the  length  of  tho  magnet.     Hence  we  have 

[W]  =  [.v*zi  r-'  fiSi .  [L]  =  [.i/'zi  r-i  /*']. 

hvttnaity  of  Maijnelizatmi  \ti\.  The  intensity  of  mag-  ' 
netizatioQ  of  any  portion  of  a  magnet  is  measured  by  u, 
the  magnetic  moment  of  that  portion  per  unit  of  volume. 
Hence,  if  v  denote  the  numeric  for  the  intensity  of 
magnetization  of  a  uniformly  magnetized  magnet,  the 
numerics  for  the  mi^netic  moment  and  volume  of  which 
r<aie  Af  and  AL^,  ve  have 

K  =  ^,.  and  M  =  [iftZ-J  2'-'  ^*]. 

It  is  plain  that  the  intensity  of  magnetization  of  a 
Quiformly  and  longitudinally  magnetized  bar  is  equal 
to  the  surface  density  of  the  magnetic  distribution  over 
the  ends  of  the  bar,  and  therefore  intensity  of  magneti- 
zation has  the  same  dimensional  formula  as  magnetic 
Wirface  density. 

Magnetic  Fcrmeahiliiy  [fi].  The  magnetic  perme-  1 
ability  of  an  inductively  magnetized  substance,  or  its 
magnetic  inductive  capacity,  is,  as  has  already  been 
Btated,  the  analogue  in  magnetism  of  specific  inductive 
capacity  of  a  dielectric  in  electricity,  and  of  the  con- 
ductivity of  a  body  for  heat  in  heat  conduction.  The 
part  which  it  plays  in  magnetic  theory  is  discussed  in 
hapter   I.   above.      In   the   ordinary  electromagnetic 
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system  uf  units  it  is  usually  defined  as  the  ralto  of 
the  magnetic  force  whicli  would  be  exerted  on  a  unit 
pole  placed  in  a,  nnrrow  crevaESe,  cut  Id  the  substance 
ao  that  its  walls  are  at  right  angles  to  the  difection  of 
magnetization,  to  the  furce  which  it  wou'.d  experience 
if  placed  in  a  narrow  crevasse,  the  wiills  of  which  are 
parallel  to  the  direction  of  magnetization.  This  mode 
of  defining  magnetic  permeability  clearly  makes  it  in 
the  ordiuary  magnetic  system  a  mere  uumeric,  that  is, 
its  dimensional  formula  [^]  =  1.  ■ 

The  more  general  view  of  the  meaning  of  magnetlon 
permeability  given  on  p.  516  is  uot  inconsistent  with 
this  more  special  definition,  as  the  latter  simply  amounts 
to  assuming  the  permeability  of  air  to  be  unity.  If,  aa 
may  be  the  case,  permeability  is  more  properly  measured 
by  some  property  of  the  medium,  which  will  assign  to 
the  ([uantity  definite  dimensions,  the  permeabilities  of 
different  substances  in  the  oi-dinary  electro- magnetic 
system  will  simply  have  to  be  multiplied  by  a  conimcn 
factor,  depending  on  the  fundauienUil  units  adopted. 

Magnetic  SitKeplihiliti/.  This  quantity  is  usually 
denoted  by  k,  and  in  the  ordinary  electromagnetic  system 
is  connected  with  /i  by  the  relation  fi,  =  I  \-  iirk.  Its 
dimensional  formula  is  therefore  also  1  in  the  ordinary 
electromagnetic  system,  that  is,  magnetic  susceptibility 
is  ill  ihat  system  a  mere  numeric. 

Current  Stren;/th  [F].  By  the  theory  of  electromag- 
netic action  stated  abuve  in  p.  143,  and  the  definition 
of  unit  current  (3),  p.  144,  we  have,  for  any  actual  case 
of  a  m-ignetic  pole  pla?ed  at  the  centre  of  a  circle  of 
wirfi  carrying  a  current,  the  equation  F  =  FZ,/2wm, 
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where  F.  L,  m,  and  F  (ire  the  numerics  respectively  for 
the  force  ncting  on  the  pole,  the  radius  of  the  circle,  j 
the  strength  of  the  pole,  an(i  ihe  ajrength  of  the  current,  '' 
Hence  [V]  =  [fZwt-']  =  [Mi I.i  T-''  ^-*]. 

Qiutntily  of  Kledi-irity  [§].  Tlie  numeric  Q  for  the 
quantity  of  electricity  conveyed  in  T  seconds  by  a 
cuirent  the  numeric  for  the  strength  of  which  is  T,  is 
equal  to  TT.     Hence  [Q]  -  [VT\  =  [J/*  D  /.-!].• 

Eltclric  Potential,  <t  Ekctrcmotixe,  I\rce  [V]-  As 
above  (p.  513),  but  using  in  this  case  the  symbol  V  for 
a  numerical  difference  of  potential,  we  get  IF=  VQ. 
Thus  we  have  [V]  =  [MUJ  T-'^  /^t]- 

Electnstatie  Capacity  \C].  Using  for  a  numerical 
capacity  in  electromagnetic  units  the  symbol  C,  we  find, 
by  the  same  process  as  in  p.  513,  the  equation  C=  Q/V, 

Jifsistaitee  [K\.    Using  here  Ji  to  denote  a  numerical    i 
resistance,  we  get  as  formerly  Ji  =  VjO,  and  therefore  p 

m  .  [Li-'  ri.  ; 

Thus  if  [fi]  =  1,  the  dimensional  formula  for  resist-  i 
ance  is  the  same  as  that  for  velocity,  ami  therefore  a 
resistance  in  ordinary  electromagnetic  units  is  properly 
expresseil  as  a  velocity  is,  in  units  of  length  per  unit  of 
time,  and  accordingly,  in  C.G.S.  units,  as  so  many  centi- 
metres per  second.     This  fact  is  directly  shown  by  the 
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folluwisg  illustration,  due  to  Sir  William  Thomson. 
Let  tlie  rails  of  tbe  ideal  aiachiDe,  described  iti  p.  192, 
be  supposeil  to  ruo  borizoDtally  at  right  angles  to  the 
magDCtic  meridiaD,  and  let  their  plane  be  vertical.  Let 
a  tangent  galvanometer  be  included  in  the  wire  connect- 
iog  the  rails.  The  slider  when  moved  along  the  rai's 
will  cut  the  lines  of  the  earth's  horizontal  force,  the 
intensity  of  which  in  electromagnetic  measure  we  have 
denoted  by  H.  If  tbe  slider  have  a  length  L,  ami  be 
moved  with  a  velocity  r,  the  electromotive  force  de- 
Teioped  will  be  ELv.  If  R  be  the  total  resistance  iu 
circuit,  7  the  current  flowing,  r  the  mean  raitiutt  of  the 
galvanometer  coil,  and  L'  the  length  of  wire  in  the 
coil,  we  have  7  =  Hr''jL'  tau  0.  But  by  Ohm's  law 
T  =  HLvlR.     Hence  MLvIR  =  Hr'IV  tan  6.  or 


i2  = 


Now  we  may  suppose  the  radius  r  of  the  coil  so  taken 
that  1^  =  LL\  and  that  the  slider  is  moved  at  such  a 
speed,  r,  that  the  deflection  of  tbe  needle  is  45°.  Under 
these  conditions  we  get  R  =  v.  The  resistance  R  of  the 
circuit  is  therefore  measuri'd  in  electromagnetic  units  by 
the  velocity  wiih  which  the  slider  must  be  moved,  so 
that  the  deflection  of  the  needle  of  the  tangent  galvan- 
ometer may  be  ■15°. 

Coefficient  of  Sclf-Inductioii.  {or  Self- Inductance).    De- 

'   noting  by  \_  (instead  of  Z  to  avoid  confusion  with  tbe 

L  of  the  unit  of  length)  the  inductance  of  a  circuit, 

the   current  in  which  is   V,  we  have   \jiVjdt  for  the 

electromotive   force  of  self-induction,     Hence   LrfP/rfi 
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h&s  tLe  same  diniousionsl  formula  as  electromotive 
force,  that  is  [Lrr-']  =  [Mil'  2"-*  fi^i],  and  therefore 
[U  =  [V]- 

Mutual  Luluctance.  If  i/"  be  mutual  inductance  be- 
tween two  circuits,  r  tbe  cunent  iu  one  of  tbeiii,  then 
ihe  electromotive  force  in  the  otlter  circuit  due  to 
fmutual  induction  is  MiiVldt.  Heuce  by  the  same  pro- 
cess as  before  we  get  [J/j  =  \Lfi]. 

A  self-  or  mutual  inductance  is  therefore  iu  ordinary 
■electromngnetic  measure  in  dimensions  simply  a  length, 
,'Uid  iti  CG.S.  units  is  properly  expressed  aa  so  many 

inti  metres. 

But  if  resistance  is  taken  in  terms  of  the  true  ohm, 
which  is  10*  cms.  (or  nearly  one  earth -quad  rant)  per 
aecond,  the  corresponding  unit  of  induction  is  10°  cms. 
If  the  legal  or  any  other  ohm  is  used,  the  unit  of  in- 
duction ia  that  length  which  replaces  10*  cms,  in  the 
definition  of  the  ohm. 

For  the  unit  of  inductance  defined  by  any  ohm,  Profs. 
Ayrton  and  Perry  have  proposed  the  name  secoknt.  The 
Taris  Congress  has  however  adopted  the  name  guadraiU. 
['plainly  this  can  only  in  strictness  be  applied  in  connec- 
tion with  the  true  ohm. 

We  have  now  investigated  the  dimensional  formulas 
of  the  absolute  units  of  all  the  principal  electric  and 
magnetic  quantities  in  the  electrostatic  system,  or  in 
the  electromagnetic  system,  according  as  each  quantity 

generally  measured  in  practice.  Each  may,  however, 
,iie  expressed  either  iu  electrostatic  or  in  electromagnetic 
'Units,  and  we  give  the  following  table  of  dimensional 
formulas  for  all  the  quantities  in  both  systems. 
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In  Tables  II.  and  III,  K  nnd  fu  have  been  intro- 
duced into  the  formulas  as  stated  above,  pp.  512,  J.IC. 
The  ordinary  electrostatic  and  electromagnetic  systems 
are  obtained  by  atipposing  AT  and  ^  each  unity. 

One  advantage  of  thus  exhibiting  tlie  dimensions  ia 
that  it  Quables  electrostatic  and  electromngnetic  quan- 
tities to  be  regarded  as  of  the  same  absolute  diinen- 
sions,  since  A'  nnd  fi.  not  being  fixed  as  to  dimensions, 
can,  unless  restricted  by  definition,  have  dimensions 
assigned  to  them  which  fulfil  this  condition.  For 
example,  aa  suggested  by  Professor  G.  F.  Fitzgerald,* 
each  may  be  taken  as  having  tho  dimensions  [Ti"']. 
Another  advantnge  is  that  problems,  in  which  passage 
from  one  set  of  units  to  the  other  is  involved,  are  solved 
with  greater  ease  from  first  principles  {see  Professor 
Riicker's  paper,  loc,  cU.). 


FUNDAMENTAL   UKITS. 


Qaniillt;, 
Length 
Mass 
Time 


[.1/] 
[T] 


DERIVED   UNITS. 

/.  Dynamical  Units. 
Velocity  [L  7"-'] 

Acceleration  [L  T--] 

Force  [MIT-"-] 

mrk   1  [.v/.=  r-=] 

Energy )  ■■  ■■ 

•  rial.  Mni/.,  ApiilUSB. 


orJinnry  electro- 
ordinary  electro- 


Qiinntity  of  Electricity 
Surface  Density  of  Electricity 
Electric  Risplacemeut 
Electric  Force,  or  I 

Intensity  of  Electric  FitlJ  j 
Electric  Potential       1 
Electromotive  Force  ) 
Electrostatic  Capacity 
Specific  Inductive  Capacity 
Current  Strength 
Resistance 

Qimntity  of  Magnetism,  or 


L.  M,  7,  K. 

[.]/*i-ir-'A'*] 

[.i/*/,-ir-'A'-i] 

[.l/i/.lr-'A'-t] 

[LK] 


i,  M.  r.  M. 

[Mi  Li  r-v'J 

[.111  /.*  r-'  /i-i] 
[ir-v'] 


Magnetic  Pole  I 

Surface  Density  of  Magnetism 
Magnetic  Moment 
Intensity  of  Magnetization 
Magnetic  Force  or  ) 

Intensity  of  Magnetic  Field  i 
Magnetic  Potential 
Magnetic  Permeability    ) 
Magnetic  Susceptibility  / 
CoefficicQt  of  Seif-Iniluction      i 
Coefficient  of  Mutual  lutluction  f 


[.i/iiiA--i]       [.i/wj  r-v'l 


[J/li-IAT-l] 
[J/t  L-  A'-)] 
[.Ifl/.-lA'-l] 

[.l/lilT  >A'l] 

[.l/Uir-'iT'] 

[i-'T'A'-i] 

[/;-'r'A-->] 


[jfi/.-iy-V'l 
[.ifi/,i  r-v'] 

[jlf'/.-'T'-V'] 
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As  an  example  of  the  use  of  dimeusional  formulaa 
we  may  find  the  multiplier  for  the  reduction  of  numerics 
■  for  magnetic  field  intensiliea  given  in  terms  of  British 
foot -grain -second  units  to  the  corresponding  numerics 
in  terms  of  C.O.S.  electromagnetic  units.  Let  7/  be  the 
numerical  intensity  in  terms  of  British  units,  //'  the 
numerical  intensity  in  C.G.S.  units.  We  have,  by 
equation  (4). 

,  H'  =  H[n]  =  n[MiL-i  r-']. 

Since  1  gramme  =  15'43235  grains,  and  1  centimel 
=  I/30-47945  foot,  we  have 

\\fiL-iT-^=( ~ 1   =--1.— 

L  ^      U5-43235  X  3U'47D45y        2r688 


The  earth's  horizontal  force  is  given  as  392  in  British 
units  at  Greenwich  for  1883.     We  get  therefore 


tifi^l 


Units  adopted  in  Practice. 

In  practical  work  the  resistances  and  electromotive 
forces  occurring  to  be  measured  are  usually  so  great 
that  if  the  absolute  electromngnetic  C.G.S.  units  were 
used,  the  resulting  numerics  would  he  inconveniently 
large;  while,  on  the  other  hand, capacities  are  generally 
so  small  that  their  numerics  in  C.G  S.  units  would  be 
only  very  small  fractions.  Accordingly  certain  niuUiplea 
of  the  C.G.S.  units  of  resistance  and  electromotive  force, 
and  a  submultiple  of  that  of  capacity  have  been  chosen 
for  use  in  practice.     The  derivation  of  the  first  two,  I 
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ohm  ami  tlie  volt,  together  with  the  practical  units  of 
current  and  quantity,  the  ampere  and  the  coulomh,  may 
he  illustrated  as  follows: — " 

Let  the  rails  of  the  ideal  magneto- electric  machine,  DerlT»HB#>" 
described   at  p.  192   above,  be  imagined  placed  in  a   Practical 
uniform  magnetic  field  of  unit  intensity.     Also  let  the     Uniw, 
rails  be  connected  by  means  of  a  wire  so  that  a  complete 

inducting  circuit  is  formed.  Suppose  the  rails,  slider, 
and  wire  to  be  all  made  of  the  same  material,  and  the 
length  and  cross-sectional  area  of  the  wire  to  be  siich 
that  its  resistance  is  very  great  in  comparison  with  that 
of  the  rest  of  the  circuit,  so  that,  when  the  slider  is 

lOved  with  any  given  velocity,  the  resistance  in  tlie 
circuit  remains  practically  constant.  When  the  slider 
ie  moved  along  the  rails  it  cuts  acrosa  the  lines  of  force, 
and  so  long  as  it  moves  with  uniform  velocity  a  constant 
difference  of  potential  will  be  maintained  between  its 
two  ends  by  induction,  and  a  uniform  current  will  flow 
in  the  wire  from  the  rail  which  is  at  the  higher  potential 
to  that  which  is  at  the  lower.  If  the  direction  of  the 
lines  of  force  be  the  same  as  the  direction  of  the  vertical 
component  of  the  earlh's  mngnetic  force  in  the  northern 
hemisphere,  so  that  a  north-tending  pole  placed  in  the 
field  would  be  moved  downwards,  and  if  the  rails  run 
south  and  north,  the  current,  when  the  slider  is  moved 
northwards,  will  flow  from  the  east  rail  to  the  west 
through  the  slider,  and  froni  the  west  rail  to  the  east 

SfMcifictitionBof  the  Practicnl  Units  for  use  in  Electrical  Industries, 
kc.,  !i»rB  bisen  Bdoiited  within  tlie  lart  year  by  a  CommitlBa  ajipointed 
by  the  Bonnl  of  Trade.  The  recommBiidftliona  of  the  Committee  will 
' "  '  iind  in  an  Appendix  at  tlie  end  of  this  volume. 
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througli  the  wire.  If  the  velocitj  of  the  slider  be 
increased,  tlie  difference  of  potential  between  the  rails, 
or,  as  it  ia  otherwise  called,  the  electromotive  force 
producing  the  carrent,  will  be  increased  in  the  same 
ratio;  and  therefore  by  Olim's  law  so  also  will  the 
current. 

For  a  filtder  arranged  aa  we  have  imagined,  and  made 
^  to  move  across  the  lines  of  force  of  a  raagnetic  field,  the 
difference  of  pjt^ntial  produced  varies  directly  as  the 
field  intensity,  as  the  length  of  the  slider,  and  as  the 
velocity  with  which  tlie  slider  cuts  across  the  lines  ol 
force.  The  difference  of  potential  produced  therefore 
varies  as  the  product  of  these  three  quantities;  and 
when  each  of  thcKe  is  unity,  the  difference  of  potential 
is  taken  as  unity  also.  We  may  write  therefore 
V  =  I L  V.  where  1  is  the  field  intensity,  L  the  length 
of  the  slider,  and  v  its  velocity.  Hence  if  the  intensity 
of  the  field  we  have  imagined  be  1  C.Q.S.  unit,  the 
distance  between  the  rails  I  cm.,  and  the  velocity  of  the 
slider  1  cm.  per  second,  the  difference  of  potential  pro- 
duced will  be  1  CG.S.  nnit. 

This  difference  of  potential  is  so  small  as  to  be  incon- 
venient for  use  as  a  practical  unit,  and  instead  of  it  the 
difference  of  potential  which  would  be  produced  if, 
,  everything  else  remaining  the  same,  the  slider  had  a 
velocity  of  100,000,000  cms.  per  second,  is  taken  as  the 
practical  unit  of  electromotive  force,  and  is  called  one 
■eoU.  It  is  a  little  less  than  the  difference  of  potential 
which  exists  between  the  two  insulated  poles  of 
Dnniell's  cell. 

We  have  imagined  the  rails  to  be  connected  by  a 
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if  very  great  resistance  in  compariaaii  with  that  of  the 
rest  of  the  circuit,  and  have  supposed  the  leogth  of  this 
*ire  to  have  remaiued  coustaut.  But  from  what  we 
have  Been  above,  the  effect  of  increasing  the  length  of 
the  wire,  tho  speed  of  the  slider  remaining  the  same, 
would  be  to  diminish  the  current  in  the  ratio  in  which 
tlie  resistance  is  increased,  and  a  correspondingly  greater 
speed  of  the  slider  would  be  necessary  to  maintaiu  the 
current  at  the  same  strength.  We  may  therefore  take 
the  speed  of  the  slider  as  measuriog  the  resistance  of 
the  wire.  Now  suppose  that  when  the  slider  1  cm.  loug 
was  moving  at  the  rate  of  1  cm.  per  second,  the  current 
in  the  wire  was  1  C.G.S.  unit ;  the  resistauce  of  the  wire 
■was  then  1  C.G.S,  unit  of  resistauce.  Unit  resistance 
therefore  corresponds  to  a  velocity  of  1  cm.  per  second. 
This  resistance,  however,  ia  too  smiill  to  be  practically  , 
useful,  and  a  resistance  1,000,000,000  times  as  great, 
that  is,  the  resistance  of  a  wire,  to  maiutain  1  C.G.S. 
unit  of  cniTent  in  which  it  would  he  necessary  that  the 
c^der  should  move  with  a  velocity  of  1,000,000,000 
'ma.  (approximately  the  length  of  a  quadrant  of  the 
earth  from  the  equator  lo  either  pole)  per  second,  is 
taken  as  the  practical  unit  of  resistance,  and  called 
one  ohm. 

Some  account  of  experime[its  which  have  been  made 
for  the  realization  of  the  ohm  is  given  in  Chapter  IX., 
and  it  will  be  seen  from  the  results  that  the  ohm  is 
approximately  equal  to  the  resistance  of  a  column  of 
pure  mercury  1063  cms.  long,  and  129  mm.  in  cross- 
section,  when  the  temperature  is  that  of  melting  ice. 
At  present  this  number   is  that  generally  used ;  but 
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when  a  sutBcient  number  of  exact  determinations  of  tbe 
ulim  have  been  obtained,  a  more  accurate  value  will  no 
doubt  be  legalised  as  the  standard  of  reference. 

n  It  is  obvious  from  equation  (1)  that  if  f  and  B,  eaoli 
initiiilly  one  unit,  be  increased  in  the  same  ratio,  C  will 
remiiin  one  unit  of  current;  but  that  if  Fbe,  for  ex- 
ample, 10*  C.G.S.  units  of  potential,  or  one  volc,  and  R 
be  a  resistance  of  10'  cms.  per  second,  or  one  ohm,  C 
will  be  one-tenth  of  one  C.G.S.  unit  of  current.  A 
current  of  this  strength— that  is,  the  currftnt  flowing  in 
;i  wire  of  resistance  one  ohm,  between  the  two  ends  of 
which  a  dilference  of  potential  of  one  volt  is  main- 
tained,— has  been  adopted  as  the  practical  unit  of 
current,  and  called  one  ampere.  Hence  it  is  to  be  re- 
membered one  ampere  is  one  tenth  of  one  C.G  S.  unit 
of  current. 

n  The  am  lunt  of  electricity  conveyed  in  one  second  by 
a  current  of  one  ampere  is  called  one  cotdomb.  This 
unit,  although  not  quite  so  frequently  required  as  the 
others,  is  very  useful,  as,  for  instance,  for  expressing  the 
quantities  of  electricity  which  a  secondary  cell  is  capable 
of  yielding  in  various  circumstances.  For  example,  in 
comparing  different  cells  with  one  another,  their  capa- 
cities, or  the  total  quantities  of  electricity  they  are 
capable  of  yielding  when  fully  charged,  are  very  con- 
veniently reckoned  in  coulombs  per  square  centimetre 
of  the  area  across  which  the  electrolytic  action  in  each  , 
takes  place. 

Tlie  rangne to-electric  machine  we  have  imagined.1 
yields  very  simply  the  relation  between  the  work  donft;! 
in  maintaining  a  current,  the  strength  of  the  curreaVj 
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Rid  the  eloctromDtive  force  proiincing  it."  Although  a 
slight  digression,  we  give  this  discusaion  here  to  help  to 
illustrate  how  electromotive  force  fiml  ciiirent  together, 
when  measureil  in  absolute  electromagnetic  units,  give 
the  corresponding  electrical  activity  in  absolute  dy- 
namical units,  and  for  the  sake  of  the  practical  units  of 
electrical  activity  and  work. 

We  have  seen  above  (p.  118)  that  every  element  of  a   Activity 
1      .  ■  /  ■  .-      c   II     ■     in  Circuit 

conductor,  carrying  a  current  in  a  magnetic  field,  is  of  Electro- 
acted  on  by  a  force  tending  to  move  it  in  a  direction  at   ""Wetic 
1111111  Qenerator. 

right  angles  to  the  plane  through  the  element,  and  the 

direction  of  the  resultant  magnetic  fori^e  at  the  element, 
anil  have  derived  from  the  espreasion  for  the  magnitude 
of  the  force  a  definition  (p.  IM)  of  unit  current  in 
the  electromagnetic  system.  From  these  considerations 
it  follows  that  a  conductor  in  a  uniform  magnetic  field, 
and  carrying  a  unit  current  which  flows  at  right  angles 
to  the  lines  of  force,  is  acted  on  at  every  point  by  a 
force  tending  to  move  it  in  a  direction  at  right  angles  to 
its  length,  and  the  magnitude  of  this  force  for  unit 
length  of  conductor,  and  unit  field,  is  by  the  definition 
of  unit  current  equal  to  unity. 

Applying  this  to  our  slider,  in  which  we  may  suppose 
a  current  of  amount  7  to  be  kept  flowing,  say,  from  a 
battery  in  the  circuit,  let  L  be  the  length  of  the  slidfr, 
u  its  vtdocity,  and  /  the  intensity  of  the  fiild ;  we  have 

•  rra^^tically  the  same  considonitinns  formed  the  bisia  of  Sir  William 
Thomaou'a  fnmotu  papers  "On  the  M'chnliicul  Theory  of  Klectrolyais," 
anil  "On  Applicattons  of  the  rdndple  of  Meuhanical  EBect  to  the 
^leasnreRieuC  of  EleetroniotiTo  Forces  Aiid  of  Galvanic  Resiatan'-es  in 
Ahaolutr  HnuiiT',"  Phil.  Mtg.  Dee.  1851,  or  r.iT<riiU  af  iTath.  ami 
FKy^.  Paptr;  Vol.  1. 

VOL.   II.  M  M 


m 


UNITS  AND  DIMENSIONS 


for  the  force  on  the  moving  conductor  the  value  ILy. 
Hence  the  rate  at  wliich  work  ia  done  by  the  eiectro- 
miignetic  action  between  the  current  and  the  field  is 
ILydxl<it  or  ILyv,  and  this  must  be  equal  to  the  rate 
at  wliich  work  would  be  itone  in  generating  by  motion 
of  the  slider  a  current  of  amount  7.  But  as  we  have 
Been  above,  ILv  ia  the  electromotive  force  produced  by 
the  motion  of  the  slider.  Calling  this  now  £,  the 
symbol  usually  employed  to  denote  electromotive  force, 
we  have  Ey  as  the  electrical  activity,  that  is,  the  total 
rate  at  which  electrical  energy  ia  given  out  in  nil  forms 
in  the  circuit. 

By  Ohm's  law  this  value  for  the  electrical  activity 

may,  when  the  work  done  is  wholly  spent  in  producing 

heat,  be  put  into  either  of  the  two  other  forma,  namely, 

E*/Ii,  or  y^R.     In  the  latter  of  these  forms  the  law  was 

discovered  by  Joule,  who  measured  the  amount  of  heat 

generated  in  wires  of  different  resistances  by  currents 

.  flowing  through  them.  This  law  holds  for  every  electric 

circuit  whether  of  dynamo,  battery,  or  thermoelectric 

arrangement. 

Activities       We  hare,  in  what  has  gone  before,  supposed  the  slider 

Mt  Pms   ^^  have  no  resistance  comparable  with  the  whole  resist- 

ot  Circuit,  ance  in  the  circuit.     If  it  have  a  resistance  r,  and  It 

be  the  remainder  of  the  resistance  in  circuit,  the  actual 

difference  of  potential  between  its  two  ends  will  not  be 

»ILv  or  EMt^-IiKH  +  r)  (Vol  I.,  p.  146).  The  rate 
per  unit  of  time  at  which  work  is  given  out  in  the  circuit 
is  however  still  Ey,  of  whifh  the  part  £y  .  rl(B  +  r) 
is  given  out  in  the  slider,  and  the  remainder, 
£y .  Rl{R  +  t),  in   the  remainder  of  the  circuit,     In 
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ibort,  if  f^  be  the  actual  difference  of  potential,  as 
measured  by  an  electrometer,  between  t*vo  points  in  a 
wire  connecting  the  terminals  of  a  battery  or  dynamo, 
and  7  be  the  current  flowing  in  the  wire,  the  rate  at 
which  energy  is  given  out  is  Vy,  or  if  R  be  the  resist- 
ance of  the  wire  between  the  two  points,  y'R. 

The  activity  in  the  part  of  the  circuit  considered  is 
always  Vy,  but  this  may  be  great-er  than  y-B,  in  which 
case  work  is  done  otherwise  than  in  heating  the  con- 
ductor, y'R  is  then  the  part  of  the  activity  employed 
in  generating  heat. 

One  of  the  great  advantages  of  the  system  of  units  £ 
briefly  sketched  here,  is  that  it  states  the  value  of  the 
rate  at  which  work  is  given  out  in  tlie  circuit,  without  ' 
its  being  necessary  to  introduce  any  coefficient  such  as 
would  have  been  necessary  if  the  units  had  been  arbi- 
trarily chosen.  When  the  quantities  are  measured  in 
C.Q.S.  units,  the  value  of  £y  is  given  in  centimetre- 
dynes,  or  in  er/fx,  per  second.  Results  thus  expressed 
may  be  reduced  to  korse-pover  by  dividing  by  the 
number  7'46  x  10*;  or  if  B  is  measured  in  volts,  and 
y  in  amperes,  £y  may  be  reduced  to  horse-power  by 
dividing  by  7W.  Thus,  if  90  volts  be  maintained 
between  the  terminals  of  a  pair  of  incandescent  lamps 
joined  in  series,  and  a  current  of  1'3  ampere  flows 
through  these  lamps,  the  rate  at  which  energy  is  given 
out  in  the  lamps  is  approximately  "loT  horse-power. 
If  the  rate  at  which  work  is  done  in  maintaining  a 
current  of  one  ampere  through  a  resistance  of  one  ohm 
were  taken  as  the  practical  unit  of  rate  of  working,  or 
activiljf,  and  £  reckoned  in  volts  and  y  in  amperes,  the 
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rate  at  wliich  electrical  energy  is  given  out  in  the  circuit 
would  be  measuroil  simply  by  £y,  and  calculationa  of 
electrical  work  would  be  much  simplified.  This  was 
^Mtrioiil  pi'oposed  by  Sir  William  Siemens  (Brit.  Assoc.  Addrear 
Aetivity,  1882),  who  suggested  that  the  name  u-ott  should  bf 
given  to  this  unit  rate  of  working.  The  rate  at  which 
energy  is  given  out  in  the  lamps  of  the  above  example 
is  90  X  1"3  ^  117  watts.  A  watt  is  therefore  e<juivaleiit 
to  10"  ergs  per  second. 

The  Eleutrical  Congress  held  at  Paris  in  August  1S80 
has  adopted  the  watt  as  the  practical  electrical  unit  ot 
work,  and  the  term  kilotvalt,  proposed  by  Mr,  W.  H. 
Preece  to  designate  an  activity  of  1000  watts  or  10'° 
erys  per  second.  It  is  intended  that  the  latter  unit 
ahould  be  used  instead  of  the  horse-power.  An  activity 
given  in  kilowatts  can  be  reduced  to  horse-power  by 
dividing  by  1\Q,  or  roughly  by  multiplying  by  4  and 
dividing  by  3. 

Sir  William  Siemens  also  proposed  to  call  the  work 
done  in  one  second,  when  the  rate  of  working  is  one 
watt,  one  joule.  Thus  the  work  done  in  one  second  iu 
maintaining  a  current  of  one  ampere  through  one  ohm, 
or  the  work  obtained  by  letting  down  one  coulomb  of 
electricity  through  a  difference  of  potential  of  one  volt, 
is  ousj'iule.  K  joule  is  therefore  equivalent  to  10^  ergs, 
and  the  work  done  in  one  second  in  the  above  example 
is  \\1  joules. 

The  Electrical  Congreaa  of  August  1889  also  adopted 
the  joule  as  the  practical  unit  of  electrical  work. 

The  practical  unit  of  electrostatic  capacity  is  called 
the  farad,  and  may  be  defined  as  the  capacity  of  a 
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lenser  whicli,  when   cliarged   by  an  electromotive    Ptaetieol 
of  one  volt,  liaa  a  charge  of  one  coulomb.     If  G  Capacitj 
be  the  numerical  capacity  of  such  a  condenser  in  C.G.S.     p^^ 
electromagnetic  unita  of  capacity,  we  have  C=  10"'/'0^ 
=  10~*  ;  or  one  farad  is  equivalent  to  10~^  C.G.S. 

In  some  cases,  when  the  quantities  to  be  expressed 
are  very  large,  units  one  million  times  greater  than  the 
chosen  practical  units  are  employed.  These  are  denoted 
by  the  names  of  the  corresponding  practical  units  with 
■mega  (great)  prefixed.  On  the  other  hand,  for  the  ex- 
pression of  very  small  quantities,  units  one  million  times 
smaller  than  the  practical  units  are  sometimes  used,  and 
are  denoted  by  the  corresponding  names  of  the  practical 
units  with  viicro  (small)  prefixed. 

Such  units  aro  however  rarely  employed,  with  the    Megohn 
exception  of  the  megohm,  used  for  expressions  of  resist-  *"f,,,j' 
ances  of   insulating  substances,   and    the   microfarad, 
which  is  really  the  most  convenient  unit  for  expressions 
of  capacities,-   A  megohm  may  be  stated  as  10"  centi- 
letres  per  second ;  one  C.G.S,  unit  of  capacity  is  equi- 

ilent  to  10'^  microfarads. 

The  practical  units  which  have  been  adopted  may  be  Pi'sotiol 
considered  as  belonging  to  an  absolute  system,  based  on  g„"j"/^ 
a  unit  of  length  equivalent  to  one  thousand  million    Abw'ute 


f 
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quadrant  of  the  earth's  polar  circumference),  a  unit  of 
mass  equivalent  to  one  one-hundred-millionth  of  a  milli- 
gramme, or  1U~"  gramme,  and  the  second  as  unit  of 
time.  The  verification  of  this  in  the  different  cases 
will  furnish  examples  of  the  use  of  dimensional 
1  JJonnuUs, 
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For  exnmple,  let  us  fimi  what  the  expressions  of 
resifttancoH  ami  electromotive  forces  in  C'.O.S,  units 
become  when  tliese  new  iioiis  of  length  and  mass  are 
mibstitutei]  for  the  centimetre  and  the  gramme.  Let  B 
be  the  ntimeric  of  a  resistance  in  U.G,S.  units,  and  R' 
itit  numeric  in  temiB  of  the  new  units.  We  have, 
wsifiy  the  proper  change-ratio, 


R  -  I^LT-^]  =  B 


lU"' 


since  the  unit  of  time  remains  uncliangeil.  One  ohm 
ii  therefore  equivalent  to  10*  CCS,  units  of  rcsiat- 
nnce,  that  is,  10°  centimetres  per  second. 

Agfiin  let  V  be  the  expression  of  nn  electromotive 
force  in  CO.S.  electromngnetic  units,  £"  its  expression 
in  terms  of  the  new  units.  The  dimensional  formula 
for  electromotive  force  in  [-1/1 Z'  ?*''],  We  have  there- 
fore 

Wo  have  only  to  consider  what  [M*  JJ]  becomee. 
This  is  plainly  Cl/10-")»  x  (1/10»)<  or  1/10».    Hence 


E"  =  E 


■  ll)*' 


that  is,  one  volt  is  equivalent  to  10'  C.Q.S.  units  of 
electromotive  force. 

The  following  table  gives  the  numerics  for  the  various 
practical  units  in  terms  of  C.G.S.  unita: — 
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Quantily. 
Resistance 
Electromotive  Force 
Current  Strength 
Quantity  of  Electricity 
Electrostatic  Capacity 


^^v 


Ohm 
Volt 

Ampere 
Coulomb 
f  Farad 

I  Microfarad 


10« 
10-1 
10-' 
10-" 

10-16 


We  have  seen  above  that  if  Q,  Q'  be  the  numerics 
two  quantities,  the  dimensional  formula  of  ffjQ  is 
[C]/[C]p  and  this  of  course  applies  to  the  expressions 
of  the  same  quantity  in  two  different  systems  of  units. 
Thus  if  q  denote  the  numerical  expression  of  a  quantity 
of  electricity  in  electrostatic  units,  and  Q  that  of  the 
same  quantity  in  electromagnetic  units,  the  same  funda- 
mental units  being  employed  in  both  cases,  the  dimen- 
sional formula  of  qjQ  is  [?]/[^].  But  from  the  table 
(p.  523)  we  have  [j]  =  [M^Li  J"']  and  [y]  =  [M* Z*]. 
The  dimensional  formula  of  q/Q  is  thus  the  same  as 
that  of  velocity,  that  is  to  say  5/y  is  equal  to  a  certain 
definite,  velocity,  the  numerical  expression  of  which 
depends  on  the  fundamental  units  of  length  and  time 
employed.  In  other  words  the  number  of  eledrosfatic 
units  of  electricity  which  is  equivalent  to  one  dedjv- 
raagTuiic  unit  is  numerically  equal  to  this  velocity. 

The  same  velocity  is  derivable  from  the  ratios  of  the 
numerical  values  of  any  of  the  other  electrical  or  mag- 
netic quantities  in  the  two  systems  of  units.  For 
instance,  if  c  be  the  numerical  value  of  an  electromotive 
force  in  electrostatic  units,  and  E  that  of  the  same 
laiectroraotive  force  in  electromagnetic  units,  we  have 


Httlio  of 
Ekctro. 
miignetic 


;ilv, 
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for  the  ilimeiiaional  furmula  of  ejE  the  value  [<].  [-B] 
=  [MUl][WtH  r-"]  =  [£-'  T].  The  ratio  ejE  has 
thus  the  dimensioDal  formula  of  the  reciprocal  of  a 
velocity,  and  therefore  Eje,  or  which  is  the  tame,  the 
uumber  of  electromagnetic  uoils  equivalent  to  one 
electrostatic  unit  of  electromotive  force,  is  properly 
expressed  as  a  certain  definite  velocity,  It  is  ea^  to 
see  that  this  velocity  is  identical  with  the  former.  For 
if  q  and  Q  be  the  numerical  values  in  the  ttvo  systems 
of  a  certain  quantity  of  electricity,  then  since  e  and  E 
denote  the  same  electromotive  force,  the  work  cq  must 
be  numerically  equal  to  the  work  EQ.  We  get  there- 
fore Ejc  =  qlQ,  that  is,  tha  two  velocities  are  the 
same. 

By  taking  the  more  general  dimensional  formulas 
given  in  the  table  (p.  523)  we  find  that 

when  \i}\  [C]  refer  to  the  ordinary  systems.  Hence 
the  product  K~^  jj,'^  has  the  (Hmensious  of  a  velocity 
It  is  in  fact  the  velocity  qlQ  above  referred  to.* 

Denoting  this  velocity  by  i',f  we  get  for  the  various 
quantities  the  following  rebtions.  The  numerator  of 
ihc  ratio  on  the  left  of  each  equation  denotes  the 
numeric  (,f  the  quantity  in  electrostatic  units,  the  de- 
nominator the  uutueric  of  the  same  quantity  in  electro- 
magnetic units. 


UNITS  AND  DIMENSIONS 
L  A  given  Quantity  of  Electricity  qjQ  =  v 

„       Current  7/r  —  v 

„       Electromotive  Force  elE=\iv 

„      Electrostatic  Capacitj'  cjC  =  v" 

„      Resistance  rjR  =  Ijv' 

Therefore  if  q  and  Q,  e  and  E,  or  tlie  numerics  for 

■  any  other  given  quantity,  be  determined  in  the  two 
L  Bystcms  of  units,  the  value  of  v  can  be  at  once  obtained. 

Experimeuts  of  this  kind,  some  of  which  are  described 

in  Chapter  X.  below,  have  been  made  by  Maxwell,  Sir 

W.  Thomson,  Weber,  Ayrton  and  Perry,  J.  J.Thomson, 

|H.  A.  Rowland,  E.  B.  Rosa,  and  others,  with  the  result 

■  that  f  =  3  X  10'"  centimetres  per  second  approximately, 
IjOr  very  nearly  the  velocity  of  light  in  air  as  deduced 
Iftom  experiments  made  by  the  methods  of  Fuucault 

'Sod  Fizeau.  According  to  Maxwell's  Electromagnetic 
I  Theory  of  Light  {Electricity  and  Mapidism,  Vol.  11., 
['Chap.  XX.)  this  relation  should  held,  and  thus  tho 
I  theory  is  so  far  confirmed. 

In  the  present  chapter  we  have  considered  only  the 
■'scalar  magnitudes  of  electric  and  magnitic  t{Uatiti1ies. 
TFor  an  instructive  discussion  of  ihe  Theory  of  Dimen- 
Ewons  from  a  vector  point  of  view  the  reader  may  refer 
1  paper  by  Mr.  W.  WUIiams,  Fhil.  Mag.  Sept.  18D2. 


CHAPTEB  X 
ABSOLUTE  MEASUREMENT  OF  RESISTANCE 


ataiidnrils 
of  Bcsitit- 


In  order  that  all  the  results  of  electrical  experiments 
may  be  expressed  in  absolute  units,  realized  absolute 
units  of  reaiatanco  must  be  available.  An  electric 
cun'ent  can  bo  measured  at  any  time  in  absolute 
units,  as  we  have  seen,  by  means  of  a  proper  atandnrd 
galvanometer  or  current  balance.  When  the  absolute 
value,  R,  of  the  resistance  of  a  coil  of  wire  is  known, 
ft  difference  of  potential  e.tpreaied  by  any  chosen 
number  of  abaoJute  units  can  be  produced  by  causing  a 
current  of  the  proper  strength,  7,  to  flow  through  the 
wire.  If  the  wire  is  not  the  seat  of  any  electromotive 
force,  the  difference  of  potential  between  two  points  in 
the  wire,  close  to  the  ends,  is  yfi.  By  this  mode  of 
reali7.ing  differences  of  potential  the  electromotive 
forces  of  voltaic  cells  have  been  determined;  and  such 
cells  can  be  used  in  their  turn  as  practical  standards  for 
the  comparison  of  differences  of  potential.  A  realized 
standard  of  resistance  is  thus  of  fundamental  import- 
ance in  absolute  electrical  measurement. 

Various  methods  for  the  absolute  n;easurement  of 
resistances  have  been  devised,  and  a  few  of  these  most 
suited  to  give  esact  results  have  been  canned  out  with 
great  care   and  experimental  skill  by  several  cxperi- 
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rteeoters.  We  give  here  a  general  account  of  theae  m- 
Testigatiotis,  going  however  into  full  detail  regarding 
only  one  or  two  of  the  more  recent,  and,  on  account  of 
the  accumulation  of  experience,  presuuiably  the  more 
exact  of  them. 

The  nictliods  may  be  clasaeil  in  three  divisions : —  Method 
1.  Those  in  wliich  electromagnetic  induction,  of  which 
the  amount  can  be  calculated,  is  employed  to  generate 
a  current  in  the  conductor  the  resistance  of  which  is  to 
be  determined.  The  strength  of  this  current  depends 
pa  this  resistance,  and  is  measured  directly  or  indirectly 
Do  that  it  enables  the  resistance  to  be  found.  II.  Those 
bnsed  on  Lorenz'a  method,  in  which  a  continuous  dif- 
ference of  potential  between  the  terminals  of  the  given 
conductor  is  produced  by  electromagnetic  induction,  and 
is  balanced  by  a  difiference  of  potential  independently 
produced  by  a  current  y  flowing  in  the  conductor. 
III.  Joule's  method,  in  which  the  rate,  y^E,  of  genera- 
tion of  heat  produced  by  a  measured  current  7  in  the 
conductor  is  determined,  and  the  resistance  deduced  by 
dividing  by  7*. 

The  First  method  of  type  I.  which  we  describe  is  that  Kimh* 
lae  to  Kirchhoff.*  Two  coils,  C^,  (7„  between  which  ^^^^_ 
-ihere  is  a  mutual  inductance,  M,  are  joined  up,  as  shown 
dia^rammatically  in  Fig.  128,  with  a  battery  and  gal- 
vanometer, and  the  resistance  R  to  be  determined.  The 
steady  current  deflection  of  the  needle  is  first  observed. 
Cj  is  then  removed  from  the  position  in  which  the 
mutual  inductance  is  M,  to  one  in  which  the  mutual 
inductance  is  zero,  and  the  first  throw  of  the  galvano- 
•  Fogg.  Ann.  IB,  (IMS). 
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meter  is  noted  (together  with  t!ie  succeeding  elongatioiia 
to  eniible  n  correction  for  damping  to  be  applied)  If 
X  be  tbe  total  induction-flow  through  the  galvanometer, 
1  Ihe  steady  current  in  G,  and  the  resistances  P,  Q,  of 
ACjB,  BC^,  respectively,  be  each  great  in  comparison 
with  S,  tlien  we  h.ive  very  approximately 

■B  =  JC (1) 


If  the  galvanometer  deflections  fur  steady  currents 
follow  the  tangent  law,  and  0^  be  tbe  deflection  producod 
by  the  steady  current,  6^  the  induction  throw,  corrected 


for  damping  and  torsion  of  the  fibre  if  it,  exists,  and  T 
the  complete  period  of  oscillation  of  the  needle, 


so  that 


X        T  sin  it's 


R  =  M 


T  tan  e. 


It  two  different  galvanometers  are  used,  one  of  constant 
C,  to  measure  the  steatly  current,  and  a  ballistic  galvano- 
meter of  constant  G^  to  measure  the  transient  current, 


and  H,  R 


METHOD  By  INDUCED  CITRBESTS 
3  values  of  the   earth's 


mtal 


r components  tvt  their  reapective  needles,  then  instead  of 
|,.{2)  we  have 


,E   (?,  IT  tan  fl, 

D,  =  al    777  TT    ...    ■     ia  ~  ■ 
H     ffj    7   smstfj 

To  I  rove  equation  {1)  let  b,  /,  be  itie  nitirent 
f  Slid  in  tba  gnlvunometer  at  any  instant  during  the  change 
the  inductance,   and    !.■,.   I.^,  tlie   Belf-induclnncee   of  tiie   two 
circuita  JCiBA,  ABC^A,  R  being  supposed  devoid  of  Belt 
indaclRDCe.    Then  these  circuitB  give 


the  battery  Theory  of 
}  change  of      Kirch- 


Liii  +  Mx  +  (P  +  R)i  - 


Bi  =  i 


I  where  S  is  the  eU  ctromotlve  force  of  the  bstlerj'. 

Integralirg  IheSQ  equations  over  the  (very  (sliort)  ir 
Y  of  change  ot  the  mutual  inductaDce  from  M  to  0,  we  gi 

-  m,  +  (P  +  fi)u  -  Rx=rEdt  =  o\ 

-  Jtf".  +  (0  +  -»)*-««  =  0  J  ' 
But  when  the  currents  are  steady  the  Eccond  of  (3)  ii 

(I?  +  B)i.  -  Ri.  =  0. 


Bliminnlingu  betwei 
htedactiuD 


I  the  tno  eqiintiors  of  (4),  and  putting 
ven  by  the  last  equation,  we  God  after 


_  jf(P  +  fl)  «?  +  «)  + g 
S  {/'  +  E)iq  +  R)  -  R* 


R  I 


iP  +  -fl)('2  +  -«J 


+  &C 


(5) 


If  P,  Q,  be  e.ith  great  in  cotnpnrisnn  with  R,  Wk  gives  (1), 

j  Equation  (2)  follows  liy  ihe  theory  of  t!ie  hslliiitic  gnlviinometer. 

""liis  investigation    is   practically   Mnxweira   verainn  of  ihc 

leis   followed   originnlly   by   KirclihofE.      Tl  e   result   mtiy 

ever  be  obtained  somewlint  moredirectly  as  follows.  Wlii-n  M 

innlled  an  integral  electromotive  force  of  amount  .¥■,  octH 
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in  Cj,  and  iingther  of  amount  Mr,  in  C,.  The  indiiction-flow  due 
to  each  through  tlie  galvanometer  has  the  esme  direction,  since 
on  nccount  of  the  opposite  aigns  of  the  inductions  through  C,, 
(?j,  the  currents  induted  in  lliem  are  in  opposite  directions  round 
llieae  coils.     The  fluw  through  the  galvanometer  due  to  Mi,  is 

M^±^i. 

Mi.  H  ^  M  (Ml*)  {QJ:  -ff) . 


Q  +  -, 


P  +  M 
Thatdiie  to  JlTit  is 


«+, 


\-« 


"^  ti  +  ji 

Adding  theBo  we  get  for  tlie  toiul  flow  tbrougli  llie  giilvano- 

II  (f  +  S)  (Q  +  R)  +  If  . 
K  C  +  «)(«  +  «  -  '!•  " 

which  Hgrees  with  (6). 
Delenni nations  by  this  method  have  been  nude  by  Rowland 
kowkad'a   at  Baltimore  iind  Qlozehrook  at  Cambridge.     In  both  seta  of  el- 
and Glaze-  periments  the  arrnngement  of  coils  wns  not  disturbed ;  but  the 
induction-flow  was  produced  by  the  simple  expedient  of  revers- 
ing the  current  in  the  coil  C^.     Rowland  used  a  Dpcclai  batltslio 
galvanometer  to  measnre  the  transient  current,  and  a  comparison 
uf  its  constant  with  that  of  tlie  gHl  vanometer  used  for  the  steady 
current  gave  tlio  necessary  data  for  calculating  i,/r. 

In  Gill  KB  brook's  determination,*  however,  the  same  gnlvano- 
meter  was  used  for  the  measurement  of  both  transient  iind 
steady  currents,  being  shunted  for  the  latter  purpose  so  that 
only  a  fraction  h  of  the  current  i,  produced  Ine  dcReclion  ^, 
of  the  needle.     Thus  inslend  of  (ti)  the  formula  of  calcultition 


R  =  2.W  l 


n  0.    \ 


(«) 


was   applied,    the   deflections   of    course   being   corrected   for 
damping,  &<;.    The  factor  2  is  introduced  on  the  right-hand 

•  Phil.  TrwM.  R.S.  18B3. 
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f  side  as  the  current  was  reversed,  nnd  therefore  the  iniiuctioii 
changed  by  2M. 

Tlie  fallowing  are  the  particulare  of  the  coils  used  by  Glaze-   I 
brook,  wbicli  were  wound  with  great  care  by  Profeasor  Chrystiil 
for  ft  similar  investigatiorL    The  two  coils  are  distinguished  as 

,   ^  and  B.     Tbey  were  wound  with  well-ioBulnted  copper  wire. 


£ 

Ncsm. 

Mean  raJiua  in  club.  (n).    .    .     . 

25-763 

25-766 

26-760 

Axial  breadth  of  section  (2i).     . 

rR96 

1-899 

1-B97 

Kadiftl  depth  of  section  (2rf)  .    . 

1-92 

1-90 

1-91 

Number  of  turns  of  wire  .    ,    . 

797 

791 

7y4 

BeBi8tanoe(appruK.)  in  B.A.  uuils 

84 

83 

167/2 

The  positions  of  the  mean  planes  were  estimated  from  the 

I   dimensions  of  tlic  ring  channelB  in  which  tlie  wire  wax  wuund, 

<    and  any  doubt  as  to  tlie  exact  ponitionH  in  these  channels  was 

eliminated  by  rtvening  tlie  bubbina  relatively  to  the  distance 

pieces  between  liiem. 

The   galvanometer   used   was   an    inalrument   also   specially    ' 
wound  by  Professor  Chrjslal.     It  consisted  of  two  coils  about 
4  incbes  in  diameter  and  23/3*2  of  an  inch  apart.     Tbesc  coils 
were  movable  about  a  venicai  hxIh  round  a  graduated  circle 
^  could  he  fixed  in  the  magnetic  meridian. 

The  needle  wan  of  hard  steel,  nnd  1-5  cm.  in  length,  and  weighed 

''7UB'gramme.    It  was  suspended  in  a  stirrup  of  brass  on  wliich 

t  was  6xed  the  mirror,  and  a  projecting  stem  of  brass,  on  which 

}  braes  weights  were  screwed  to  increase  the  period.     The  whole 

t  weighed  6'6  grammes,  and  wus  suspended  hy  three  fibrea  of  silk 

V)  cms.  long. 

The  scale  was  of  paper  divided  to  millimetres,  and  compared 
I   with  a  standard  Bcale. 

ii.'h  experiment  made  included  eight  observntions  of  throw, 
two  of  steady  current  deflection,  and  cadi  set  of  ezpeii- 
Is  cunsiated  of  four,  one  for  each  of  (he  four  positions  in 
r  which  the  pair  of  coils  could  be  placed  by  reviTsing  ihem  with- 


ter. 
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Final 
Result  of 


dinnging  the  distntiee  between  iheir  centres, 
were  made  fur  llie  dialanto  15  019  cn)!i.  of 
se  gnve  ns  a  result 


Tliree  m: 


I  I 


iiiit  = 


Three  Beries  of  cxpcrimer 
mnnner  for  three  different  disi 
18-352  emB..  215  602  cms. 

Differenl  batteries  were  use 

coil  were  varied.    The  mean  i 

fl  =  l 


ere  afterwards  made  in 
8  of  menn  ptanea  16-019  ci 


B  X  lO"  C.G.S. 


:lor,  the  regis'anee  of  which 
■opper  wire,  it  is  rcceaeary 
leat  Ihe  reault  ahouM  be  affectrd  by  variation  nf  temperature 
to  tnnke  frequent  eumpnriaons  of  the  resistance  of  tlie  full  with 
thnt  of  a  platinum,  silver  or  Germivn  ailver  Btnndard. 

Expressed  in  B.A.  units,  R  wns  found  by  snub  a  comparison 
with  B.A.  ulandards  to  he  160S20  at  12"  C,  and  the  rOHults 
reduced  to  this  temperiilure  for  coiiipnrison  gave  for  tlie  B.A. 
unit  the  follou  iag  vulues  : 

Scries  A.     4  sets. 

■98633  X  10"  C.G.S. 
Series  B.    2  acta. 

■98558  X  1C»  C.G.S. 
Series  C.     3  seta. 

■98G78X  10»C.G.  . 
ary  result",  with  half-weights  given  to 
iition  gave 
1  B.A.  unit  =  -986271  X  10"  C.Q.S. 
Glnzebrook  has  made  a  redfterminiilion  by  tliis  melliod  of  iho 
value  of  Ihe  aA.  unit,  and  baa  given*  as  ihe  m^ati  of  .ill  hi, 
results 

1  B.A.  unit  =  -98665  X  10»  C.G.S. 

In  this  method,  apart  from  observntions  of  galvanometer 
dfflpclionH,  accuracy  depends  on  the  esact  deteniixnation  of  M, 
which  is  a  linear  quantity.  The  eoila  used  have  had  generally 
the  same  radiua,  and  the  effect  of  errors  in  the  mcaaorement  of 
theirrndii  and  distnncts  apart  have  been  estlinnted  as  follows 

•  B.A.  Report,  1890. 
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M'hy  Lord  Rayleigh.*     If  we  ilenote  ttia  main  rndiua  of  the  ■ 
(Buppoaed  tlie  HAMie  in  butli)  bv  a,  nnd  the  distnnce  apart  of  tliei 
mean  p'anes  by  6,  and  (fl/M)  dMida.  (i/.V)  dMIdi.  by  X,  /* 


1^  =  X   * 


+  "7 


nrliich  cnnblsB  tlie  effects  of  the  errors  dn/a,  db/b,  to  be  estimated. 

Tbe  eipreHBion  for  M  in  terms  of  a  and  b  is  given  by  (142)  nl    Examitm. 
p.315abovB,and  the  known  vtilues  (see  Appendix)  uiM{Hn-Jaa')      tioii  of 
for  different  values  of  y(=  sin-i  2  VoV/  V(o  +  «')'  +  *"),  enables    Difefwt 
tbose  of  X  and  fx  to  bo  found.     It  is  clear  tlint  since  M  increases 
as  b  ditninishea,  and  vice  vend,  n  must  always  be  negative; 
X  must  tliercfore  be  always  greater  than  unity. 

If  b  be  great  in  compariaon  with  a  it  is  clear  that  ^will  vary 
aa  «*/(',  and  therefore  X  =  4,  /i  =  -  3.  This  is  a  very  unfavour- 
able case,  as  then  errors  in  a  ami  b  are  unduly  multiplied  in  ^■ 

Again,  if  b  be  small,  tt  is  clear  that  ii  '\i  nearly  zero,  and  this 
may  be  verified  by  differentititing  liio  npproximnte  expression 
Aira  log  {i*alb  -  2).  Still  any  error  db  in  b  may,  if  b  is  small,  be 
ooin|Mrable  with  b  itself,  and  thus,  although  ft  may  be  small, 
liibfb  mty  be  sensible.  Further,  tha  correction  for  cross-section 
is  of  greater  rolative  importnnoe  in  this  ease  ;  and  thus  for  two 
reasons  it  is  preferable  to  keep  b  of  moderate  value.  Lord  Ray- 
loigh  gives  the  following  table  for  intermediate  values  of  b  : — 


r  This  table  shows  that  for  equal  values  of  da:a,  and  dbjb,  the 
(amertcal  values  of  the  errors  in  M  are  roughly  ns  2  to  1. 

•  Phil.  i{«g.  Nov.  1882. 
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Method        With  regard  to  tlie  current  meaBurements,  it  is  to  be  noticed 


ment  of"    ^^-'A^^ctions  aH  read  off  in  scnle  diviHions  (see  p.  486;. 

Scale  LoTd  Kayleigli  is  of  opinion  that  by  using  still  larger  coils 

Distances.  ^^^^^  those  employed  by  Glazebrook,  with  the  same  number  of 

turns  of  wire,  the  accaracy  of  experiments  by  tin's  method  might 

probably  be  still  further  increased.     The  greater  value  of  J/, 

and  the  greater  conductance  of  the  wire,  w'ould  give  greater 

sensibility,  and  the  linear  measurements  could  be  more  exactly 

m^ide.    A  relatively  small  vulue  of  the  radial  breadth  of  section, 

the  chief  element  in  the  correction  for  cross- section,  might  then 

also  be  used. 

,        The  induction  coils  used  in  Rowland's  experiments*  were  made 

Rowlands  by  winding  164  turns  of  fine  silk-covered  wire  in  each  of  three 

^J}'     accurately  turned  brasn  bobbins  ^J,  B,  C).     Their  mean  radii 

D^urUof  ^^^^  ref*pectively  1.3*710  cms..  13*6l*<!)cms..  13*720  cms.,  and  each 

Induction  ^^^^  ^         *'  depth  of  *90  cm.  and  an  axial  width  of  "84  cm. 

Coils.  These  bobbins  were  u^ed  two  at  a  time,  and  were  made  with 

carefully  groimd  ends  so  that  they  could  be  fitted  end  to  end 

with  their  axes  in  line.     Each  pair  could  of  course  be  placed  in 

four  p'ositi'-^ns  relatively  to  one   another  without  altering  tlie 

distance  b*rt-A-een  their  mean  planep,  an>]  as  all  four  were  used  in 

e.-'ch  ca^e,  the  8;itrhte«t  uncertainty  as  to  the  exact  distance  of 

the  coils  af'iirt  w  i.i  eliniinited  by  combination  of  the  results. 

The  distance  *A  tiie  bobbins  was  measured  for  each  position  by 

means  of  a  oithetometer  applied  at  three  different  points  in  the 

circunif«trrer.-:e. 

The  Til;:es  of  J/ were  calcilated  by  the  elliptic  integral  formula 
Value  of    already  g^iven.  and  a  c-rrection  was  made  for  the  cross-section  of 
•*'*         each  coil  a?cord:r.,;r  to  li.e  formula  at  p.  522  above.     ITie  renulti* 
were  n*  fo.Iows:  — 


J*::i  B. 

AtxAC. 

B  and  C. 

Mear.  di*:^:::-?  a- 

par:  .     .     .     .         66^4  cms. 

9*574  cmF. 

11'471  cms. 

Valu-    f  .V  .     .    377c;oCv  cn.5 

2561&74  cms. 

2051320  cms. 

>n':--A-'«  An^ciican  Joonial,  15  (1878). 


METHOD  BY  INDUCED  CDKEENT3 

Tha  balliaiic  galv&nomoter  was  compoxed  of  two  coils  con- 
tuiniog  bolweiin  tlietii  1,790  turOB  of  No.  22  silk-covered  copper 
wire,  wound  on  s  brass  cylinder  8'2  cms.  long-,  and  116  cms.  in 
diameter,  in  rectangular  grooves  3  cms,  deep  nnd  2'6  cms.  wide, 
A  saw -cut  iilong  liie  cylinder  prevented  the  circnlation  of  induc- 
(ioD  currents  round  it.  Tlie  coil  was  mounted  so  tliat  it  cnuld 
lie  turned  about  a  vertical  axis  to  any  rotiuired  azimuth,  and  its 
position  determined  by  a  horizontal  circle  below.  Tliis  circle 
was  finely  graduated,  nnd  wns  read  to  3(r  by  a  couple  of  verniers. 

Two  different  needles  were  used  in  each,  consisting  of  two 
thin  laniiniB  o£  hard  steel  attached  to  the  two  sidea  of  a  square 
piece  of  wood  so  that  the  magnetic  axis  could  not  vary  in 
position.  One  needle  was  I'27  cms.  long,  and  had  a  period  of 
7'8  seconds ;  the  length  of  the  other  waa  1'20  cms.,  and  iia 
period  11-5  seconds.  The  moment  of  inertia  of  each  was  aug- 
mented by  brass  weights  carried  by  wires  extending  in  the 
direction  of  the  magnetic  axis.  Each  needle  wan  suspended  by 
three  single  tibres  43  cms.  long.  The  torsion  of  these  libres  was 
eliminaled  from  the  result,  ae  will  be  seen  below,  except  as 
regarded  the  period  of  vibration,  and  for  this  an  allowance  wna 

A  brass  bar,  passing  through  the  opening  below  [ho  needle, 
carried  a  small  telescope  by  which  the  mirror  was  observed  when 
the  constant  of  iho  coil  was  compared  with  that  of  another. 

The  constant,  Oj,  of  the  coil  waa  determined  first  by  calcula- 
tion from  its  dimensions,  and  by  comparison  with  that  of  the 
large  double  coil  of  i<n  electiodynamometer  constructed  on 
Helmlioltz's  plan  (p.  366  above).  This  coil  had  a  constant  of 
7tt'37  by  calculation.  In  the  comparison  the  ballistic  galvano- 
meter waa  used  with  its  graduated  horizontal  circle  as  a  sine 
galvanometer. 

After  a  conipariaon  had  been  made  the  instruments  were  inter- 
changed, and  the  comparison  repeated  to  eliminate  the  ratio  of 
the  Vitloes  of  H  at  the  two  places. 

Seven  detemiinatione  gnve  as  a  mean  result  Cj  =  1833'G7, 
with  n  probable  error  of  ±  -09,  and  calculation  gave  «,  =  1832-2i, 
The  former  result,  being  probably  considerably  the  more  accu- 
rate, was  given  double  weight,  and  a  moan  then  taken  with  the 
latter,  which  gave  6^=  163319. 

A  tangent  galvanometer  waa  used  to  measure  the  steady 
current.  This  was  a  circle  50  cms,  in  diameter,  and  had  a 
needle  2-7  cms.  long,  the  deflection  of  which  wns  read  by  a 
pointer  moving  round  a  graduated  circle  20  ems.  in  diameter. 
Parallactic  error  was  avoided  by  placing  the  circle  on  a  level 
with  the  needle  which  moved  round  inside  it. 

N  N   2 
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ABSOLUTE  UEASUBEMENT  OF  RESISTANCE 

The  constant  of  tliis  galvanometer  was  compitred  with  that 
of  B  single  circle  of  wire  82'7  cms.  iii  diameter,  wound  on  a 
ring  made  of  ptecee  of  wood  laid  togetlier  with  tlie  grain  in  tiie 
direction  of  the  circumference,  and  carefully  turned  with  a 
amall  groove  tienr  one  aide  to  receive  the  wire.  The  length  of 
the  wire  wan  269-68  cma.,  giving  n  mean  radiua  of  41'31344  cmn. 
Thia  circle  waa  made  to  Burruund  the  boliiBtic  Kalvanometer 
coil,  but  at  a  diatance  of  11  cm.  on  one  aide,  to  allow  tlio  tube 
oarryiDg  the  auapenHlon  fibre  to  paaa.  Thua  tiie  conatsDt  of  the 
circle  was  -161925. 

The  same  current  being  sent  through  the  tangent  galvano- 
meter eoi!  and  the  ring,  and  6.,  O',  being  tlieir  reapective 
conatants,  we  bare,  if  a,  a',  be  the  angular  deHectiona  of  tlie 
needles, 


IP 


fan  a' 


B'      W  tan  o ' 

Eqnation   '"**  '^'*  replaces  ff/ff'  in  (2'),  which  becomea 
for  A 

J?  .  if  !!:  ?«  "^  i^Ll- (7) 

T  0'  tan  a   sin  iiJ, 

where  tf|  is  the  balliftlc  deHectioD  corrected  for  damping. 
Advan-         This  method  avoids  the  difficulty  of  accurately  determining 
tJigM  of     H/H'  by  vibration  of  a  needle  at  the  two  places,  and  gives  the 
Procedure  further  great  advantage  tliat  the  distance  of  the  mirror  from  the 
adopted.    Bcgie  of  the  ballistic  gnlvanometer  only  enters  e.b  a  correction 
on  the  ratio  tan  a'/sin  jflj.     The  same  factor  of    correction  for 
torsion  aSected  both  tan  a'  and  sin  \6^  so  that,  with  the  excep- 
tion of  a  email  correction  on  the  period  T  of  the  needle  of  the 
ballistic  galvanometer,  all  allowances  for  torsion  were  eliminated. 
Blill  further,  since  a  and  6  can  he  made  nearly  equal,  the  correc- 
tion  for   length   of   needle   in   tanS/tana    is    almost    entirely 
obviated. 

The  apparatus  was  set  up  in  a  separate  building  in  two  rooms 
on  the  ground  floor.  The  galvanometers  were  on  brick  piers, 
with  marble  tops,  and  were  very  carefully  adjusted,  and  all 
connecting  wires  were  twisted  together  to  avoid  magnetic  effect. 
This  adjustment,  as  well  as  the  insulation  everywhere,  was 
carefully  tested. 
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METHOD  OF  EARTH-ISDUCTOR 

Tbe  esperinientB  were  mainly  made  by  aimply  revereing  tlie 
battery  current  and  observing  tlie  throw;  but  the  metbod  of 
recoil  was  also  Uied.  Series  of  eiperinienta  were  made  witb 
each  pair  of  iadiiclion  coils  J  and  B,  B  and  C,  C  and  A. 

The  time  of  vibration  was  obHCrred  at  the  beginning  and  end 
of  eseh  series  cf  obaorvalioiis.  The  needle  was  allowed  to 
vibrate  for  10  eecundH,  aod  ten  obaervaliona  were  made  before 
and  after  that  interval.  Time  was  taken  on  an  accu 
chronu  meter. 

'l*ke  meun  result  of  a  long  series  of  experiments  gave,  after 
■   ns  for  temperature  of  coils,  Ac,  34-719  X  \^  cms. 
le  value  of  R.    Comparing  with  "  10  ohm"  standard 
poBsessioD,  and  with  a   reiiietance  box  by   Elliott, 
rofeHSor  tiowlaud  came  to  the  conclusion  that 
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Two  methods  of  the  first  class  are  due  to  W,  Weber. 
The  first  is  very  simple,  A  coil  mounted  with  its  axis 
of  figure  horizontal  and  in  the  magnetic  meridian,  and 
having  its  circuit  completed  through  a  ballistic  galvano- 
meter, is  quickly  turned  through  half  a  revolution  round 
a  vertical  axis.  If  A  be  the  effective  area  of  the  coil 
(the  sum  of  the  areas  of  its  spires),  and  II  tbe  hori- 
zontal component  of  the  earth's  field -intensity,  a  change 
of  iniiuction  of  amount  'iAH  through  the  coil  is  pro- 
duced. This  raeiviurea  the  integral  electromotive  force 
in  the  coil,  and  hence  if  the  circuit  be  completed,  and 
include  a  total  resistance  It,  the  total  quantity  of 
electricity  which  flows  through  the  circuit  x^lAHlR. 
This  is  not  affected  in  the  least  by  the  inductance  of 
the  circuit. 

The  galvanometer  deflection  is  observed,  and  also  the 

elongations  foUuwing,  to  allow  damping  to  be  corrected 

for.     By  ibe  theory  of  the  ballistic  galvanometer,  if  T 

the  complete  period  of  the  needle,  G  the  principal 
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ABSOLUTE  MEASUREMENT  OF  RESISTANCE 

galvanometer  oonstant,  H'  the  horizontal  compouent  of 
the  earth's  magnetic  field  at  the  needle,  and  6  tlie  ob- 
served deflection,  the  total  fluw  through  the  instrument 
i3  i/rsin  idj-nG.     Thus  J 


2AH' 


HT 


sin  ^d 


M  rsinitf 


(8) 


In  general  H  is  very  nearly  equal  to  H',  but  it  will 
not  do  to  assume  absolute  equality ;  and  the  two 
quantities  must  be  compared  by  observing  the  periods 
of  vibration  of  a  horizontally  suspended  needle  at  the 
two  places. 


■Webcr"B        Weber  eraployeil  tlie  method  of  recoil  (p.  396  nbove)  in 
Mode  nf    observotiMia.    Turning  the  coil  first  Uirough    Ifi'J"  ' 


llie 
nitial  poBition,  lie  observed  one  deflection  (positive,  eny)  und 
tbe  following-  along  ition.  Tben  wlien  the  needle  wfts  p&Bsinff 
through  zero  the  second  time,  he  brought  the  coil  buck  to  ilB 
original  position.  This  brouglit  the  needle  to  rest,  and  finnlly 
defldcied  it  to  the  negative  side  of  Kero.  Tliia  deflection  wsi 
observed,  and  the  following  elongation,  and  then,  nt  the  second 
puBsage  through  eero,  the  Buma  aerieB  of  operationa  was  begun 

1        Lord  Hiiyleigh  has  pointed  out  thnt  if  a,  a',  bo  the  menu  radiuH 
1.  of  tbe  indiiolor  and  galvaiiomster  coIIb  raapBclively,  llie  product 

a  A  =.  2jr>  l', 

so  that  error  of  luenn  radiim  hae  double  the  importance  in  the 
inductor  coil  that  it  has  in  the  galvsnon.etei'. 

Great  care  is  necessary  in  levelling  the  inductor  as,  on  scconnt 
of  the  largeness  of  the  vertical  component  of  the  earth's  lield  In 
hieh  latiludea,  any  deviution  in  tlie  plane  of  tlic  meridian  of  the 
of  rotation  friim  verlicality  will  k-ad  to  error  of  llio  same 
r  in  the  result.    Thus  if  the  axis  bo  inclined  tu  the  vorticiil 


METHOD  OF  EABTH-INDDCTOa 

1  of  tl.e 


at  a  Hmnll  angle  a  in  the  piano  of  tlie  meridian,  we   miiet  u 
i.iBtea.1  of  J  tlie  value  J{1  -{-  a  Ian  /)).  wlier 
noiic  dip. 

This  laelliod  wiis  used  by  Weber  liirasiilf,  nnd  later  by  Wober  Weber  1 
and  F.  Zollaer.  In  lUo  latter  experiinenta  rery  large  inductor  "id  T 
and  galvanometer  coils  were  used.  Each  conaJBted  of  12  layera  ZollnOTlft 
of  copper  wire  3  mm.  thick,  60  turim  in  a  layer,  wound  on  ^^P'^  | 
bobbins  of  well-seosDiied,  oil-snaked  mahogany.  The  dimensions 


Int.  RidLlu. 

E»t  R«mi.. 

htagUL 

Inductor     .     . 
Galvanometer 

.    480414  cmi 

.    48-032  omB. 

61  9461  cms. 
620797  ma. 

25-420  cms. 
25-420  cms. 

For  the  galvanometer  needle  was  used  one  or  other  of  two 
magnets  of  loDRtha  10  erne,  and  20  cmi.  respectively,  and  the 
deflections  were  read  by  rne-tna  of  a  telescope  and  scale  in  the 
ordinary  iimnrier.  The  research  was  carried  out  in  a  room  of 
the  observatory  at  Leipzig,  aubjt^ct  to  varying  magnetic  disturb- 
nnues  and  to  variatiutia  of  temperB:ure,  and  was  intended  merely 
us  D  test  of  the  appanttiu. 

The  resistance  of  the  circuit  of  the  indiictor  given  by  the 
experinienta  came  out  slightly  greater  witli  the  shorter  needle 
thun  witli  the  otiier.  This  waa  to  be  expected  aa  the  deflection, 
6.  with  the  ahorler  miignet  mnst,  on  aoeount  of  the  greater 
distance  on  the  whole  of  its  luaguetic  distribulion  from  the 
current,  have  bt^en  slightly  smaller  th.-in  the  deflection  in  the 
other  ca.-te.     It  is  obvious  that  the  needles  were  much  too  long. 

A  careful  determiniilion  of  the  nljin  hua  been  made  with  these 
coils  by  Prufesaor  G.  Wieili^mann.*  The  apparatus  was  set  up 
in  a  room  of  very  constant  temperature  in  the  University  of 
Leipzig,  A  rhombus- shaped  steel  plate,  with  attached  glasa 
iiiirrufjWaa  hung  with  its  plane  vertical  and  its  longest  diameter 
horizitntal,  aod  being  magnetized  in  the  direction  of  tliis  iliagunul 
served  aa  needle.  The  needle  carried  beneatli  it  a  burizontal 
metal  bar  on  which  weights  could  be  slided  to  alter  the  moment 
of  inertia  of  the  auspended  system. 

The  coila,  having  been  levelled,  were  each  adjusted  until  the 
same  current  sent  iii  opposiie  directions  produced  equal  deflec- 
tions of  a  needle  hung  within  the  coil.  Their  asee  were  then  at 
right  angles  to  the  mngnotio  meridian.     The  galv 
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ABSOLUTE  MEASUUEMKKT  OF  KESISTANCE 

was  tlien  lixcd,  «nd  the  inductor  turned  Ihrougli  nn  an^Xe  uf  90°. 
This  angle  was  menBiired  by  meuns  of  a  riglit-aogled  glass 
prism,  by  observing  it  telescope  scale  by  reflecrion  in  one  of  the 
rectangular  faces  (wliicli  were  verticul),  and  turning  the  coil 
until  the  sniiie  division  fame  to  Uie  cross-wires  by  reflectiou 
from  tlie  other  face. 

An  arrangoiiienl  of  utopa  was  then  provided  so  tluit  the  ooil 
could  be  turned  from  Ihis  poaillon  through  exactly  ISO°  and  back 
flgnin.  The  coil  waa  turned  a  number  of  times  in  succession 
suddenly  through  this  angle,  always  when  tlie  needle  hiid  returned 
to  its  zero  position,  so  that  the  di-flection  was  multiplied  as  Ear 
as  the  limits  of  the  scale  would  allow. 

The  successive  deflections  d„  6^  Ac,  if  the  current  was 
opplied  when  the  needle  was  accurately  at  uero  in  each  case,  were 
related  to  the  quantity  Q  of  electricity  which  flowed  through  the 
citcuit  at  each  half  turn  of  the  coil  as  follows:  $^  =  K<i, 
*,  =  KQt->;  KQiX-*-^)  Q,  ...,  where  J" has  the  value  stated 
in  (39),  p.  398  above.  These  were  observed  and  the  observa- 
tions combined  in  a  single  formula  for  Q,  wbioh  equaled  to 
iAIIIH  enabled  R  to  be  calculated. 

The  periods  T,  'I",  uf  a  needle  vibriited  at  the  galvanonieler 
and  inductor  respectively  wore  observed,  and  Ilie  ratio  T'/l"* 
gave  the  value  of  H'lH  lequircd  as  shown  in  (8).  Tlieee  were 
obtained  by  observing  the  oscillations  with  n  telescope  and  scale, 
and  registering  the  passages  of  diflereot  points  of  llie  scale 
across  the  wires  by  means  of  a  chronograph. 

The  effect  of  torsion  of  the  suaponsJon  fibre  was  found  by 
turning  a  torsion  head,  to  which  the  Sbre  wa$  attaulied,  through 
a  measured  angle,  and  observing  the  corresponding  deflection  of 
tbe  needle.  Thus  when  the  torsion  bead  won  turned  through  an 
angle  n,  and  the  needle  ihrougb  an  angle  0,  tlie  return  couple  on 
the  needle  was  J/Z/sind,  and  the  torsional  couple  C(,a~  0), 
wliere  Cis  u  constant.    Thus 

C  " =  llfTr,  say. 

Hence,  when  the  needle  in  tlio  experiments  was  deflected 
through  an  angle  6,  [he  return  couple  upon  it  was  MH(siu  6  +  ri), 
or  nearly  enough,  as  the  deflections  were  small,  MU(\  +  T)fl. 
Thus  instead  of  the  value  of  It  at  the  galvanometer  needle  was 
usediy(l  +t). 

The  dimensions  of  the  coils  were  measured  by  determining 
their  inner  and  outer  circimilerencea  with  a  steel  tape,  and  as  a 
check  by  measuring  three  diaiuelors  at  intervals  of  60°  apart,  by 
iiieuns  uf  a  cathelometcr. 


I 


e  diatance  of  tbe  scale  from  tlie  mirror  was  first  ineasiired  Measura- 
I  by  means  of  a  ateel  tape  on  wiiicli  wore  slEiliDg  pieces  furoifilmd  ment  of 
witli  points,  wtiicli  were  brought  iigairiBt  tbe  mirror  and  gcule  Diatance 
respectively  ;  then,  by  means  of  nn  nuxiliary  scnle  placed  bori-  of  Scale. 
lontally  in  the  verticnl  plnne  through  the  cenlres  of  the  telescope 
anil  mirror,  on  which  the  corresponding  positions  of  the  mirror 
and  reading  ecule  were  observed  by  nieuns  of  a  cathelometer. 

ExperimentH  were  made  first  with  Weber  and  Zollner's  coils  in 
the  state  in  which  they  were  left  hy  these  experimenters  ;  tlien 
with  the  same  coils  rewound,  and  the  number  of  turns  increased 

I  from  792  to  81)4. 
The  experiments  were  then  repeated  with  10  mercury  (Siemens) 
unite  included  with  the  coil-i  iu  the  circuit. 
Different  scrioa  were  made  witli  tbe  sliding  weights  on  the 
needle  at  distances  S  cms.,  1-5  cm,,  1  cm.,  0,  from  the  end  of  tlie 
b»r,  so  that  the  periods  were  altered   iJirough  a   conaideiable 
range. 
The   resistance  of  tbe  Siemens'  units  was  compared  with  a  Results  of 
itandard  resistance  of  pure   mercury,  oonsisting  of  a  mercury      Wiede- 
Column  cont»ined  in  a  carefully  calibrated  tube   106'398  cms.      maim'a 
long,  the  ends  of  which  communicated  with  electrodes  made  of     Expert- 
amal^anist«d   cop]Jer-foil  immersed  in  mercury  in  two  vesnels      "i^nts, 
terminating  tbe  tube.    It  was  found  as  a  final  mean  result  that 
1  ohm  or  10*  C.Q.S.  units  of  resiKtnnce  is  equal  to  the  resistance 
at  C  of  a  column  of  mercury  106'162  cms.  long  and   1  sq.  mm. 
Tills  method  lias  alio  been  used  by  Maacart,  De  Nerville,  and      Exppri- 
Benoit,  in  a  very  elaborate  series  of   experiments.     Five  coils      mants 
were  used,  two  of  27  cms,  internal  and  HO  cms.  external  diameter,        ■>'' 
and  3  cms.  lengtli,  und  three  smaller  coils  each  of  14  cms.  in-     Ma^ctrt. 
temal  and  17  cms.  externni  diameter,  and  the  same  length  as  ^-^  NervUlc. 
before.     These  were  wound  with   silk-covered  wire  "6  mm.  in      „"     ., 
diameter.     One  of  the  large  coils  iind  two  of  the  small  ones     ■""""'• 
were  wound  with  separate  layers,  so  that,  by  joining  these  layei  s 
tip  differently,  nine  diffeient  ariungements  could  be  obtained. 
Tlio  winding  wss  performed  with  the  wire  under  tension  pro-  ^_ 

docod  by  passing  it  over  loaded  rollers  when  on  its  wuy  from  ^H 

the  reel  to  the  bobbin.     The  length  of  the  wire  was  measured  as  ^M 

it  was  laid  on,  and  the  diameter  of  every  turn  was  also  observed  ^H 

by  means  of  callipers.  ^H 

Both  the  smaller  and  larger  coils  were  mounted  after  com-  Amnjte- 
,^  etion  on  stands  with  suitable  stops  so  as  to  admit  of  being  ment  of 
iinmed  when  required  ilirougli  an  angle  of  exactly  180°,  and  were  Appsra'us. 
let  up  with  their  axes  horizontal  and  in  the  magnetic  meridia 


At  the  centre  of  ihe  larger  coil  when  ii 


s  placed  a 
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emdl  magnetometer  iie(>(lla  8UB)]eti(1ed  by  n  single  Bbre  «f  silk. 
Ity  turning  the  coil  round  a  vertical  axis  throuRh  90°  from  its 
positioD  when  arranged  fur  inductive  use,  and  lixing  it  in  its 
ew  position,  it  could  be  u;ed  na  a  galvanometer  bobbin,  and 
s  galvanometer  constant  comnared  with  that  of  the  gnlvanU' 
leter  bobbin  itself.  Hy  this  process,  previously  used  by 
Rowland,  the  ratio  of  the  horizontal  magnetic  forced,  ti'jll.  at 
the  inductor  and  the  gnlvanometer  was  eliminated  from  the 
formula  of  calculation.  For  suppose  the  eame  current  to  be 
sent  through  the  two  coils,  and  a,  a,  lo  be  the  deRections  for 
the  galvanometer  and  the  inductor  respectively,  G,  G',  ibe 
galvanometer  couaiants  of  the  two  coils,  we  linvo,  as  at  p.  548, 

H-       C  tano  ^B 


This  substituted  in  (6)  giv< 


lanoTai 


(3) 


Approxi. 
Elimina- 


Evolon- 

tioD  of 

Proilutt  of 

of  Coil. 


[Full  details   of  the  mode  of  comparing  two  galva 
constants  are  given  at  pp.  405,  406  uhove.l 

Tbis  proceeding  had  the  advantage  fulrendy  pointed  out 
p,  646)  that  since  the  ratio  of  tan  n/Blti  {6  appears  in  tbe  value 
of  R  the  importance  of  an  exact  determination  of  the  diatnnce 
ot  the  galvanometer  scale  from  tbe  mirror  was  greiilly  lassened. 
Tbe  va!ue  however  of  tana'  had  to  be  accurately  known,  and 
involved  careful  measurement  of  the  corrcBponding  distance  for 
tlie  other  scale. 

From  tbe  measured  length  of  the  wire  the  value  of  ff.t  which 
appears  in  (9)  could  be  approairaated  to.  For  a  being  tbe  menu 
radius  of  the  coil,  and  n  tlie  number  of  turns  A  =  nira*,  and 
<?'  =  2nn-/o,  nearly,  so  that  G'J  =  2B'n*a  =  mil  where  i  ie  the 
length  of  the  wire.  The  quanlities  therefore  which  required 
nccurate  determination  were  /,  T,  and  the  dislance  of  the  scale 
from  the  mirror  of  the  magnetometer  in  the  induulion  coil.  The 
latter  waa  found  by  means  of  a  graduated  nieaBuring  bar 
carrying  sliding  pieces,  which  were  run  up  to  the  libre  and  sca'e 
respectively.  X'be  positions  of  the  contact  faces  of  these  pieces 
were  rend  off  from  tbe  scale  and  gave  the  distance  required. 

Observationa  were  made  by  first  reading  olf  two  euccessive 

elongations  of  the  needle  when  it  had  nearly  come  to  reat,  and 

then  turning  the  inductor  when  the  needle  was  passing  through 

id  reading  the  following  eloiigntions  on  the  sums  aide  of 


I 


METHOD  OF  EAETH-INDUCTOR 

If  r,  r',  be  the  two  readings  on  tlie  scale  (eupposcd  yriduated  1 
from  one  end),  tl.e  zero  reading  is  (r'  +  i-)/2.  If  tl.e  nest  two  ' 
MadJngB  be  r„  r,  tbe  fir»t  deflection  from  zero  ia  r,-(/  +  r)/2. 
Tbe  next  reading  being  r,  tbe  diminution  in  one  swing  due  to 
dumping  is  (r,  -  r^i'L  Tbe  diininutiun  nf  tiie  first  elongation 
must  have  been  approiiraiitely  )  of  Ihis  or  (r,  —  rt)/4.  Tiiia 
OurrBotion  applied  to  tbe  first  elongation  gives  fur  tbe  defleotion 
r,  -  (r'  +  r)/2  +  (r,  -  r,)/4.  Tliera  remains  the  correction  for  the 
initial  motion  which  (r'  being  taken  ae  tlie  greater  reading) 
wonldhsvecarried  tbe  needle  throughuduflection  of  ±  (i^-r)l2, 
ftcoording  as  the  initial  niotiun  was  with  or  ogninst  tlie  induc- 
tion throw.     Thus  the  deflection  was 


r-  +  > 


+  -J 


The  readings  it  was  found  did  not  vary  more  tlian  J  per 
cent. 

The  torsion  of  the  suspension  fibre  of  the  ballistic  galvano- 
meter was  eiiminnted,  as  approximately  it  multiplied  tnn  a  and 
nin  i$  in  (9)  by  u  common  tiiclor.  Tliat  of  tlie  suspension  fibre 
of  thti  inductor  was  determined  as  dcseribed  above  (p.  364]  by 
turning  the  upper  end  of  tbe  fibre  round  ihrougii  360°. 

Riperiments  were  made  with  the  various  coils  arranged  in 
different  ways ;  nnU  tbeir  efFeciive  areua  were  also  compared  by 
obserring  tbe  efftcts  which  tliey  produced  on  tbe  gulvanu meter 
needle  when  turned  in  the  earth's  field. 

The  absolute  resistance  of  tbe  circuit  in  tbe  various  eiperi- 
roonts  having  been  obtained  it  was  compared  by  Carey  Foster's 
method  with  four  B  A.  units,  with  four  Siemens'  mercury  units, 
and  with  six  speolnlly  constructed  mercury  units  in  spiral  tubes. 
Careful  compariauns  of  tbe  temperature  coefficients  of  the  dif- 
ferent coils  were  mnde,  and  all  the  reaintanceB  corrected  to  the 
temperature  of  experiment.  The  results  were  expressed  finally 
as  the  absolute  reeieiance  of  four  mercury  stanaards  made  of 
carefully  calibnitfd  tubes  filled  with  mercury.  These  tubes 
were  terminated  bj'  wide  electrodes  of  mercury,  and  an  allow- 
ance of  a  length  of  the  tube  equal  to  '82  of  ita  diitmetor  was 
made  to  correct  for  the  additional  resistance  duo  to  tbo  abrupt 
cliitnge  of  section  of  the  tulie  at  eauh  eud.  Tlie  (inul  result 
obtained  was 

1  ohm  =  1-0142  B.A.  unit. 


Abwluto 
ResiatanM 
with  B.A. 


I  1  obm 


colui 
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Weber's  second  melliod  conntfitB  in  OBcillutiiig  n  inngtiet  sun- 

y  pended  within  a  coil,  when  the  oiroiiit  ia  open,  si)d  BgiiD  when 

;■   tliB  circuit  ia  closed,  and  observing  lie  period  and  logarithmic 

decrement   in    both   caHcs.      The   induced   currents   Bssist   tbo 

dumping  in  the  second  case,  and  hence  from  a  comparison  of 

the  results  the  resistance  of  Ilie  coil  can  be  calculated. 

f       When  the  circuit  is  open  the  equation  of  motion  of  the 

■winging  needle  is 


d'lfi 


"-Jit  +  2i- 


Mir_^ 


(10) 


where  M  is  the  mngnettc  moiuent,  H  the  horisontal  Seld  in- 
tensity, and  fi  the  moment  of  inertia  of  the  magnet  Putting 
)■*  for  Mtljii  we  get  for  the  solution  of  the  equation 


(^  =  Ar' 


IB(./ 


-t*(  +  0    . 


(11) 


Here  k  =  SK/T  if  X  be  Ihe  logarithmic  decrement  and  T  the 
observed  period  { =  iir/(i.'  -  Jt'l. 
r  If  now  the  circuit  be  parallel  to  the  meridian  and  bo  closed, 
r  the  magnet  will  be  uctcd  on  by  the  induced  cmrcnt  produced  by 
'-  its  motion.  The  magnetic  induction  through  the  coil  due  to  the 
n«edle  is  UG  sin  ^  approiimately,  wheru  G  ia  the  principal 
galvanometer  constant  of  the  coil,  Fur  let  a  current  y  (low  in 
the  coil,  then  the  mutual  energy  of  the  coil  and  magnet  is  equal 
to  the  product  of  the  magnetic  induction  of  the  mngnet  through 
the  coil  and  the  current  But  when  <^  =  0  this  energy  ie 
obviously  xetu  and  the  work  done  against  the  current  in 
deBccting  the  magnet  through  the  angle  0  is  MGy  sin  ip,  and 
the  magnetic  induction  through  the  circuit  is  MG  nia  tp, 
ijupposing  then  the  magnet  swinging  through  n  small  mage 
there  will  he  a  force  eierted  on  the  mngnet  oylbe  current  of 
amount  AfGy.    Hence  the  equation  ot  motion  of  the  mngnet  is 


tf-P 


rf*   , 


^  +  2*"^  +  ""* 


ifG 


(12) 


But  we  have  also  for  the  electromotive  force  in  the  circuit 
-  MOdipjdt  and  if  L  be  the  self-induclance  of  the  coi) 


r  +  Sy+MG"-}  =  i'.     . 


METHOD  OF  DAMPING 


Operating  on  equation  (12)  by  Ufdi  +  R,  »nd   on   (13)  by 
'Qlli,  >Dd  adding,  we  eliminata  y,  and  find 


{'7.^"%^ 


0.     (14) 
lie   with 


Tf  we  Buppoae  that  tbe  motion  is  simple  Larmo: 
diininiahitig  riinge,  and  put  X',  T,  for  tlie  logarithmic  di 
and  period  we  may  write  cunveniontly  for  our  present  purpose 


where  (=  V^,  A^  =  2 

d  (14)  becomes 
(i' +  ><.)£  +  -»}(*"- 

I 

: 


--•hrir.    Thus  we  find 


I  -  a  (i- +«)  +  »•! 

-^^■(.■  +  ,-.)-0.    (15, 

reiil  and  imaginary  parts  of  this  eqiialion  must  vanish 
_iarately,  and  therefore  pit^tiing  out  tlie  imaginary  terms 
fuuting  them  to  zero,  and  solviog  for  R  we  obtain 


'ji  +  ''{- 


3k'  -  i  + 


i'  -  *    J 


(16) 
r  from  the 


trolling  equatiou  ii 
reuiermsin  (15), 

This  melhod  has  been  used  by  W.  Weber  hrmaelf,  and  with 
modifications  by  H.  F.  Weber.  Oorn,  Wild,  and  F.  KohlrnuBch. 
It  ia  against  the  method  that  J/',  0',  enter  to  the  second  power, 
iuoamuch  ae  the  very  exact  dcterininntion  of  cither  qmtntily  is 
a  matter  ot  some  difficulty.  The  value  of  ;i  also  Involves  the 
square  of  the  dimensions  of  the  magnet. 

The  modification  of  the  method  used  by  Koldrausch  smountcd  Kohl- 
to  a.  corabiiialion  of  the  first  and  second  mothods  of  Weber,  in  miiaeh's 
which  he  eliminated  the  constant  of  the  galvanometer  with  Modifi- 
which  the  earth- inductor  was  connected  by  deterniining  the  cation  of 
logarithmic  decrement  ot  the  motion  of  the  needle  first  when  Method  hy 
the  circuit  of  the  galvanometer  was  open,  and  again  when  it  Damping^ 
ilosod.     Calling  these  decrements  X,,  X,  and  putting  a     " 


"g  o.  ^,  ^M 
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for  tlie  arcs  of  vibrnlion  in  tlie  method  of  recoil  (which  w 
used)  T(,  the  period  of  the  oceclle  wlien  tlie  circuit  wbh  open,  ^ 
mny  wriitf  Kuhlrsiiach'B  formula  in  the  approsimale  form 


■   (a'  +  p')'- 


Kohl- 
Heanlt. 


I 


ThiB  formula  includes  several  quADtitiee  which  are  difficult  tO 
oLaervB  with  acouracy,  but  its  chief  defect  lies  in  the  fact  that 
it  involves  the  fourth  power  of  the  radius  of  the  inductor, 
KohlrauBch'a  linal  renult,  corrected  for  an  error  in  the  data  used 
ia  hia  origioal  cnlculnlions,  is 


1  It.A.  I 


=  -990  X  IC'C.G.S. 


iHrthod  at      Another  method   of    this    class    Buscested    bv   Sir 

KevolviTiff 

Coil  William  Thomson  to  the  Committee  of  the  Britiah 
Association  seems  also  to  have  been  first  proposed  by 
Weber.  It  consists  in  spinning  with  uniform  velocity 
about  a  vertical  axis,  a  circular  coil  at  the  centre  of 
which  is  suspended  a  small  magnetic  needle.  A 
periodic  current  is  thus  made  to  flow  in  the  coil  in  one 
direction  (relatively  to  the  coil)  in  one  half-turn  from 
a  position  at  right  angles  to  the  magnetic  meridian, 
and  ia  the  opposite  direction  in  the  next  half-turn. 
But  the  position  of  the  coil  being  reversed  in  every 
half-turn  as  well  as  the  current  in  it,  the  current  flows 
on  the  whole  in  the  same  average  direction  relatively 
to  the  needle  and  (apart  from  self-induction)  has  iti 
maximum  value  always  when  the  plane  of  the  coil  ig 
in  the  magnetic  meridian. 

This  method  was  used  by  the  British  Association 
Committee  in  their  famous  experiments,  carried  out 
principally  by  Clerk  Maxwell,  Balfour  Stewart,  and 
Fleeming  Jenkin  in  1S63.     Its  theory  was  first  fully 


i 
I 


METHOD  OF  EEVOLVING  COIL 

given  by  Maxwell,  ami  tbe  following  statement  follows 
oa  tbe  wbole  his  notation  and  metbod. 


If  i  be  the  self-inductance,  y  the  current  at  any  time  (,  llie      , 
e^eglro-kinelio  energy  of  the  circuit  due  to  iU  own  induction  ia    ^'','^17^'' 
JV.     Ag«in  if  M  he  Ihe  niBgnelii;  moment  of  the  needle,  »nd  r^T^' 
It  the  galvanomeler  conHWnt  of  the  coil,  that  in,  the  mngnelic        Coil 
force  at  the  centre  which  uriit  current  in  tbe  noil  would  proiluce, 
Ihe  magnetic  force  at  the  needle  due  to  the  current  7  i^  Gy.     If 
^  he  the  angle  which  llie  axis  of  the  needle  makes  with  the 
magnetic  meridliin,  and  6  the  ingle  which  the  coil  makes  with 
the  same  plane,  the  direction  of  the  niaguetiu  force  due  to  the 
coil  and   the  axis  of   the    needle  are   inclined   at  an  angle 
jf/2  -  {$  -  if>).     ThuH  the  mutual   energy  of   the   needle   and 
current   is   numerically   MGy  sin  (6  -  ^).     This   if   taken   as 
potentiiil  energy  must  be  written  with  the  positive  «ign,  and  if 
taken  as  itinetii;  energy  with  the  negative  sign  prefiied  to  give 
the  corresponding  force.     For  the   mngnet  ib  deflected  in   the 
direction  of  rotation,  and  hence,  if  0  >  tb  say,  the  magnetic 
force  on  t!ie  needle  due  to  the  coil  must  be  in  the  direction  lo 
increase  rf,  Chat  is  to  diminish  6  -  if.     Hence  MGy  atn  {6  -  41) 
tends  to  diminution  by  the  action  of  the  mutual  forces.     We 
shall  reckon  it  as  kinetic  energy  of  amount  —  MGy  sin  Ifi  —  0). 

Again  if  the  effective  area  of  the  cull  be  A,  there  is  mutual 
energy  between  it  and  the  field  of  numerical  amount  AHyain  $. 
This  may  be  taken  as  kinetic  energy  of  amount  -  AOy  sin  $. 
Also  the  magnet  is  deflected  in  the  lield,  and  therefore  between 
it  and  the  field  there  ia  mutual  energy  MU  cos  i^  when  reckoned 
as  kinetic. 

LoEtly  if  mf  be  the  moment  of  inertia  of  the  needle  ahont 
the  axis  of  suspension  it  hns  kinetic  energy  imk'%". 

Collecting  these  terms  we  get  for  the  total  kinetic  energy  . 

KinotiB 
0  Energy  of* 

>    I    nj.'  /i7\     Curreiit- 

+  i'"^'''P- (17)      Ne,d!e 


=  Ut'  -  AUy  Bin  6  -  MGy  sin  {6-^)-\ 


*    Besides  this  there  is  potential  energy  V,  due  to  the  torsion    Potentiul 
of  the  fihre,  depending  on  the  angle  through  which  the  needle  Eni^rgy   of 
has  been  turned   from  the   position   of  no   torsion.      If   a   be  Torsion  of 
the  angle  which  the  needle  makes  with  the  meridian  wlien  the       F'^rO' 
torsion  is  zero,  the  angle  through  which  the  fibre  has  been 
turned  is  ^  -  a.     iJenoting  by  MhT  the  torsional  couple  which 
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tbe  wire  gives  when  the  lower  end  is  turned  through  unit  angle 
relatively  to  the  upper,  we  have 

F  =  J*  MHr((^'-a)d<f>  =  iMHT{<f>  -  a)2     .     .     (18) 


Differen-    The  equation  of  currents  is 
tial  Equa- 
tion of  ddT  ,    dF 


=  0 


where  F  is  the  dissipation  function.     Tliis  gives  by  (17) 

Z^  +  iZy  =  JHd  cos  $  +  MG{6  -  <^)  cos  {6  -  <f>).    (19) 
di 

There  are  two  possible  distinct  motions  for  the  magnet,  one 
of  oscillation  in  its  own  proper  period  (which  we  suppose  great 
in  comparison  with  the  period  of  rotation  of  the  coil),  and  the 
other  of  period  equal  to  half  that  of  rotation.  So  far  as  tho 
former  is  concerned,  we  may  take  the  magnet  as  at  rest  in 
computing  the  current,  and  for  the  latter  we  shall  suppose  at 
present  the  amplitude  very  small,  so  that  the  part  of  <^  depending 
upon  it  may  also  be  neglected  and  (p  may  be  taken  as  constant. 
Thus  i  being  constant  =  a>,  say,  and  B  =  w/,  we  have 

X^  +  i?y  =  JHo»  cos o>/  +  MGio  cos  (W  -  </>)   .     (20) 
di 

Let  a  solution  of  this  equation  be 

y  B  C^cos  W  +  C  sin  0)/. 
'ihen 

X^  +  J?y  =  (Za)C"  +  RC)  cos  W  -  {LioC-  RC)  sin*,/     (21) 
di 

Integral        This  with  (19)  gives  by  equation  of  coefficients 
Equation 

of  ft, 

Current.  y  -     ,  ^  IJH{R  cos  6  +  <aL  sin  ff) 

+  MG{R  cos  (^  -</>)  +  Z  sin  {6  -  </>)}]    .     (22) 


METHOD  OF  REYOLVING  COIL 

A  term,  G  exp,  (  —  RtjE),  is  require  J  to  complete  the  solution, 
but  tliis  dies  out  soon  after  the  starling  of  the  coil,  and  has  no 
effect  provided  the  rotiition  in  uniform.  The  current  therefore 
Q  the  Bupposition  mnde  is  given  1iy  (22). 


The 


far  the  kinetic  and  potential  energies  givesfur   Equation 

■'         "    ■  of  Motion 

of  Mngnet. 


Pthe  equation  of  motion  of  the  tnHgnet 
^  ar  _  37  a r  ^ 
or  mt^4,  -  M  Gy  COS  {6 -<!))  + Mil  Bin  <!>  + A/ Ht{i^- a)  =  0  (23) 
This  equation  may  be  obtained  nlso  by  conEidenng  Uiat  tlie 
needle  is  acted  on  by  three  couples,  one  due  to  the  current 
tending  to  produce  further  defjectiun,  the  second  a  return  couple 

tdue  to  the  earth's  magnetic  lield,  and  the  third  lilsu  a  return 
Bonple  due  to  the  torsion  of  the  fibre.  The  numerical  v-ulues  of 
tbese  are  from  the  notation  already  explained,  3fGy  cob  (fl  -  (j>), 
JfffBin*,  itHT(<it-a).  Hence  the  total  deflecting  couple  is 
Knd  t 
momc 
The 


(JfffBin*,  iIHT(<p-a).     Hence  the  total  deflecting  couple 
.VGy  COB  (_e-it.)--3tB\mi>  6 +  T(<j>-t.)\ 
I  this  is  equal  to  tlip  rate   of  increaso  wii-'0  of  angula 


P'monictituiu. 

The  needle  is  found  to  tnlie  up  a  nearly  constant  position  if 
the  rotation  of  the  coil  is  kept  uniform,  and  in  this  case  tp  may 
be  taken  as  very  nearly  zero.  Thus  we  have,  integrating  over 
any  finite   interval   of  time,   /  ^rf/  =  0.      The   meim    resultant 

deSecting  couple  applied  by  tlie  current  muat  therefore  be  equal 
to  the  return  couple  -If^'iain  <f,  +  t(<J.  -  a))  due  to  the  combined 
action  of  the  magnetia  field  and  torHlon.  This  average  couple 
is  obtained  from  MOy  cos  (6  —  ifi)  by  inserting  the  value  of  y 
.nven  by  (22)  and  integrating  each  term  over  a  whole  turn  on 
[vln  siipposition  that  ^  is  a  conatant,  and  dividing  the  result  by 
The  following  integrals  enter  into  the  expression 

2-/«n(«-*)™.(»-«.M.O. 


J 
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Qntdntia      TUerefore  the  nverage  couple  is 
Equation 
forBMbt-  a,  ur; 


for  equilibrium,  if  a 
r  sis  (^  for  r^,  and  « 


This  may  be  wrim 


MGR\, 
(M) 

mnl!  we  tuny  «Tile 


't*{l  +  ^^«ec.^]  +  L'^« 


1  in  li.e  form 


i 


f  £  ia  positive  in  the  experiments  miide.  and  ben 
it  he  nei^ntive,  the  -|-  sign  in  the  Bolution  must  be 
iding  tlie  rndicitt,  linking  regard  to  the  fact  that 
■nre  small,  we  get 


(26) 


TIlie  is  tlic  cxpresHiim  for  Ji  used  by  the  B.A.  Committee  iu 
the  reduction  of  the  reHults  of  their  experiments. 
J  Oritloinna      Taking  the  first  term  only  we  may  write 
I  ofHetbod. 

fl  =  U(?MCOt0 -irVomcot^       .     .     .     (26) 

where  a  denotes  the  mean  radius  and  m  the  number  of  turns  in 
the  coil.  This  formula  is  conTenienC  for  the  dinciieiiion  of  the 
advantages  and  disadvantages  of  the  niclhod.    These  have  been 
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exaniioed  by  Lord  Ray leigli  in  pap 
liis  "Coiapariioo  of  Metliods  for  tl 
ances  in  Absolute  Meaaure."  + 

Ab  regurda  tlie  meaauremciit  of  dinietisions  nf  the  apparatua, 
it  is  to  be  noticed  that  the  metliod  involvea  only  one  funda- 
mental linear  quantity  a,  and  that  only  to  tbe  firet  power.  The 
obaervution  of  the  deflection  corresponding  to  0  imd  the 
evaluation  of  cot  ^  involve  no  greater  difliculty  tlion  those 
involved  in  ordinary  angular  moaauremeul,  and  iu  thia  reapect 
the  method  is  on  a  pnr  w[(h  Weber'ti  method  by  earth  inductor. 
The  main  difficulties  lie  in  the  deterin illation  of  v  and  the 
avoidance  of  mechanical  dieturbanee,  and  of  error  due  to  cur- 
rents in  the  nng  and  alterationa  in  the  mnKnetization  of  the 
needle. 

It  will  be  Been  below  thut,  by  the  employment  of  what  may 
be  called  the  a troboscopic  method  of  observation,  Lord  Hayleigti, 
who  repeated  the  determination  with  the  same  apparatus,  was 
able  to  control  and  measure  the  apeed  with  great  exactness.  A 
correction  ia  easily  made  for  the  currents  induced  in  the  coil  in 
consequence  of  its  motion  in  the  field  of  the  needle,  in  fact  a 
small  term  appears  in  the  result  above  [MGsac  tp/AH  in  (24)], 
by  moans  of  which  this  correction  is  mude.  Thia  involvee  the 
determination  of  MO/AH,  but,  as  will  be  seen  below,  about  thia 
there  ia  no  dilGculty  whatever. 

The  currents  produced  in  the  metal  ring  can  be  allowed  for  Correotjon 
by  rotating  the  coil  (1)  with  the  wire  circuit  open,  (2)  with  that        '''" 
circuit   closed.      Further,  these   ourreuta    can   be    reduced    by        ™« 
dividing  the  ring  Into  two  parts  along  a  diameter  and  putting   t-u"*"* 
them  together  with  ebonite  separating  pieces.    The  currenta  are 
then  conlined  to  circuits  which  are  on  the  whole  at  right  angles 
to  the  plane  of  the  coil,  and  their  effect  can  easily  be  eliminated 
by  the  method   just  stated.     The  existence  of  these  currents  in 
the  ring  has  one  advantage   pointed  out  by  Lord   R'lyleigh, 
that  by  rotating  the  coil   oefore  winding,  and  again  with  the 
wire  circuit  open  after  winding,  the  insulation  can  be  tested. 
For  if  auy  difference  is  found  between  the  deflections  of  the 
needle  it  must  be  due  to  leakage. 

The  method  has  been  objected  to  on  the  ground  of  the 
influence  of  aelf-induction  in  the  result,  that  ia  on  account  of 
the  terms   in  (26)   which  involve  L.     Now   the    value   of  the 

*  Lord  Kajieigh  and  Arthur  Schuster,  "On  the  Determination  of 
the  Ohm,"  Proe.  R.S.  No.  213,  1881.     Lonl  Rayleigh,  Phil.  Tram. 
m.M.a.  Part  ii.  1882.  ^H 

■r  t  Phil.  Mag.  Nov.  1382.  ^^M 
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coefficient  {U,  s-iy)  of  tan  'if,  in  (2&).  .mil  therefore  of  taii  'A,  4c" 
may  be  caltulated  wilh  uoDnidcrable  acL'Uroty  frum  tlio  dimen- 
aiona  and  arrangement  of  tlio  rotating  coil,  and  any  wnnt  of 
exact  knowledge  of  the  value  of  U  rnii  lie  etiniinated  by  uuiig 
different  apoedii  of  rotation. 

In  comparing  Weber's  method  by  enrtJi  iodutlor  with  the 
present  method,  it  Ik  to  be  noticed  that  at  litilf  tho  loweat  apeed 
uaed  by  Lord  Itaflcigh  tlie  eenflitivenvan  of  the  former  metbcid 
would  be  cunsidcrubly  leas  tijan  that  of  the  latter,  and  the  oor- 
reulion  for  ai-lf-induciion,  known  with  fiiir  accuracy,  would  be 
onlv  about }  per  cent. 

The  effect  of  aelf-induction  could  he  diminished,  as  pointed 
out  by  Lord  llnyleigb,  by  duplicating  the  revolving  coil  by  the 
addition  of  a  aecond  coil  nt  right  nnglcs  to  the  other.aud  giving 
an  independent  circuit.  Thus  the  aenHitivonesa  of  the  arrange- 
ment would  be  increoaed  without  entailing  an  increased  cor- 
rection for  Be  If- induction  aucli  as  would  be  nBcesanry  if  ll-o 
increoBB  of  deflection  were  produced  by  nmning  the  coil  at  (t 
higher  speed.  The  two  circuits  in  this  arrargement  also  would 
be  conjugate,  that  is  the  currents  in  one  would  be  unaffected  by 
tboBO  in  the  other,  and  would  give  n  more  nearly  constant  field 
of  magnetic  force. 

Wo  now  give  some  account  of  later  dclerminalians  by  thte 
uiethod,  beginning  with  the  experiments  made  fay  Lord  Itaylcigb 
and  Trof.  Schuster  in  1881.*  The  coil  used  by  the  B.A.  Com- 
mittee wae  employed,  but  its  conslantM  were  carefully  redeter- 
mined. The  constants  of  the  coil  was  found  by  unwinding  the 
wire,  and  eurofutly  measuring  the  rircunifernnce  of  the  Buccee- 
aivo  layers.  The  thickness  of  the  wire  uxed  was  1-87  i[ia., 
which  ought  to  have  produced  n  difference  in  the  circumference 
of  the  successive  layers  of  2'74fl-  mm.  The  turns  in  each  layer 
■inking  a  little  into  those  below  govo  on  the  avernge  81  mm. 
for  this  difference.  On  each  coil  there  were  ISd'S  turns  arranged 
in  one  case  in  IS  layers  of  13  turns  each^  with  half  a  turn  ont- 
side,  nnd  in  the  other  in  IS  layera  eonluininfr  155  turns  with  1) 
turns  nuiaide.  Allowing  for  the  outside  parts  these  measure- 
ments gnve 

Mean  radius  of  double  coil    . 
Axial  diinenHion  of  each  groove  . 
Distance  of  mean  plane  from  axis  of 
motion 


•  Proe.  n.H.  No.  218,  1S81. 


wbere  a  denotes  tbe  mean  rudiiis,  2d  the  n 
sectioD,  and  h  the  totiil  number  uf  turn». 
proved  tlius.    Since  the  numlier  of  layei 


■■(■+£) 


early, 

The  viiliieof  the  gdi 
n  equation  equivalent 


t  G  was  calculated  by 
J  that  obtained  from  (9),  p,  24«  above, 


and  radial  deptb  2rf,  of  the  ieetions  the  value  given  i 
p.  257,  that  is  from 


Lli,^ 


■  the  aaial  breadth  24    ^"X"*" 
^  value  given  in  (20),    ^^f^^ 
CoiL 

.j-'o--  +  a«')j    .    (28)  ^M 

cither  coil   from  the  ^^M 

e  all  corructionfi.  and    Value  of     ™ 


where  x  =  distance  of  mean  y, 
suspension  fibre. 

The  value  of  OA  obtained  after  applying  all  c 
including  in  it  allowances  for  n on- vertical ity  of  the  aiia  and  for 
toreion  of  the  fibre,  was  29fl87600. 

The  value  of  L  was  found  by  calculating  the  inductance  for  a 
coil  of  mean  radius  a  and  rectangular  cross-section  of  which 
the  length  of  diagonal  was  r.  This  was  found  from  the 
formula 

|i  =  4>r«'H;loE??+  ^\,  -  j(d  -  ijr)cot2fl-  iircusecl'fl 

■  -  icot'fllogcosfl-itan'tflogaiiifl;     .     (29) 

■whicL  ia  simply  the  formula  (US'),  p.  308,  with  the  value  of  the 
logarithm  of  the  geometric  mean 
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from  itaelf,  given  by  (lU)  p.  302,  put  for  log  H.  Tlie  dimen- 
eioTis  of  the  coil  used  were  tlioee  given  by  the  B.A.  ConimitMe. 
viz.fi  =  15-8194  cms.,  axinl  breadtTi  of  cncli  coil  1-641  cm.,  rudial 
depth  1'608  cm.,  and  diatitnue  of  mean  planes  a pitrt  3-861  oms. 

The  inductance  was  computed  for  llie  double  coil  by  adding 
together  the  aelf-inductBucee  of  the  coila  taken  eeparntcly,  uid 
twice  the  niiituni  inductiince  of  the  two  coils.  For  if  Z,,  Z-  be 
the  self-indiictancee,  and  M  tlieir  mutuftl  inductuiice,  the  wnole 
el ectrok luetic  energy  of  a  current  y  it  iy\L,  ■+  I~  +  2.V)  =  Jy'i 
if  i  ba  the  self-inductance  of  the  whole  system.  To  the  approxi- 
mnlion  given  by  (29)  Lord  Rnyleigh  fmind  for  i,  -f  Z, 
:'I0192000  cm«.,  and  for  iM  14562000  cmH.  Cnrrectioiis  for  the 
Unite  sine  of  the  oross-Eertion,  Dud  (iiiiice  the  introduction  of  the 
geometric  mean  distance  is  made  on  the  supposilion  that  the 
coil  may  be  regarded  as  straight)  for  curvature  were  made. 
The  latter  can  be  calculated  by  the  series  (1G6J,  p.  134,  or  by 
the  elliptic  integral  formula  b^  dividing  the  coil  up  into  con- 
centric circular  filaments,  and  integrating  over  the  cross-Beotion, 
Lord  Bayleigli  found  that  for  a  single  coil  of  circular  cross- 
section  of  radius  p  the  value  of  L  is  given  by  the  equation 


Ezperl- 

niental 
Detor- 


i  =  47rn'anog  - 


■^e^*' 


('»v+i- 


(30) 


io  that  the  correction  for  cur^-nture  inc-rcaiies  £,  The  correction 
term  for  curvature  in  the  cuse  of  n  coil  of  tlie  same  mean  radiuB 
a  and  square  crofls-seution  of  the  some  area  is  very  nearly  the 
Bftme  as  in  thie  formula.  It  is  thus  on  addition  to  the  approxi- 
mate value  given  by  the  equation  (29]  above.  The  corrections 
in  Z.  and  Zj  were  each  11960  cms.,  and  the  correction  on  2Jt 
346900  cms.,  so  that  finally 

Z  =  46141800  cms. 

The  value  of  '2M  found  by  tlie  formula  of  quadratures  given 
on  p.  403,  from  the  volue  given  by  the  otliptic  integral  formula 
for  two  circles,  was  14939400  cms,,  agreeing  very  closely  with 
the  value  14ti28900  cmi>.  (14682000  +  346900)  cms,  already 
obtained. 

An  experimental  determination  of  L  was  made  by  the  method 
described  above,  and  gave  46000000  cms.  on  the  supposition 
that  the  B.A.  unit  was  I  per  cent,  less  thiin  the  ohm.  The 
value  given  by  Maxwell  *  uncorrected  for  curvature  is  437440O0, 

"  PML 
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BCBUt- 


^P  »(]  tlje  alloivance  for  curvRture,  734GO0  cma.,  is  subtmcted 
^  from  icHtend  of  added  to  tliis  tb1u«,  giving  finally  willi  a 
correction  for  the  finite  diameterB  of  the  wires  und  variution 
of  the  current  over  tlie  croBH-section  L  =  43016500  ( 
ia  suggested  by  Lord  Eaylei^h  that  the  discrepance  may  be 
due  mainly  to  an  interchange  of  the  breadth  and  depth  of  the 

■  coils,  togetlier  with  the  nnistake  ioat  noticed  as  to  the  correction 
Jtor  eurvature. 
The  obtervatioUB  included  (1)  the  resistance  of  the  experi- 
mental coil  as  compared  with  a  etaiidaril  coil  of  German  ailver 
of  nearly  the  same  resistance,  viz,  4"6  ohms,  (2)  the  deflections 
produced  by  the  spinning  of  the  coil,  (3)  the  speed  of  rotation. 

The  comparison  of  reaistances  was  inade  by  a  balance  arranged  Compori- 
by  Mr.  J.  A.  Fleming,  in  which  Prof.  Carey  Foster's  method  (see 
Vol.  1.  p.  347)  of  interchanging  the  resiatauce  to  be  compared 
with  the  standard  was  used  to  give  the  difference  between  the  snoes. 
two  reKiatanoes  in  terms  of  a  certain  length  of  the  bridge  wire. 
Error  due  to  thermo-electric  currents  was  eliminated  by  making 
the  comparison  with  the  baltery  current  first  in  one  direction, 
then  in  the  other.  A  comparison  was  made  at  the  beginning 
and  end  of  each  set  of  spiiiiiings. 

The  needle  consisted  of  four  magnetized  needles,  each  15  ems.  Suspended 

long,  mounted  on  four  parallel  edges  of  a  small  cube  of  cork,  to     Keedle. 

which  the  mirror  was  also  fixed.    This  arrangement  was  adopted     ?^™l,'''^ 

us  four  eipial,  thin,  uniformly  magnetized  magnets  placed  along      r],"™" 

the  parallel  edges  of  a  cube  of  length  of  edge  1/^3  of  the 

length  of  the  magnet,  form  a  needle  the  action  of  which  is  to  a 

high  degree  of  approximation  the  asroe  as  that  of  an  infinitely 

small  needle  at  the  centre  of  the  cube.     The  magneta  wore  made 

about  2'3  times  the  edge  of  the  cube  in  length  to  allow  (or 

Hon -uniformity  of  magnetization. 

^^     Tlie  needle  was  adjusted  in  position  by  raiaing  or  lowering 

^■nAe  cube  until  it  was  midway  between  the  highest  and  lowest     iuvul  <" 

^Hpoints  of  the  circular  frame,  and  then  adjusting  it  in  the  two     I^eedle. 

^{    oUier  directions,  by  attaching  a  pointer  to  the  frame  reaching  in 

nearly  to  the  centre,  then  turning  the  plane  round,  and  observing 

whether  the  pointer  occupied  the  centre  of  the  small  circle 

described  by  the  point. 

The  needle  was  in  the  usual  manner  caused  to  deflect  another     D«tar> 

horizontally  suspended  needle  in  order  to  determine  the 

M/ff  of  the  magnetic  moment  to  the  horizontal  component  of  the     "f  Ratio 
earth 'a  magnetic  field.    At  a  distance  of  one  foot  tlie  suspended     YJ^.^°' 
needle  was   deflected   through   tan  - 1-000298,  and  hence   at   i 
I  distance  equal  to  the  mean  radius  of  the  coil,  15-83  c 

leflection  of  the  needle  would  have  been  '0021  approximately. 


1 

t- 

it 


Needle. 


^M 
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Now  if  r  ilenu(«  tlje  inn 

!im  raHiiu  of  ll.o  coil,  nod  fi  the  dnflec- 

tion  of  tlie  neerlle,  weliK 

?c  by  ( 1 ),  p  73  nbove,  sinto  the  length 

of  the  inngnet  wuh  Hinnll  i 

^ompnred  witli  r 

I  __^^. 

^  imiiilitircifturrjs.     Tims  r"  =  ■2-4/«  and  tari^-  (IMjUA. 

wuB  tiHed  M  the-  value  of  GMjIIA  in  thf  t«rin  in  (24)  \\\  ^ 

thnt  i[Uuntity  ouourB, 

Amoige-         The  telestope  sad  BCalo  (which  was  Htraight)  were  ndjuat 

nuDt  of    the  uauitl  manner  (see  Vol.  I.  p.  216).    The  diaUnce  of  tl>e 

[_TelMcope   from  the  mirror  wan  compared  with  tlio  Rca I e  directly,  i< 

'^        thenhsohite  length  of  aacaiediTinion  did  not  enter  in  the  r 

'"■      The  following  were  the  numbers 


Dist&ncp  of  scale  from  mirror 
Correction    for  glsHS  plnle   3'2  i 
tliich   through   which   mirror 


K'-J) 


Distant'c  (redufpd)  . 


26228  ei 


2S217  o: 


The  heights  of  the  centre  of  the  mirror  aud  the  centre  of  the 
objective  nhove  the  line  of  tlio  scale  divisions  were  measured  by 
:nean«  of  a  cKtIieto meter,  to  obtain  the  data  necessary  for  finding 
the  inclination  of  the  mirror  to  the  horizontal.  For  this  a  cor- 
reilion  was  applied  to  the  readings. 

,  The  tomliiu  of  the  nilk  Hbro,  which  was  4  feet  long,  wax  also 
estimatud  by  turning  the  magnet  through  6  complete  tiirim,  and 
\  Torsion,  observing  the  deflection  of  the  miignet.  It  was  found  that  the 
magnet  waa  shifted  5  6  divisions  per  turn,  or  through  an  angle 
of  -OOUOT.  Uppoiite  turning  of  the  magnet  gave  001117,80 
tiiat  the  correction  fur  torsion  was  obtained  by  caleulating 
r  »  ■001Il/2jr,  and  using  fur  A  the  value  ^/(l  +  t). 

,       A  correction  fur  love!  of  the  coil  was  nlso  applied,  as  it  was 

found  that  the  ujiner  end  of  the  axis  was  inclined  towards  the 

Ural,      north  by  nn  angle  -0003  radian.    The  curoponent  of  force  st 


igles 


thus,  if  /  be  the  inlcnMly  of  the 
I)  the  dip,  /  tea  {/J  ~  -0003)  =  //(!  +  -0003  tan  B) 
toT  A  wue  used  finally  the  ■--'■"  " 


A{i  +  -0003  ton  D)l{\  +  r 
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The  spias  were  taken  in  sets  o£  four  at  each  speed.  Tlie  toil 
was  driven  by  a  long  cord  from  a  water  motor  acting  by  the 
impulse  of  water  on  metal  cups.  To  insure  n  conBtaot  pressure 
tlie  motor  was  diivon  hy  wuter  from  a  small  cistern,  which  gave 
a  head  of  50  feet.  The  reeulation  of  the  motor  was  effected  by 
observing  that  the  work  done  hy  the  motor  is  proportional  to 
the  difference  between  the  speed  of  tlie  jet  and  (hat  of  the  cups, 
and  to  the  speed  of  the  cupe.  For,  if  the  water  is  just  reduced 
to  rest  the  momentum  of  unit  mass  of  water  destroyed  is  r,  the 
speed  of  the  jet,  and  the  mass  of  water  received  per  unit  of  time 
is  a(i'  —  c,)  if  I'l  be  the  speed  of  the  oups,  and  a  the  areii  of  the 
jet.  Thus  the  rate  at  which  momentum  is  given  by  the  jet  to 
the  oups  is  ar{v  —  r,).  The  rate  at  which  the  motor  works  is 
therefore  ar(r  -  cji>i,  Thus  at  zero  speed,  and  at  the  speed  of 
the  jet  the  water  motor  does  no  work.  At  half  the  Intler  speed 
the  motor  does  work  at  the  maximum  rate.  Thus  the  dingrnni 
of  activity  is  a  parabola  with  vertex  upwards  if  speeds  uf  the 
motor  be  labcu  as  absciMae. 

Drawing  on  this  diagram  the  curve  of  work  done  against 
resistances,  we  obtain  from  the  points  of  intersection  of  the  two 
curves  the  possible  uniform  speeds  of  running,  and  these  speeds 
are  more  sharply  de lined  the  more  nearly  the  curves  are  at  right 
angles.  Now  tlie  activity  spent  in  overcoming  resistance  to  tlie 
motion  of  the  coil  is  a  function  of  the  speeil  r,  of  the  form 
Av^  +  Be^  -\-  Oi'i*  +  &c.  since  there  are  included  constant  or 
frictional  resistances,  which  give  the  first  term,  resistances  suc)i 
as  viscous  resistances  which  are  proportional  to  (he  speed,  which 
give  rise  to  the  second  term,  and  resistances  which  vary  as 
higher  powers  of  the  speed,  such  m  resistance  due  to  air  set  in 
motion  by  the  cups,  &c. 

The  cnrve  of  activity  against  resistimce  is  therefore  convex 
doivnwards,  and  at  high  speeds  in  the  experiments  tliere  is  no 
difficulty  in  obtaining  dehnite  enough  intersection,  but  at  low 
speeds  this  is  not  the  case.  It  was  necessary  therefore  at  low 
speeds  of  the  coil  to  run  the  motor  fast,  and  use  a  reducing 
pulley  in  order  to  enable  tlie  curve  of  resistances  to  intersect  at 
a  suitable  place. 

The  speed  of  rotation  was  observed  by  the  stroboscopic 
method^  m  which  a  card  marked  with  circles  of  alternately  black 
and  white  spaces  (or  "  teeth  ")  is  viewed  through  narrow  slits  in 
thin  plates  of  metal  attached  in  the  plane  of  vibration  to  the 
prongs  of  a  tuning-fork.  The  slila  overlap  when  the  fork  ia  at 
rest  so  that  to  an  obaert-er  looking  through  them  the  card  is 
visible ;  when  the  fork  is  in  vibration  visiim  is  possible  through 

e  slits  twice  only  in  every  compleie  vibration.   (See  Fig.  144). 


ModB^ 
DriTing 
Coil. 


Uniform 
8p«dsof 
Driring. 

I 
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Tlie  fork  wos  eleclricnlly  uinintnined,  nnd  liml  n  frequency  of 
nbout  ^^  (inoro  nearly  69'69).  TliuB  t\ia  cari  could  ba  seen 
127  times  a  second  through  tbe  bVub.  Hence  if  a  i-ircle  on  Ibe 
cnrd  niRrked  u-ilb  nlternalo  black  and  white  teeth  pusaed  tbe 
mean  position  of  the  slits  a  number  of  tiioett  a  second  equal  to 
twice  Ibe  frequent-y  of  the  fork,  the  oirele  nppeHred  to  be  at 

Tbe  L'Hni  wns  graduated  with  five  circles  containing  60,  32, 
24,  20,  10  black  teeth  respectively,  to  enable  u  variety  of  speeds 
to  bo  observed  witliout  any  change  in  the  frequency  of  the  fork. 
By  looking  over  one  eud  of  one  of  the  vibrating  plates  the  card 
oould  be  seen  only  once  in  eiicb  complete  vibration,  and  tbus 
the  60  teeth  circle  could  be  used  for  tbe  lower  speeds. 

The  contacts  of  tbe  fork  were  made  ond  broken  with  a 
platinum  point  and  mercury  cu^  covered  with  pure  alcohol. 
The  iirrangemeDt  worked  exceedingly  well,  and  went  for  hoitra 
without  requiring  tiie  smallest  attention.  A  comparison  was 
mode,  by  means  of  beats,  between  tbe  pitch  of  the  fork  and  that 
of  a  standard  fork. 

It  was  found  that  ths  speed  of  tbe  disk  could  be  regulated 


by  the  observer  by   iipplying  slight    friction 

cord,  when  the  teeth  showed  any  tendency  to  pass.     He  there'^ 


■ing 


fore  allowed  the  cord  to  run  tightly  through  his  6nger8,  and 
after  a  little  practice  it  was  possiblu  so  perfectly  to  regulate  the 
speed  that  a  tooth  never  passed  the  pointer  except  perl) nps  by 
inadvertence,  when  he  ut  once  brought  it  back  by  slightly  re- 
tarding the  cord.  The  passage  of  one  tooth  in  each  second 
meant  of  course  only  a  variation  of  1  in  127  in  the  speed. 

In  the  course  of  the  observationB  note  was  taken  of  tlie 
changes  of  magnetic  declination  by  means  of  an  auxiliary 
magnetometer  sot  up  near  enough  the  revolving  coil  to  be 
practically  in  the  same  magnetic  field  witli  it,  liut  at  tbe  same 
time  so  tar  away  as  to  be  unaffected  by  the  induced  currents 
produced  by  the  spinning.  The  scale  was  rend  by  means  of  a 
telescope,  and  the  distance  from  mirror  to  scale,  2J  metres,  was 
the  same  as  that  of  the  mirror  of  the  magnet  in  the  coil  from  its 
Hcale,  so  that  the  corrections  could  be  innde  by  simple  com- 
parison of  readings. 

Some  trouble  was  cau»ed  by  air  currents  in  the  box  containing 
the  magnet ;  these  currents  caused  change  of  zero  during  a  set 
of  spinnings.  They  were  mainly  due  to  radiation  of  the  lamp 
and  gas  Jets,  and  precautions  were  taken  to  diminish  tbe  effect 


greater  tlian  that  which  necennarily  affected  the  di 
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1  raiiiua  of  the  coil,  and  tlie  dietimce  oi  the  mirror 
n  the  bcbU. 

)  be  the  deflection  of  the  mirror,  d  tjie  observed  reading, 
3  the  dislaoce  of  the  mirror  from  the  scale,  8  the  dlHtance 
J.of  the  zero  of  the  scale  from  the  centre,  then,  approximately 


,1  (rf  +  a)^ 


1-^ 


This  formuln  was  used  for  calculuting  tan^,  9  being  taken 
positive  when  in  the  snine  direction  as  d.  Iireguiarities  in  tlie 
scale  were  allowed  for,  and,  as  stated  above,  a  correetion  applied 
for  the  slight  non-horizontalitj'  of  the  normal  to  the  mirror. 
The  vertical  distance  between  the  centre  of  the  objective  and 
the  point  in  which  the  normal  intersected  the  scale  being  denoteil 
by  j>,  the  angle  between  Ihe  normal  and  the  horizontal  by  a,  the 
correction  was  dpajJi,  which  amoinitcd  to  d  X  '00014. 

The  resistance  compariBona  generally  phowed  a  rise  of  resist- 
ance dnring  each  set  of  experimenta.  This  was  corrected  for 
on  the  supposition  that  the  rise  of  temperature  was  unifonii 
during  the  time  elapsing  between  two  successive  meHSurements 
of  rasistance.  The  error  ariBing  from  uncertainty  of  temperature 
did  not  amount  to  more  than  '05  per  cent 

The  following  is  one  set  of  readings  in  which  C  denotes  the    .Specimen 
resistance  of  the  coil,  S  llie  resistance  of  the  standard.  Sat  of 

Readings. 
Time.  *" 

9  h.  17  m.         Besislanee  Compared         C=  .¥+  -0225 

i  Reading  of  Auxiliary  ] 
Magnetometer 
Position  of  rest  of 


S7Se 
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Reading  of  AnziHai^'  /  a«-^ 

&h  57  in             Mmgnetometer.   '  (  ' 

jh,oi  in.         Position  of  reirt  of  /  -^-^ 

needle  (  '^'^ 

10  1j.  0  m,        Be«i0Unce  compared  C  =  5  +  '0272 

From  tljese  the  following  table  of  correcte^l   readings  and 
deflections  was  found  : — 


Calcula- 
tion of 

Value  of 

Rerifit- 

ance. 


Table  of 
Resulto. 


Portion  of 
Bart 

ot«tTTed. 

-  39«-61 

+  400-81 

-  399- 10 
+  400-56 

C  =  .V  +  -0248. 

eorTt«iMfor 

8eal«ErTon> 

tnd  Temperature. 

766-28 
765-59 
765-33 
765-53 

-  396-55 
-h  397-93 

-  397-23 
+  397  23 

Mean  39742 

The  valtJO  of  R  waH  calculated  directly  from  the  solution  of 
the  qua^lratic  (24)  above.  It  A  be  put  for^(l  +  -0003  tan  D)l 
(1  -|-  r),  the  vahjc  of  the  area  of  the  coil  when  it  is  made 
to  include  the  correction  for  torsion  and  level,  and  tan  B  denote 
OMjIIA  aH  detennined  above  (p.  568),  this  solution  may  be 
written 


I{  »  imOjl'  cot  <^  [I  +  tan  /i  sec  (f) 

+  \^("l  +  tan  /i  see  (^-"^H^Man  20! 


.     (32) 


where  (J  =  (2L/Gji')l(2L!GA'  -  1),  and  n  denotes  the  number  of 
turns  of  the  coil  per  second  =  2  frequency  of  fork  /  number  of 
teeth  in  stationary  circle. 

The  following  table  gives  the  result  of  all  the  experiments. 
Column  1  gives  the  date  of  the  experiment,  2  the  speed  in 
terms  of  the  number  of  teeth  on  the  apparently  stationary  circle, 
3  the  deflection  corrected  for  scale  errors  and  variation  of  tem- 
perature during  the  set  of  expcrimentH,  4  the  absolute  resistance 
id  the  revolving  coil  on  the  assumption  that  the  inductance  of 
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[  the  coil  WIS  4'5  X  10'  cms,,  itnd  5  tlie  aUoluto  reaiatnnce  of  the 
T  atamdard  German  silver  coil  at  ir-5  C.  aa  Riven  by  tlie  different 
■  4xperimeiila,  subject  to  a  correction  for  the  copper  rods  con- 
T  Becting  the  rotating  coil  with  ttie  resistanoe  bridge. 


0*te. 

C»ril. 

■^r 

,...^. 

SUilill'>Iil       ^""■ 

Dec.  7 

10 

190 

nO'42 
110'2Z 

4-548G 

4-6568 

4-5419    )...,„ 

Dee.  2 
6 
10 

60 

218-61 

218'30 
218-72 

4-6580 
4-6620 
4-6631 

4-5487 
4-.5471 
1-5422 

14-64G7 

Dec.  2 
6 
10 

32 

397-75 
397-39 
397-2fi 

4-5G3i» 
4-5672 
4  ■5637 

4-5417 
4-5415 
4-6448 

14-5127 

Dec.   2 
6 

■ii 

fiI3-7a 
6I3-68 

4-6719 
4-5734 

4-5438    )*^"2 

Menu  n  =  4-5427 


Iff*,  i 


Tiie  value  of  L  here  used  was  slightly  less  than  thai  found  by 
.    Lord  Rayloigh,  and  agreed  very  closely  with  a  value  (4-6130  X 
10'  caia.)  deduced  by  the  method  of  leust  squares  from  Ihe 
re«nlt«  for  different  speeds. 

The  German  silver  standard  waa  then  compared  with  the 
original  standnrds  prepared  by  the  B.A.  Committee.  The 
standard  was  found  to  bo  4-595  B.A.  nnits  at  U°-5  C,  and  the 
resistance  of  the  copper  rods  connecting  the  rotating  coil  with 
the  bridge  was  found  to  be  -003  unit.  Thus  4592  B.A.  units 
^  were  found  to  be  equivalent  to  4-5427  x  10^  in  cms.  per  second,  or 


I  B.A.  u 


:  110=, 


■  Finnl 
Value  of 


The    loveBtigation    just    described    was    repeated    by    Lord     Purt^ 

Bayleigh  with  improved  apparatus.     The  coil  was  made  more      Eiperi- 

risk  of  deformation  by  the  winding,  and  its      meats. 


S7t 
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tCoiutrac'  dimensionti  were  increased  in  tlie  ratio  of  about  3  tc  2 

if      ring  wao  in  two  halves,  joined  along  the  horizontal  dinmeter  by 
Bing.       proJBCtiiig  flanges,  and  insulatad  from  one  another  by  a  layer  of 
ebonite.     Its  constraction  with  driving  arrangements,  ac,  is 
shown  in  Fig.  laO. 
Ring  The  ring  having  been  wound  was  spun  witli  ite  circuit  open, 

fConants.  and  it  wnB  found  thai  a  perceptible  effect  on  the  magnet  was 
produced.  This  was  traced  to  currents  circulating  in  the  partii 
of  the  ring  adjacent  to  the  ebonite  layer,  where  there  was  _ 


§uffiuiciit  body  of  i    . 

angles   to   the   windings.      Tbeee    currents    were    a^erw^s 
allowed  for. 

Arrange-        To  obviate  air  disturbances  of  the  needle  cauaed  by  rotation 

tuent  of    of  the  coil,  the  magnet  box  was  screwed  air-tight  to  the  lower  end 

Usgtut.     of  a  brufls  tube  which  posaed  through  the  up]ier  part  of  the  axis 

^^  of  rotation.     By  iinsorowin([  the  box  and  pulling  up  the  braas 

^H  tube  the  magnet  could  be  withdrawn  with  tlie  fibre  intact.     The 

^^H  level  of  tbe  needle  waa  adjiietable  by  means  of  a  sliding  piece, 
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tu  \iiiii:ii  the  upper  end  of  the  fibre  wiis  attacbed.  The  whole 
arrangement  wne  eo  rigid  that  no  dieturbaiiee  was  prodiiDed  by 
tlie  air  even  at  the  higheat  speeds. 

The  needle  n'oe  oti  tiie  f»me  plan  an  before.  Its  moment  wua 
however  six  or  aeven  times  ae  great,  with,  on  account  of  the 
greater  dimeasionB  of  tbe  coil,  a  value  of  -0042  for  MO/Aff, 
(tan'^),  or  only  about  twice  the  former  value,  (This  was  determined 
in  a  manner  siniilur  to  that  already  described).  The  horizontal 
breadth  of  the  mirror  was  diminished,  and  tliiiH  with  greater 
magnetic  moment,  and  smaller  mirror  the  disturbance  from  air 
t'Oiinents  inside  the  box  was  brought  down  to  about  1/13  of  what 


3  in  the  former  apparatus.    The  period  of  oscillation  was 

brought  up  to  a  convenient  amount  by  an  inertia  ring  |  inch  in 

diameter  added  to  the  magnet.    The  welglit  of  the  whole  was 

80  Hinall  that  it  was  easily  borne  bv  a  single  fibre  of  silk. 

The  coil  lyns  driven  and  ita  speed  determined  as  in  the  former 

I  experiment?. 


ABSOLUTE  MEASUftEMENT  OF  RESISTANCE  ■ 

Tti«  tDBistuncc  uf  tlie  ouil  being'  23  uniu  us  compared  with 
tlie  fonner  vnlue  4'6  unitu,  ftrrangementB  were  made  to  add 
reeiatancos  to  the  copper  circuit  wlien  the  vnriation  of  reBJBtniiue 
possed  bejrond  the  range  uf  the  slide  wire,  and  a  pliitinum-ailver 
standard  of  about  24  units  was  employed. 

The  general   arrange  id  eot  of  the  apparatus  is  ahown  in  Fig. 


A  lir«t 

Bet  of  >«pir.nin(;.i  gave  less  nceiirate  results  than  were 

peeled 

ajid  llie  niause  was  trnted  to  tlio  pnper  nonleB.     These 

ere  ihen 

replaced   by  sfales  engraved  on  glass.     Some  trouble 

WAR  also  caused  by  an  imperfect  mercury  contact  ut  the  iunotion 
')f  the  copper  coif  with  the  bridge  CI  '    ' 


Hemdrianit 

Mwiridilu. 

Aiul 

RadU 
hiMdUL 

Coil  J 
Coil/f 

14863 
U8'3A 

1-99 
199 

1-B9 

Mean  148  44 

Mean  23625 



iiteachlayer,esoepttbe  sleTenthlayer  of  ^,  which  hnd  seventeen 

turns.     An  extra  turn  was  kid  on  J  outaide  the  aixteeiilh  layer. 

Each  layer  was  measured  during  winding,  and  again  on  un- 
winding after  the  eiperimentH  had  lieen  made.  Thus  the  effect 
of  the  presBiire  of  the  layers  in  diminialiing  their  radii  was 
eHlimiitod,  The  mean  of  the  mean  radii  of  the  two  coils  woe 
then  23'6I6.  Weights  of  two  to  one  were  given  to  the  last 
result  Olid  the  former  bo  that  »  mean  of  23'619  cms.  was 
adiipled. 

QA  was  calculated  from  the  formulre  (37),  (28),  above, 
iiiultipHed  together,  and  it  was  found  thatlog(f,'.l)-8'I7682. 
The  correction  for  level  and  torsion,  it  was  found,  increased 
this  number  only  to  8*17686. 

The  value  of  L  for  the  cuil  waa  found  by  calculating  £j, 
iind  it  for  the  two  coils  as  explained  above  {p.  666),  L„  L, 


1 
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fbnnd  by  (29),  and  Af  by  the  formula  of  Rpproxima 
-  ■"■•  above.    Thus 

L,  (for  ^  =  1029'3  X  16'  X  18*  cms., 
£,  (for  £)  =  !03l-9  X  16>  X  18'  cma„ 
2J/  =  83i-8a  X  16'  X  la*  cms., 
t 

L  =  Li  +  Lj  +  2M=2-400iX  10*  cms 


Cnkulk-  1 
t>»D  of  i 


it  of  ihe 

determinntion  iagiveii  in  Chap.  IX.  ubove.    The  Html  result  thus 
found  w»B  i=2-4052  X  10«  cms. 

The  currents  in  the  ring  were  allowed  for  ae  follows.  Putting 
taa  n  for  AfG/Jff  as  at  p.  568  above,  and  j;  G',  L',  R,  for  the 
i]uantitie8  depending  OD  the  ring  and  corresponding  to  J,  (J,L,R, 
we  have  from  (24) 


tan*  +  r~ 


ff^u 


-  {R  +  Z,M  tan  0  +  A  tan  (l  sec  ^) 


^^^,j(ff'+I-'Bitan*  +  ff'tan^8ee.^)   .     (33) 


tan  ^0  +  r 

Pulling  rtan  0 
after  reduction 

tan  0- tan  1^  — 


o  circuit  is  dosed.     If  the  wire  circuit  is  open  and  the   Theory 
.he  same  King    _ 

Carrentt  f 


■(fi>  +  -'t')(I+r) 

-l-fltatifOec^)^! 


(A  +  Zoo  Ian  0 

tan^o) 


Thus  the  elTect  of  U  would  be  to  increase  the  deflections  st 
high  speetls  beyond  Llieir  proper  values,  whereas  thiit  of  L  is  to 
diminish  them.  The  value  of  LjR  for  the  wire  circuit  was  -Ol 
second  :  for  the  ring  L'lR'  was  no  doubt  much  less,  and  further 
0)  tan 00  at  the  highest  speed  was  only  1/26.  The  Inst  fnctor  on 
the  rig&t  of  (35)  may  be  omitted.     Hence  R  is  given  by  (32) 
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ftliovo  with  tail  i^  -  ton  ^„  uaed  instead  of  tan  4;  (bul  sec  ^  left 
unchanged)  and 


»■=  Ca£/(?i^){i£/Gi^  -  tnn  0/(tain^  -  tan  0 
eCideootes  C/(1+t). 


caTTj-- 
easin 


Uode  of        Witli  regnrd  to  the  obser  vat  ions,  the  general  mode  ol 

Carrying   jng  out  the  work  and  cotrectiug  tiiP  results  was  tlie  sari 

out         the  former  ioTesligatioii.     An  auxiliary  magnetometer  w 

ObMrva-    ^g  before  to  trace  eliftnges  of  declination ;  and  the  speed 

"""^      deflections  were  rend  olT  as  formerly.     For  lbs  highest  meed  it 

was  found  that  Ian  AJtau^  -  7'8l/439-41,  and  this  with  the 

value  of  GiJ  staled  above  gave  logn,  U  =  -84326. 

The  standard  coil  was  kept  iiiimsrsed  in  water  the  temperature 
of  which  was  observed,  ana  the  temperatures  of  the  air  were  alsu 
observed  in  the  neighbuurhood  of  the  copper  coil,  and  near  the 
standard  tuning  fork  by  which  the  frequency  of  llio  specd- 
meaauring  fork  was  determined. 

CompariBons  of  tlie  resistance  of  the  copper  coil  with  the 
platinum-silver  coil  were  made   before   and  lifter  each  set  of 
spinningH.    The  resiatiince  of  the  copper  circuit  was  equal  to 
that  of  the  standard  coil  +  or  -  the  resiHtance  of  the  bridge 
wire  required  for  balance. 
en       A  specimen  set  of  readings  is  here  given  with  the  necessary 
r      oorrections.    The  first  setof  six  were  madewith  the  wire  circuit 
1  Headings,    open,  the  second  set  with  it  closed. 


Wire 
circuit  ( 
open 


No.  of 

•planing. 

,„. 

eomidtKlbj 
laaiMttJ  pu^et 

DIIT. 

,,"™ 

it 
it 

6  + 

■St 

lit 

8  16 

8  18 
8  20 

8  23 

8  as 

8  45 
8  47 
8  50 
8  S2 
8  6S 
8  58 

693-38 
603-86 
6!13-4I 
604-10 
593-45 
604-Ofi 

901 -58 
296>11 
901-04 
29642 
901-33 
296-56 

10-48 
10-45 
10-69 
10-C6 
10-60 

605  47 
606-43 
005-12 
S0491 
604  77 

V     6-29 
1 302-58 

The 
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eaiatunce  of  the  standard  -  the  resiBtnnce  of  the  copper  C 
ixpresaed  in  tenns  of  the  resistnnce  of  one  divisiuii  of 
the  bridge  wire  as  unit,  was  212  at  the  beginning  of  the  eecond 
sii  obaervations,  and  —  31G'5  at  the  end,  giving  a  mean  of  -5'2 
during  the  interval.  But  each  diviHion  of  the  bridge  wire  wa4 
about  1/480OOO  of  the  whole  resistance  o£  twenty-four  ohms,  so 
that  if  bftluDce  had  bein  obtained  on  the  average  at  the  middle 
of  the  bridge  wire  the  deflection  would  have  been  3l>2*69. 

Again  the  temperature  of  the  standard  during  the  experttnetits 
had  smeau  value  of  10°-026,  so  that  the  realstunco  of  thesUndurd 
which  for  thin  series  was  taken  as  norma]  at  13%  was  below  its 
normal  value,  and  the  deflectiona  were  too  large.  The  variation 
of  resistance  of  the  standard  per  decree  was  3  parts  in  10000, 
80  that  the  deflection  fell  to  be  diminished  by  about  27  parts 
in  3000  or  by  -27. 

Thestandardnuinber  of  beats  per  minute  between  the  standard 
fork  and  the  eleoirically -maintained  fork  (nt  17°  C.)  was  taken  as 
69  daring  the  series  of  obaervationa,  and  in  the  set  of  observations 
here  taken  as  a  specimen  the  mimber  of  beats  was  6&J  per  minute, 
BO  that  the  electrically -maintained  fork  was  too  sharp  iiy  2J  parts 
in  60  X  127,  127  being  very  nearly  twice  the  frequency  ot  the 
latter  fork,  that  ia  the  speed  was  too  great  by  this  amount. 
This  gives  its  the  correi:tion  of  the  deflection  for  excess  of  speed 
-  10. 

But  the  standard  fork  which  was  at  normal  frequency  at  17" 
was  at  I3°'05,  and  therefore  vibrated  more  quickly  than  the 
normal  rate.  The  amount  of  quickening  was  about  1  in  10000 
per  degree  of  difference  of  temperature.  Thus  there  was  a 
further  temperature  correctioif  on  the  deflection  of  —  -12. 

Adding  together  and  applying  these  three  negative  correcUonN, 
we  get  for  the  deflection  which  would  have  been  obtained  if 
everything  had  been  in  its  normal  state  as  specified  302'10. 

From  the  series  of  esparimenta  made  at  different  speeds,  it 
wiia  seen  that  there  was  a  tendency  for  the  value  of  the  resist- 
ance to  rise  with  the  speed.  This  would  have  been  the  effect  of 
an  under-estimate  of  the  value  of  L,  but  as  the  error  to  account 
for  tbe  discrepancies  at  tlio  different  speeds  would  have  had  to 
be  about  1  per  cent.,  it  was  taken  as  more  probable  that  there 
were  ring  currents  generated  which  were  not  conjugate  to  those 
In  the  wire  circuit  There  was  no  doubt, however,  that  the  true 
value  would  be  obtoined,  no  matter  which  of  these  views  was 
taken,  by  applying  a  correction  proportional  to  tbe  square  of  the 
speed.  Tliia  correction  was  calculated  from  two  extreme  speeds 
.tnd  applied  to  the  results.  Thus  the  principal  series  of  eipeti- 
ments  consisting  of  miiny  different  sets  of  tipinnings  gave  the 
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llieir    finul    corr«ted 


e^^^u. 

is-(uiiiiiwo.o.a.) 

^^^S™"' 

ConwUd  Rnlit- 
nrx  at  lUndud 
(ubltH<»C.0.8.> 

60 
45 

35 
30 

23-619 

2fl-621 
23-630 

23-638 

■O06 

-Oil 

■018 
-026 

23-613 
23-610 
23-612 
23-613 

Mean  23-627 

Mean  29-612 

The  result  o£  this  set  of  experiments  waa  takoo  bh  tiiat  with 
which  ibe  D.A.  Htundanla  Bhould  be  compared.  AnoLbor  seriea 
made,  however,  gave  practically  the  same  reaiilt,  viz.  23-618xl0* 


C.G.8. 

Tilue  of        A  careful  compariai 
B.A.       with  the  B.A.  unit  gav 

"""■         23-612  X  10»C.Q.S. 


1  B.A.  unit=  -98G5I  ; 


=  23-93-18  B.A.  ii 
10»  C.G.S.  units. 


T  Lord  Bayleigb  aod  Mrs.  SiJgwick  have  made 
careful  determination  of  the  value  of  the  B.A.  unit  of 
resistance  by  the  method  of  Lorenz.  A  disk  of  metal 
touched  near  its  centre  and  at  its  circumference  by  the 
terminals  of  a  conductor  was  spun  round  its  axis  of 
figure  at  a  uniform  observed  speed,  in  the  magnetic 
field  of  a  coaxial  coil  carrying  a  current.  The  electro- 
motive force  produced  in  the  circuit  thus  formed  was 
balanced  by  the  difiference  of  potential  between  the 
terminals  of  a  resistance  through  which  flowed  the 
current,  or  a  known  fraction  of  the  current  producing 
the  magnetic  field. 


» 


METHOD  OF  LORENZ  I 

Supposing  the  disk  touched  at  its  centre,  the  total  Tl'i 
change  in  the  flux  of  induction  tlirough  the  circuit  in 
one  turn  is  equal  to  the  induction  produced  by  the  coil 
through  the  circular  edge  of  the  disk,  or  if  JT  denote 
the  mutual  inductance  of  the  coil  and  this  circle,  and 
7  the  current,  it  is  My.  If  m  revolutions  of  ibe  disk  be 
made  per  second  the  electromotive  force  is  nMy.  This 
is  balanced  by  the  difiference  of  potential  By  between 
the  terminals  of  a  conductor  of  resistance,  R,  and  so  we 
have 

R  =  nM (36) 

M\%  calculated  from  the  known  data  of  the  coil  and 
thus  R  is  found. 

In  no  practical  case  can  nU  be  large,  and  therefore  R  must  be  ^f^ '^J',' 
BmFill,  and  a  difficulty  arises  on  this  aoeount  in  iLe  carrying  oiit  "'«•■  "■"' 
Qi  the  method.  Thie  was  overcome  in  Lord  Bayleigh  and  ^.^■.. 
Mrs.  SidRwick's  eiperimenlH  by  arranging  that  the  main  current  "'^S^'^"  « 
should  fluw  along  j/C  (Fig.  131),  through  a  resiBtanee  a  amnll     ^J„(^_ 


FiQ.  131, 

compared  with  the  TesiBlance  e  between  A  and  B,  wbile  at  the 
two  points  B  and  C,  including  a  reaistance  b  also  small  compared 
with  a,  the  terminala  connected  with  the  revolving  diak  were 
applied.  Thus  b  was  the  resiatance  which  was  evaluated  by  the 
e^tperiinent.  The  connectiuns  at  A,  B,  C  were  made  by  means 
of  mercury  cups. 

The  main  current  being  y,  and  no  current  flowing  in  the 
circuit  applied  at  BC,  the  current  through  J  B  Cm  yaMa+b+c). 
Hence  llie  differenfe  oE  putenlial  between  B  und  C  was 
yai,'{a  -\-  b  -\-  c).      This  was   therefore  the  electromotive  forca 
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geiiernled  by  the  motion  of  the  diik.     It  will  be  convenient  t 

reukrd  it  a«  tlie  differeiice  of  poteDtisl  produced  by  the  ciiirent 

y  hetvieen  the  ends  of  a  cooduclor  of  rediatance  oi/(ii  +  i  +  e). 

The  pair  of  coils  uid  byGliucbrook  in  hie  determination  of 

Hot     tlie  oliiii  (see  sbovo,  p.  6-13)  wnra  employed,  and  were  at  first 

[  Aptun-     placed  close  together  with  the  disk  between  them,  so  as  to  Rive 

n  mnximuin  inflictive  effect    The  axle  was  mounted  vertically 

in  the  frnme  already  used  for  the  Bpinninic  coil  detemii nations, 

so  Ihat  the  arrangements  then  used  for  driving  and  measuring 

the  speed  were  available  aho  in  the  present  rase. 

The  diameter  of  the  disk   waa  about  '6  of  that  of  the  coils. 
This  size  was  chosen  as  on  the  one  band  it  was  not  desirable  to 


have  any  part  of  the  disk  near  tlie  wire,  on  account  of  the  mon| 
rupld  variation  there  of  the  magnctio  induction,  and   the  con- 
sequent greater  imporlance  of  errors  in  the  estimation  of  the 
rudiiiB  of  tlie  ccila  or  disk,  and  on  the  other  hand  too  small  a 
radius  rendered  the  arrangement  insensitive. 

After  some  trials  it  was  decided  to  make  the  edge  cylindrical, 
uTid  to  make  the  edge  contact  by  a  brush  of  line  copper  wires 
placed  tsngentially  to  the  edge  and  amalgamated  wiili  mercury. 
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The  arrangcmoTit  of  the  appiiratus  is  Bhown  diagratnmatically 
in  Fig.  132.  Tlie  buttery  A  is  connected  with  a  mercury  cup 
commatator  S,  by  which  the  current  can  be  Rent  in  either 
direction  tjirough  B.  R  iaiiere  tHkon  ae  a  simple  conductor,  but 
the  shunt  arrangement  wu  of  course  used,  and  R  may  be  taken 
as  standing  for  the  resistance  abl{a  -\-  b  +  c). 

The  terminals  F  ant)  H  adaclied  to  the  centre  and  oironra- 
ference  of  the  disk  were  connected  with  a  mercury  reveraing  key 
/,  and  in  one  of  them  was  included  a  reflecting  galvanometer  Q. 
From  /  the  wires  of  tlie  disk  circuit  proceeded  to  the  terminala 
of  R,  one  of  them  however  having  included  in  it  a  portion,  JK, 
t>t  a  circnit  containing  a  sawduat  Dnniell  L,  and  a  resistance  coil 
of  100  ohma. 

The  lattercircuit  was  designed  to  balance  the  effect  of  thermo- 
electric force  at  the  sliding  contacU  of  the  brush  on  the  disk, 
ftnd  tlie  inductive  effect  of  the  earth's  magnetic  field  in  whiuli 
the  diak  rotated,  which  would  have  given  a  current  through  the 
sliding  contacts,  thereby  bringing  theae  resistaQces  into  the 
account  The  function  of  the  galvanometer  G  wis  to  teat  this 
balance,  and  that  rei]uired  when  the  disk  was  rotated. 

The  battery  and  frame  carrying  the  dish  were  insulated 
from  the  ground,  and  the  coils  insulated  by  ebonite  supports, 
and  for  definitenesa  one  point  of  the  galvunometer  was  con- 
nected to  earth  at  £  It  was  found  that  there  waa  no  error 
from  leakage. 

In  the  currying  out  of  the  experiments  the  test  of  perfect  '. 
balance  of  the  electromotive  force  of  the  disk,  together  with  ( 
the  thermo-electric  force  and  inductive  action  of  the  eurlh'a  field, 
above  referred  to,  was  absence  of  deflection  of  the  galvanometer 
needle  when  the  battery  current  was  reversed.  It  was  not  how- 
ever thought  desirable  to  seek  aceiirnte  balance,  but  to  mako 
observations  of  the  effect  on  the  galvnnumeter  reuding  of 
reversal  of  the  battery  current  with  a  resistnoce  if,,  very  little 
different  from  that  [R)  needed  for  balance.  After  a  seriea  of 
readiiiga  had  been  taken,  A,  was  changed  ioR^  which  was  such 
that  the  Btttne  reversal  of  the  current  waa  accompanied  by  ii 
galvanometer  deflection  of  opposite  sign  to  the  former.  The 
two  series  of  results  gave  B  by  interpolation, 

To  eliminate  progressive  change  in  the  battery  electromotive 
force,  the  observations  for  fl,  were  interspersed  with  those  for 
R^.  As  soon  as  each  series  of  results  had  been  obtained  for  one 
direction  of  driving,  the  driving  cord  was  reversed  and  a 
similar  series  of  observations  made. 

Preliminary  (rials  proved  that  the  shunt  arrangement  repre- 
sented in  Fig.  131  was  faulty.    The  pieces  dipping  into  the  cup 
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C  were  moved  from  d»y  to  day  to  verify  the  contacts,  and  tho 
fact  wsB  overlooked  that  as  the  innin  current  also  trftvemed  C,  a 
siiiatl  change  in  the  positions  of  the  contact*  might  make  a  con- 
eiderahle  difference.  For  any  uncertainty,  even  of  verj'  small 
absolute  amount,  would  affect  bulh  a  and  b,  whidi  were  small, 
and  therefore  serioiiBly  fl4/(fl  +  A  +  e). 

The  arrangement  shown  in  Fig.  133  was  accordingly  adopted. 
Two  cups,  A,  D,  were  connected  hy  two  1  unit  coils,  through 
which  the  main  current  flowed,  while  two  other  mercury  cups, 
B,  C,  received  the  galvanometer  terminals  of  the  disk  circuit. 
CyuM  connected  with  l)hy  a  Htuut  rod  of  copper.  A  resiEtiince 
box  £was  placed  as  a  shunt  across  A  to  enable  the  resistance 
of  the  sLunt  to  be  adjusted. 


Two 

and  o  third  seriea  with  thi 

Coils  to  the  disk,  midway  betw> 
diDiiDiih  duotion  throueh  it  wnt 
Etfflct  of    variations  of  tl 


\ 


Error  in 


radi 


taken  with  the  coils  close  together, 
lis  separated  to  a  position  in  which 
them,  was  so  situated  that  the  in- 
nearly  ns  possible  independent  of 
of  the  coilH.    That  there  was  hi    ' 


position  is  clear  from  the  fact  that,  for  given  vnlues  of  the 
.diuB  of  the  disk  and  the  distance  of  the  plane  of  ihe  dink  from 
le  mean  pluneof  either  coil,  the  inducliOD  is  xero,  both  when  the 
enn  radius  of  the  coil  is  0  and  when  it  is  inliuite.  Hence  there 
as  some  value  of  the  mean  radius  of  tbe  coils  for  wliich  the 
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and  a 


which  therefore' the  rate  of 


Lduction  WA9  a  n 
varintioD  of  if  with  chnng'e  of  meao  rudiuB  wan  Kero. 

For  this  purpose  the  coils  were  Bepsrated  by  distJince-picres 
of  proper  size  ;  and  to  eliminnte  unccrlainty  na  to  the  poeilion 
of  the  inenn  pIxneH  relatively  to  the  bnhUioB,  after  one  BCt  of 
obgervatioDH  had  been  completed,  the  bobbins  were  reversed  on 
the  distance-pieces,  and  another  set  of  observatioos  taken. 

The  (liinensioDs  of  the  coils  are  given  above  (p.  G43),  and  the 
distance  of  their  mean  planes  apart  in  the  close  position  wiib 
S"275  oms.  In  the  separated  positions  the  distances  apart  of  the 
mean  [ilanes  were  30'6K1  cms.  and  30-710  cms.  reapeclively. 

The  diameter  of  the  disk  was  measured  by  callipers,  and  its 
circumference  by  a  steel  tape.  It  was  found  that  the  edge  wbh 
alightly  conical,  and  it  was  estiniated  that  the  mean  diameter  at 
the  contact  of  the  brush  was  31-072  cms.  The  other  contact 
was  made  at  the  shaft,  and  the  diameter  of  the  circle  of  contact 
there  was  2-O06cms. 

The  coefficient  of  mutual  induction  was  calculated  Hrst  by  the 
elliptic  integral  formula  (by  aid  of  the  tables  given  in  the 
Appendix)  for  two  circles  of  radius  equal  to  the  mean  radii  of 
either  coil  and  disk,  and  at  a  distance  apart  eiiual  to  the  diatance 
of  the  mean  plane  of  ihe  coil  from  that  of  the  disk.  Then  the 
oross-sectiou  of  the  coil  was  taken  into  account  by  the  formula 
of  quadratures  given  above  (p.  403). 

If  a,  a",  be  put  for  the  radii  of  the  coils  and  disk  respectively, 
and  X  for  the  distance  apart  of  the  mean  plane  of  the  coil  and 
of  contact  on  the  disk,  26  and  2i^  the  axial  breadth  and  radial 
depth  of  the  coil-,  and  W(o,  a',  t)  the  result  for  the  two  circles, 
the  rasulls  in  cms.  per  turn  of  wire  wore  bb  follows  ;— 


Distance 
ajiart  of 


Coih 

inea. 

■  togetlier. 

a  = 

25-760 

cms. 

a- 

=  15-536  cms. 

b-~ 

-948 

cm. 

d 

= 

■9Si5  cm. 

-V(«, 

o;^) 

=  215-4674 

M{a 

+  d. 

a;x) 

=  20S-1917 

M{_a-d, 

fl'.T) 

=  236-0835 

M{a 

.a',' 

+  *) 

=  211-7248 

Mif 

.,/,* 

-b) 

=  21-'5972. 

Adding  to  twice  the  first  of  these  values  the  i 
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and  Uking  }  of  the  reanlt,  tlie  average  value  of  M  for  one  turn  I 
of  wire  W88  given  by 

M  -  215-405. 

When  the  coils  were  neparatcd  by  the  inflertion  of  disUnca 
piecee,  so  that  x  =  1S*34T3  cms.,  without  change  of  thi  "  ~ 
data,  the  correnpundiug  values  found  were 

J/(tf,  a',  j)  =  110'9240 
.V(a  +  d,a'.x)  -111-2673 
Af(a  -  d,o\i)  -  110'2442 
J/Ca,o',  1  +  b)  =-104-6571 

Jf(a,«',a-  i-  117-6678 

which  gave  (again  for  one  tnrn) 

M  =  110-926. 

Tho  effect  of  orrora  in  the  meaBurement  of  it,  a',  and  x  can  b 
estiiiiuled  by  the  formula 


which  holds  becatme  the  expression  for  M  is  homogcneouB  in  c^J 
a',  X.     Writing  the  last  equation  in  the  form 


X  +  f.  +  K  =  1, 

e  have  for  the  fimt 

dM      .  da 


dx 


Now  we  niuy  lake  it  that  ftpproiimtttoly 

.  _  M{a  +  d,a;x)-il(fi-d,a,  x)  t. 
»nd  similarly  for  /*,  ¥. 


METHOD  OF  LORESZ 
e  of  the  coils  near  togetlier 


d  for  tliat  o£  the  eepnrated  coils 
X  =  ■123,     /I  =  -  'Bi 


Thus  in  Ihe  forinor  case  the  importance  of  an  error  in  the 
eatim^itiuD  of  a  ie  of  rather  more  than  half  the  importnnce  of  an 
equni  profortional  error  in  x,  while  an  error  in  the  estimation  of 
a'  ia  relatively  unimportant.  On  the  other  hand,  hy  llie  separa- 
tion  of  the  coils  the  importance  of  an  error  in  a  ia  diminished  to 
iibout  I/ll  of  its  former  amount,  wliile  that  of  an  error  in  a'  is 
enhanced.  The  numbers  show  that  the  separation  had  been 
carried  rather  beyond  itii  proper  amount. 

From  the  vidues  of  3f  in  both  cases  had  to  be  subtracted 
the  part,  M„.  sny,  corresponding  to  tlie  small  circle  touched  hy 
the  inner  brush.  Tha  area  of  this  circle  was  jn'x2-096';  and 
therefore  taking  the  magnetic  force  at  the  centre  of  the  disk  due 
to  unit  current  in  the  coil  of  mean  radius  a  as  a  sufficiently  ne.ir 
approiimation  to  the  average  induction  over  this  circle,  we  get 


Dedoctlon 
forlndnct- 

Circle  of 
Internal 
Contact. 


Jfo  = 


2)rB' 


Xl.rx2fl96». 


tqual  to  '836  in  the  first  case,  end  to  -534  in  the  other. 

Hie  resistances,  the  arrangement  of  which  is  shown  in  Fig. 
lis,  were  the  same  in  all  three  series  of  expsrimentH.  The  coil 
b  wBB  of  Germon  silver  and  had  a  resistance  of  A  unit  nearly, 
tho  resistance,  a,  between  A  and  D  wiis  made  up  ol  two  standard 
single  units,  and  7  or  8  B.A.  units  from  the  resistance  box  all  in 
multiple  arc. 

In  the  first  series  of  experiments  e  was  n  [10],  in  the  second 
[10]  +  [5]  +  [11,  and  in  the  third  series  [10]  +  [5]  +  [5'].  The 
rHJiistnncea  of  ihe  single  units  were  already  known,  the  others, 
that  is  the  [10],  [6],  [5],  [,U  had  to  be  cnrefully  compared  with 
standard  B.A,  units.  The  [fi]'s  were  compared  by  comparing 
first  one  of  them  with  6  units  in  ueriee,  and  then  the  two  [5]'8 
with  one  another ;  afterwards  tha  sum  of  the  two  [6]'9  was  eom- 
pnred  with  the  [10],  the  value  of  which  was  found  by  a  special 
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Tliree  Gerninn  silver  roila  of  ihout  3  iinitB  each  wound  on  tlie 

mngenient  Biune  tube,  had  their  eijile  arrBiigeiJ  bo  thnt  lliey  could  by  mer- 

for  Com-    uiiry  cups  be  put  either  in  multiple  arc  or  in  series,  and  a  change 

pBnaon  «t  maja  j,,  ^  very  Bniall  interval  of  time  from  one  mrangement  to 

Small      (|,g  p(^pj._     If,  niuHipie  ^^  they  were  compared  with  a  Htandard 

dard        '""^  """  rapidly  chaiirced  to  sericB,  «nd  ibe  reaiBtance  became 
very  nearly  9(1+0).    The  standard  unit  was  now  added,  and  the 
~  rt'HiHtaiice  bscame  10  +  So.    This  was  compared  with  the  [10], 

the  value  of  wliiih  was  to  be  found.     If  there  wan  a  difference 
3,  then  [10]  =  10  +  9n  +  fr 


The  ri/10]  was  determined  as  follows.  Twostandaid  unita, 
the  [10]  and  the  [1/10],  wero  ioined  as  shown  in  Fig.  134  as  m 
Whealstone  bridge,  in  which  the  bntiery  and  galvnnometer 
terminala  were,  as  shown,  brought  into  direct  contiict  with  those 
of  the  [1/10]  in  the  mercury  cups.  A  resielance  box  containing 
coda  up  to  10000  was  placed  in  multiple  arc  with  one  of  the 
units  to  enable  the  latter  to  be  adjusted  to  balance  with  all 
necessary  accuracy.  The  four  coils  were  bo  nearly  in  proportion 
that  a  reBlstance  of  several  hundred  units  was  required  from  the 
box  to  give  balance,  BO  that  the  delicacy  of  the  iirr.ingemeiit  was 
very  great, 
L  Aa  a  specimen  of  the  results  showing  the  mode  of  applying  the 
various  corrections  the  table  of  results  given  for  the  second 
series  of  experiiucQlB  with  the  coils  neur  together  is  here 
reprodiioed. 
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Fiusl  Tlie  first  series  gave  R  =  ■0(U43407  x  lO^  B,A.  units ;  hence 

B«nlU     ttieratioof  the  B.A.  unit  to  10»C.G.8.utiitB  of  resistance  being  X, 

'        of  _       th«  absolute  value  of  «  wbb  j  x  -WmUQl  x  10»  CSS.    But  tlie 

I   ?'!*."*     value  of  M  was  i/j  multiplied  by  tlio  number  of  turn*  in  the  coil 

S1588),  and  n  tlie  number  of  revolutiona  per  second  =  2  x 
requency  -i- number  of  teelh  HlntioDary  on  card.  Hence  bj  [36J 
for  the  first  series,  since  »  =  1E8-407/I0, 


T  X  ■O04434O7  X  10»  =  12*8407  X  214  609  x  1688 

I  =  -98674. 

The   second   i 
:  -  •00-27»167 

ieriee  gave,   since  for   it   n  • 
X  10», 

=  129-340/16 

and 

«■ 

2I4'669X  16S8X  129-340 
■00279167  X  10"  X  16 

■386G9. 

Id  the  third  u 
>  thst  from  it 

^8  n  -  I29-340/10,  and  It  = 

^  -00229762  X 

IV 

" 

110-392  X  1588  X  129-340 
■Ou21!87e2  X  iO»  X  10 

■98C83. 

I 


Abiolate 
Detar- 

niinatioQ 


Taking  the  mean  of  tlie  first  two  resulta,  and  giving  it  the  same 
weight  OB  the  lust  LortI  itayleigh  found  us  the  tinol  result  of  the 
investigation, 

1  B,A.  uuit  =  -98677  x  10»  C.G.S. 

With  tbe  value  of  the  specific  resistance  of  mercury  in  terms 
of  the  B.A.  unit  found  by  Lord  Kaj'leigh  and  Mrii.  Sidgwick, 
this  gives  1  ohm  =  resislaDce  at  0°  C,  of  a  cohimn  of  mercury 
106-214  cms.  long  and  1  sq.  mm.  in  orosB-section. 

A  carefully  planned  and  executed  detcrminution  by  Lorenz's 
method  was  made  in  1891  by  Prof.  J.  V.  Jones,  of  CnrdlfT,  who 
used  in  the  construction  of  his  apparatus  the  most  accurate 
obtainable  engineering  appliances. 

The  standard  coil  consisted  of  a  single  Inyer  of  double  silk- 
uovered  wire,  '02  inch  in  diameter,  wound  on  a  cylinder  of  bniBS 
about  10  6  inches  in  radiun,  in  a  screw  thread  of  pitch  -025  iucli. 
This  cylinder  was  very  carefully  turned,  and  tlio  screw  thread 
out  on  an  accurate  Whitwortli  latlie,  and  great  care  was  taken 
to  test  tlie  figure  ot  the  cylinder  after  it  was  finished.  It  was 
found  that  [he  cross-seclion  of  the  cylinder,  instead  of  being 
circularjwas  always  slightly  oval,  however  many  cuts  were  mode 
over  its  surfuCL",  showing  apparently  on  effect  of  iuternul  Btroases, 
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AB30I-UTK  MEA8UKEMEST  OF  BESI8TASCE 

After  llio  wrew  hud  been  cut  llie  mi*n  piano  cif  tlie  roil  wm 
dBtenniniHl  fur  the  after  placint;  cif  iho  (link  in  tlie  fullowiDK 
manner.  The  ahde-reat  of  tlie  lathe  wua  made  to  carrr  <■  ''  tool, 
and  u  iiiicroacope,  no  adjiintnd  that  l)ie  Jniage  of  tfie  point  of  the 
tool  waa  Men  exuctly  nt  the  centre  of  the  grailiinled  jilnle  in  the 
focal  )>Iane  of  llie  ej-cpiece.  When  the  altde-reat  wu  moved 
along  the  beil,  the  tool  pnaaed  iniide  the  cylinder  while  the 
inicroacopB  rcmnlned  outaide.    The  guide^acrow  of  the  elide-reat 

S of  pitch  '25  inch)  wu  tLimcl  hy  a  wlieel  975  inch»  in  radiiia 
llvided  into  3B0  parte,  und  it  waa  ponaible  t«  eatimalo  the  poai- 
tion  of  the  wheel  to  I/IO  of  a  divisiun.  By  drawing,  then,  a 
generating  lino  along  the  cylinder,  and  rending  on  thia  wheel 
the  pniition  of  the  microscope  wlien  the  rid^ea  of  the  firat  and 
■econd  threkd*  on  thia  lino  were  fociiaaed  in  the  Held  of  view. 
then  ninnintc  the  microicopo  nlon;;  the  generating  line,  und 
ttikingin  like  manner  the  rendingH  for  the  la>t  rirlgenijillaitlridgt) 
but  one,  the  reiulini;  for  the  mean  plane  could  be  at  once  found. 
The  mean  of  the  lirat  two  rendin^it  auhtrncted  from  the  mean  of 
the  last  two  gave  ubvioiraly  thodiatanre  between  the  tirat  hollow 
and  the  taal,  and  half  the  aum  of  theae  two  means  therefore  gave 
the  reiiilred  reading.  The  toot  was  then  moved  to  thia  posilion 
by  Clin  wheal  and  guide-ecrow,  and  a  cut  made  round  the  inaide 
of  tlie  cylinder  at  the  pinno  tlma  found. 

At  tlio  Interaection  of  the  Arat  and  Inat  hollows  wiih  thia 
generating  line  amall  hoica  were  bored  rndiully  through  iho  braaa 
of  the  cvlimlor,  and  were  bu-ihcd  with  parnffined  ehunile  tu 
reueive  llie  enda  of  the  wire.  The  wire  wua  aecured  oi  one  end 
in  the  hole  there,  and  was  ihun  lidd  on  in  Ihe  acrew-ihreod  by 
the  lutjje,  under  iinifurin  ten'ion  given  by  a  weighted  pulley. 
The  enda  of  the  wire  wore  aecured  hy  melted  parnflin  run  into 
the  huahea,  and  hlorka  of  ebonite  attncliod  to  thn  cylinder  at  the 
endi  of  the  generating  line,  on  whioh  Iho  ooil  begun  and  ended, 
oarriad  binding  acreina,  to  which  the  endii  of  the  wire  were 
aoldered. 
„  The  arrangement  of  Ihe  apparatua  ia  ahowo  in  Fig,  13S.    The 

of    diak  wiia  inaulaled  from  the  axle  by  ebonite,  and  waa  tixed  oo- 

DUk.  nxially  n«  described  tio'ow  in  the  moan  plane  of  Ihe  coil,  It  waa 
driven  by  an  electromotor  coupled  direct,  and  wn«  rotated  in 
[loaition  and  ground  tnin  by  an  emery  wheel  driven  rapidly  by 
an  electromotor.  Ita  dinmolor  waa  tnciiaurecl  by  a  Whitworlti 
meaauring'Hiauhinc,  Thia  conaiated  of  a  gmluaied  bed  carrying 
two  headatocke,  one  llxed  the  other  movable,  nloug  the  becl,  by 
a  gulite-aorew  turned  by  a  divideit  wheel,  The  distatioes  nscd 
on  thn  l»d  were  compareil  with  a  alnminrd  scale. 
A  aide  view  of  the  coil,  diak,  atrohoacopio  cylinder,  Ac,  (for 
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explanation  of  reference  letlera  nee  Fig.  136),  is  given  in  Tig. 
136,  and  an  end  view  showing  tlto  disk  and  edge-bruHli,  U,  in 
Fig.  137, 

Tlie  brush  fiDnily  adopted  for  tlie  edge   of  the  disk  wna   a 

HJnglti  wire  perfonited  by  u  channel,  through  which  wns  supplied 

n  Hmall  Btream  of  mercurj'.     A  piece  of  copper  an  inch  long  was 

drilled  to  a  depth  of  ]  inch,  to  meet  another  hole  at  right  angles, 

which  receivea  the  phosphor  wire  bruali.  The  perforation  dniled 

along  the  wire  of  the  brush  was  connected  with  that  in  the  copper 

piece,  and  un  india-rubber  tuba  alipped  over  the  free  end  of  the 

latter  kept  up  a  conntant  supply  of  mercury.     This  g&ve  a  con- 

atactly  fresh  surface  for  contact.    The  central  brush  was  fed 

also  with  mercury  but  more  slowly. 

Method  of      The  speed  of  driving  wa«  measured  by  the  stroboBcopic  method 

Mcaguriug  by  observing  one  of  n  set  of  rows  of  teolh,  marked  round  ■ 

.^p<ied  of    cylinder,  through  slits  in  brass  plates  attached  to  the  prungs  of  a 

"''''       tuning  fork,  which   vibrated  at  right  angles  to  the  circles  of 

teeth.    The  fork  was  bowed,  not  electrically  inaiutnined  :  the 

number  of  turns  per  second  ■  was  ^ven  as  in  Lord  Bayleigli'a 

experiments  by  n  =  2/IN,  where  /  is  the  fre<iuoncy,  and  N  the 

number  of  teeth  in  the  stationary  circle. 

The  pitch  of  the  fork  H'as  determined  bydnving  the  cylinder; 
keeping  a  row  of  teeth  stationary,  and  causing  the  cylinder  by 
means  of  a  lever  to  make  and  break  a  battery  circuit  every 
revolution,  so  that  for  about  half  the  time  of  revolution  the  cod- 
tact  was  made  and  for  the  other  half  broken.  This  registered 
on  a  telegrnph  tape  a  series  of  alternate  dashes  and  npuces,  and 
on  the  same  tape  a  mark  was  made  once  a  second  by  the  Inbora- 
tnry  standard  clock.  The  observations  being  continued  over 
three  or  four  minutes,  N  and  n  were  obtained  with  accuracy, 
and/  was  deduced  by  the  equation /■•  JnA^ 
l-ArrangB'  The  resiatance  used  for  halanciiig  the  electromotive  force  of 
1  aient  of  the  disk  was  n  column  of  mercury,  «o  that  the  experiment  gave 
\  Mercury    tlie  specific  reaintance  of  mercury  directly.    The  mercury  was 

S"  '  laced  in  a  long  rectangular  trough.  Fig.  138,  carefullv  cut,  as 

escribed  bebw,  in  paraffin  by  machinery,  and  two  electrodes 
dipped  into  the  mercury  at  some  distance  from  the  ends  of  the 
trough.  One  of  these  electrodeB  was  kept  fixed,  the  other  was 
attached  to  the  movable  headstock  of  the  Whitworth  measuring' 
machine,  by  which  its  punitinn  was  altered  by  the  difference  of 
distance  between  the  electrodes  necessary  for  two  different 
speeds  of  the  disk.  Thus  the  difference  only  of  two  distances 
between  the  electrodes  ^and  this  could  bo  obtained  with  accu- 
racy) was  used  in  deducing  the  final  renult,  For  if  Uj,  n,,  be  the 
two  speeds  of  rotation  of  the  disk,;)  the  specific  ruBiBtance  of 
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Duterniin-  The  poBition  of  the  surface  of  the  mercury  was  determined  by 
■Ijon  of  placing  a  spherniiieter  in  a  fiied  poBition  over  the  trough  and 
I'Miliomif  BcrewioK  down  tlie  movable  point  until  contact  was  indicated  bv 
Mercury  the  completion  of  a  battery  circuit  through  tlia  mercury  and 
Surface,  point.  The  division  on  the  head  of  the  micrometer  corresponded 
to  1/5040  inch,  and  the  size  of  the  head  allowed  of  an  estimation 
oF  teiitlia  of  a  divisioo.  SuL'ceesive  measureniente  did  not  differ 
by  more  than  1/2O0OO  of  an  inch  when  the  point  whb  kept  clean 
by  being  carefully  wiped  with  filter  paper,  and  sparking  was 
prevented  as  far  as  posHible  by  induding  a  large  realHtimce  in 
the  circuit  anil  breaking  the  circuit  before  removing  the  point 
from  the  mercury  after  a  reading. 

Tite  temperature  oF  the  mercury  in  the  trough  was  detennined 
by  two  thermometers,  one  at  each  end  of  the  trough.     A  third 
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F  OluervH'    thermometer  was  placed  between  the  prongs  of   the  speed- 
tion  of     measuring  fork.     Theso  thermomelerH  were  corrected  by  com- 
I'Teaipara-    parison  at  Kew, 

1  n^i^  "^  '^''^  prevent  warping  of  the  Irongli  by  change  of  temperature, 
I  ""i'^"'"'  and  to  make  aa  certain  as  posHible  that  the  mercury  in  contact 
vith  the  poorly  oouducting  wax  should  be  all  at  one  tempera- 
re,  the  temperature  was  kept  as  ncnrly  constant  as  posHihie  bv 
enclosing  the  trough,  Ac.  in  a  wooden  box  covered  with  felt 
paper,  and  protected  round  about  witii  felt  curtains.  The 
thermometers  were  roail  through  windows  in  the  box  by  lifting 
the  cnrUin. 

The  galvanometer  used  to  lest  for  balanco  was  a  Thomson 
reflecting  galvanometer  of  -988  ohm  resistance,  the  needle  of 
which  was  carried  by  a  quartz  fibre  13  inches  long. 
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The  axis  of  rolation  was  placed  nt  right  angles  to  Ilje  niagnelic 
meridisD,  so  that  tlie  plane  of  the  disk  might  be  in  the  nieridiaa 
and  ihue  avoid  any  current  due  to  eartli  induction.  When  Ihe 
disk  wa«  rotated  without  current  in  the  standard  coil  any  dis- 
placement of  the  light  spot  could  be  annulled  by  a  Blight  move- 
ment of  a  compensating  magnet  oa  the  table. 

The  bearings  of  the  di^k  were  made  aa  nearly  as  poBsible 
perfectly  trae,  and  were  each  provided  with  a  eiglit-feed  lubri- 
cator. The  disk  waa  adjusted  in  position  in  the  coil  by  nrrung- 
ing  an  arm  to  fit  upon  the  disk  so  that  a  carefully  scraped  face 
on  the  arm  should  be  a  prolongation  of  the  mean  plane  of  tlie 
diek.  The  ooil  was  then  placed  in  position  bo  Ihnt  the  outside 
edge  of  this  face  should  travel  round  the  interior  circle  cut  in 
the  mean  plane  of  the  coil  aa  already  described. 

The  mercury  trough  was  carefully  levelled  and  adjusted 
parallel  to  the  bed  of  the  measuring  machine.  The  last  adjnst- 
ment  was  made  by  attaching  to  the  movable  headutock  a  cylinder 

E rejecting  vertically  downwards  into  the  trough,  running  the 
eadetock  from  end  to  end  and  testing  nt  the  extreniitieB  the 
distance  from  the  cylinder  to  the  same  side  of  the  groove  hy 
pushing  a  wooden  wedge  lightly  between  them.  Further,  by 
making  the  wedge-reading  the  same  on  both  sides  of  the  cylinder, 
the  headslock  was  adjusted  so  that  when  an  electrode  was  sub- 
slitnted  for  the  cylinder  it  dipped  into  the  medial  plane  of  the 
mercury  column. 

A  slight  direct  effect  on  the  needle  produce<l  by  the  current 
was  observed,  and  was  compensated  by  placing  a  coil  of  three 
turns  of  the  battery  wire  close  to  the  needle. 

The  insulation  of  the  wire  of  the  coil  from  the  bobbin  and  of 
the  disk  from  the  axle  were  lewted  and  found  satiefactory. 

Lord  Rayleigh'a  plan  (p.  583  above)  of  taking  two  sets  of  gal- 
vanometer readings  for  each  equilibrium  position  was  followed. 
One  set  gave  the  change  of  galvanometer  reading  for  reversal  of 
current  when  the  resistance  was  slightly  below  that  required  for 
balance,  the  other  set  the  corresponding  change  when  the  resist- 
Mica  was  a  little  above  the  proper  current.  To  eliminate  uncer- 
faintiea  owing  to  rariations  of  speed  and  of  the  brush  contacts, 
«  number  of  reversals  were  quickly  taken  for  each  resistance  and 
combined  to  give  a  mean  result.  The  readings  were  taken 
without  waiting  for  the  needle  lo  come  to  rest,  but  elongations 
were  observed  which  with  a  previously  determined  damping 
coefficient  enabled  the  position  of  reft  to  be  calculated. 

The  dimensions  of  the  coil  and  disk,  and  the  calculation  from 
them  of  the  mutual  inductance,  Sf,  are  given  at  p.  314  above.  It  i 
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reduction  of  the  observaiionp 

RdductioQ       If  pi  and  At  be  theapeoilic  reBigtsnce  of  mercury  nnd  tlie  ctohb- 
of  Raintts,  sectiun  of  llio  column  at  temperature^,  nnd  p,A,  the  sRme  quan- 
tities at  15°'&,  to  wliich  tbe  roRnlta  wer«  in  the  lirat  instance 
reduced,  L  the  distance  between  the  electrodes  in  any  ci^uilibrium 
position,  then 

Now  if/  be  the  frequency  of  the  fork  at  the  atantlard  tem- 
perature  15°5,  and  ft  the  frequency  at    temperature  S,  we 

"     K  "        JV  ' 

wliere  k(~  -'ODiiU)  was  a  temperature  coefficient.    AU 

where  a  in  tlio  temperature  coefficient  for  the  speciRo  resietallO^ 
and  y  the  cos(Kcient  cubical  dilatation  of  mercury.     Uenoa 

A'  ^  A\\  +y((-16''8)l 


l+^(d-15--S)  +  (y-c)(f-15'-5) 
■      N 

If  now  All  be  the  difference  of  two  values  of  »  for  erjuilibrinm 
positions  separated  by  an  interval  I, 

p  =  2M/At 
if  .  =  6y!l. 

Two  observations  were  made  with  the  mercury  at  different 
levola  A'  and  h  to  eliminate  error  from  capillDrity.  Calling  thn 
two  values  of  &v/l  for  these  observations  a',  »,  and  tbe  nreas  of 
orosn-section  of  the  trough  J',  ^,  we  have,  if  6  be  tbe  tneaii'^ 
breadth  of  the  trough  over  the  length  uH«d, 
A'-A  =  bih--h), 
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''    v,'-ll,     ■  ■  ■   ■ 

and  from   this  tlie  i^ecifio  reaistance  of  mercury  a 


caku 


uted. 


e  coefficient  a  was  oblnmeil  from  the  formula 
^1  =  fl,(l  +  -0008649/  +  -000001120  . 
given  by  Mneoart,  de  Nervillc,  and  Qenoit  for  Ihe  r» 
n  culiimn  of  mercury  at  ^  in  a  glass  tube.     Thus 
Sis-i  =  «oX  1-013675 


.     ■     (40) 
'I stance  of 


where    fi    is    the 
(-■000008).     Thui 


R,-R^n  +  (a-0)ei (41) 

cooffieient   of    cubical   expansion    of    glass 

{a-3)X  15-5  =  -013676. 
W  a  X  15-5  =  -013799. 

P  This  gave  the  mean  vnlue  of  a  from  0  to  IS'-S  which  wbb  used 
to  obtain  tlie  BpeciHc  reaistiince  of  mercury  nt  0°  from  ks  value 
al  15°-5.    The  equation  of  reduction  was  thua 

Pi»s  =  PoXl'013 (42) 


The  value  of  a  at  IS^-S  o 
from  (40)  above 


'=  If^x  (■000864<t  - 
=  Jio  X  -00089962. 


=  floC"., 


J  was  obtained  by  calculaling 
-  00000224  X  15-5) 


and  therefore 

a,,.,  =  -0009076, 
which  wsB  used  to  correct  the  eiperimenlal  reaiilts  for  the  s: 
differences  between  15''-6  and  Ihe  obaeri-ed  tenipe  rata  res. 
Tba  final  result  of  five  aela  of  experimenta  gave 
p  =  94067  C.Q.S. 
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Mflreury 

CDlmiitt  Joule's  method  is  in  principle  very  simple.  Suppoaiog 
Metliod  of  a  current  of  strength  7  to  flow  through  a  wire  of 
resiatance  R  for  a  time  (,  a  quantity  of  energy  -ylt^t  is 
spent  in  the  cunductor.  This  is  expresseti  in  ergs  if  y 
and  R  are  taken  in  C.G.S.  units  and  t  in  mean  solar 
seconds  of  time.  If  II  be  the  heat  generated  in  the 
conductor  in  that  time,  then  if  J  be  the  work  equivalent 
of  the  unit  of  heat,  we  have 

•fRt  -  JH 
and  p      JH 

^'  °  yr 

The  absolute  measurement  of  the  current  might  be 
made  with  sufficient  accuracy,  though  it  is  of  very  nearly' 
tho  same  order  of  difficulty  as  the  determiuation  of  the. 
ohm;  but  there  are  also  involved  exact  calorimetric 
determinations  which  reqiiire  great  care  and  skill. 
Over  and  above  all  these  is  the  determination  of  1/  with 
an  accuracy  equal  or  superior  to  that  to  which  it  ia 
required  to  find  the  ohm,  say  to  1  in  10000.  This 
would  be  a  research  of  difficulty  far  transcending  that 
of  the  meaaureraeDt  of  absolute  resistance  by  most  other 
methods. 

For  descriptions  of  other  methods,  the  reader  may 
refer  to  Wiedemann's  EltldrieiUU,  Band  4,  2'"  Abth. 

It  has  been  proposed  by  Prof.   Carey  Foster*   to 
modify  the  method  of  revolving  coil  by  rotating  the 
coil  on  open  circuit  and  applying  to  its  terminals 
*  B.A.  E«i)ort,  1S81. 
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NULL  METHOD  BY  REVOLVING  COIL 

the  instant  when  the  inductive  electromotive  force  is  a 
maximum  a  difference  of  potential  equal  and  opposite 
to  that  then  existing  at  the  terminals  of  the  coil.  This 
will  not  be  exactly  the  instant  at  which  the  coi!  paaaea  r, 
through  the  meridian,  as  on  account  of  the  capacity  of 
the  conductors  a  certain  retardation  of  phase  will  exist. 
This  applied  difference  of  potential  may  be  that 
existing  between  the  terminals  of  a  conductor  in  which 
a  current  7  is  flowing.  The  current  is  measured  by  a 
tangent  galvanometer  of  principal  constant  G,  and 
therefore  has  for  absolute  value  M  tan  ajG ;  so  that  the 
applied  difference  of  potential  is  RH  i&uajG.  The 
induced  difference  of  potential  has  the  value  AHa 
only.  Assuming  H  to  he  the  same  for  the  revolving 
coil  and  the  galvanometer,  we  have  therefore 

R  =  GAco  cot  a  =  2-u^/in'eij  -rcot  a, 
a 

if  «  be  the  mean  radius  of  the  revolving  coil,  a'  that  of 
the  galvanometer,  n,  n',  the  numbers  of  turns  in  the  coils. 

Thus  error  of  measurement  of  the  mean  radius  a  ia  of 
twice  the  importance  of  equal  proportional  error  in  a'. 

The  main  advantage  of  this  method  lies  in  the 
elimination  of  aelf-induction,  as  the  current  ia  almost 
zero  at  each  instant.  In  its  practical  use  error  from 
thermo-electric  force  at  the  rubbing  surfaces,  and  from 
mutual  induction  between  the  wire  circuit  and  secondary 
circuits  in  the  ring  currents  would  have  to  be  guarded 
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The  method  does  not  seem  to  have  been  applied  to 
plete  determination  of  absolute  resistance. 
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ABSOLUTE  MEASUREMENT  OK  RESISTANCE 
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CHAPTER  XI 


COMPARISON  OF  UNITS 


The  experimontal  comparison  of  the  ordinary  eleclro- 
tfttic  ami  electromagnetic  units  of  an  electrical  quantity 
is  of  great  importance  in  tlie  electromagnetic  theory  of 
light,  as  it  enables  the  velocity  of  propagation,  accord- 
ing to  that  theory,  of  an  electromagnetic  disturbance  to 
be  determined  numerically,  and  compared  with  the 
observed  velocity  of  light.  To  make  clear  how  the 
ratio  of  the  two  units  of  the  same  quantity  is  related 
to  the  velocity  of  propagation  of  electromagnetic  waves, 
we  shall  use  here  one  or  two  illustrations  due  to  Clerk 
Maxwell,  modifying  however  the  mode  of  applying  them 
in  accordance  with  the  more  general  theory  of  dimeo- 
siona  adopted  in  Chapter  VII  t.  above. 

It  hai  been  shown  (p.  118)  that  the  electromagnetic 
force  acting  on  an  element  i^  of  a  conductor  carrying 
a  current  7  in  a  magnetic  field  is  By  sin  6ds,  if  B  be  the 
magnetic  induction  at  the  element,  and  6  the  angle 
between  the  element  and  the  direction  of  the  magnetic 
induction. 

If  the  field  be  produced  by  a  current  7'  on  a  straight 

conductor  parallel  to  rfg  at  distance  h  from  it,  we  get  by 

integration    of   the    expression   y  iiaff'ds'lr'  (p.    143 

,  above)  the  etpreasion  2y'jb  for  the  field  intensity  at  ds 
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COMPARISON  OF   UNITS 

due  to  the  current  7',  if  the  conductor  in  which  it  flows 
be  infinitely  long.  Hence,  if  ft  be  the  permeability  of 
tho  medium,  the  electromagnetic  foroe  on  ds  ia  Zfiyy'dalb ; 
and  if  the  first  conductor  be  straight  the  force  oa  a 
length  J/2  is  ^77'- 

Now  let  the  ((uautilies  of  electricity  yt,  y'l,  conveyed 
by  the  currents  in  time  (,  be  used  to  charge  two  spheres 
whose  centres  are  at  .1  distance  r  apart  great  ill  com- 
parison with  the  radius  of  either.  The  electrostatic 
repulsion  between  the  spheres  would  then  bo  yy'i^jKr^, 
if  K  denote  the  electric  inductive  capacity  of  the 
medium.  If  r  be  chosen  bo  that  this  force  is  the  same 
as  the  attraction  between  the  conductors  exerted  on  a 
length  equal  to  half  the  distance  between  them,  we 


77''" 


fiK      t^ 


(X)fl 


ixpressed  aa  a  velocity.     This 
iis  as  to  dimensions  is  adopted 


that  is,  \j\/fiK  may  be  ( 
is  true  whatever  hypothe 
for  p.  and  K. 

This  velocity,  moreover,  is  perfectly  definite.  For, 
if  <*/r^  remain  constant,  the  electrostatic  force  of  re- 
pulsion between  the  spheres  will  remain  unchanged, 
while  their  charges  are  increased  at  the  time-rates  7,7', 
respectively;  anil,  therefore,  l/v'/iAT  is  equal  to  the 
velocity  with  which  the  spheres  must  be  separated  in 
order   that  their  mutual  repulsion  may   then  remain 


THE  VELOCITY  V 
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FSequal  to  the  force  of  attraction  on  a  length  of  either  of 
the  parallel  conductors  equal  to  liaif  the  distance  be- 
tween them.     It  has  been  sliown,  p.  200  above,  that 
1  JKh  is  the  velocity  of  propagation  of  an  electroraag- 
^netic  wave  in  an  isotropic  insulating  medium. 

If  now  we  denote  by  v  the  ratio  of  the  electromag-      Jnits 
loetic  to  the  electrostatic  unit  of  quantity,  the  charges        of, 
ion  the  spheres  expressed  in  ordinary  electrostatic  units  co^dcred 
,  if  7,  7',  now  denote  the  ordinary  electromagnetic 


Hence   the  forcn 


I  measure    of  the   currents,    ^7,    vy'. 
f.betweeo  the  two  spberes  is 

11^77 '(' 

L  where  A',  denotes  the  specific  inductive  capacity  of  the 
medium,  defined  in  the  ordinary  way  as  the  ratio  of  the 
electric  inductive  capacity  to  that  of  the  medium  of 
reference  (air  or  vacuum  for  example).  But  if  fi^  denote 
the  ordinary  electromagnetic  value  of  the  permeability 
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that  is 

or  b,  (1). 
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If  the  medium  be  air,  for  wliich  JT,  -  1   ,.. 
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COMI'ABISON  OF  lINITf 
or  V  is  equal  to  tbe  velocity  of  propagation  of  an  electl'O- 
maguetic  disturbance  in  air. 

The  following  illiial ration,  also  Juo  to  Maiwell,  gives  a  re- 
;narkable  pliysical  meaning  lo  tlie  veloeily  1/  SfiK  i,{  pro(i(ign- 
tion  of  an  electro  magnetic  dJBlurbaQca.  In  tlje  first  place  it  ia 
ns^iuined  that  an  eleotriHed  surface  in  motion  may  be  regarded 
us  equivalent  to  a  current. 

Tliia  asauinption  ia  justified  by  tbe  eipcriinenta  of  Rowland, 
wlio  bns  found  tbat  a  etaticnlly  electrified  surface  set  into  rapid 
motion  nSects  a  mugnet  property  placed  in  its  vioitijty,  nnd  baa 
made  meiisurumetits  of  tlie  m'igmtiide  of  tbe  affect  produced. 

ConaideriDg  tben  a  plane  Biirface  of  indc6nite  extent  electH&e<1 
iQ  a  aurfaue  density  o-  taken  in  any  choaen  eyatem  of  units,  we 
have  us-  <iB  tlie  meaAiire  of  the  ronvection  current  ncrufs  unit 
breadth  nt  right  angles  to  the  diraction  of  motion,  if  u  be  tbe 
velocity.  Let  now  another  surface  parallel  to  tbe  tirat  and  at  a 
distance  h  from  it  be  electrified  to  a  uniform  den«ity  v,  and 
move  with  velocity  u',  in  the  aamo  direction  aa  in  the  former 
caae.  A  current  in  this  cue  of  strength  uV,  per  unit  of  hr«adUi 
of  the  electriKed  surface,  may  be  regarded  ua  llowing  parallel  to 
the  former  current, 

The  twoBurfacea  will  repel  one  another  electroataticallv  and  at- 
tract one  another  electromngnecicnlly.  The  electrostatic  repul- 
sion between  two  elements  of  surface  dS,  ilS',  at  distance  r  ts 
adS.a'tlS'lKr^,  and  integrating  o?er  the  first  siirtitoe  we  get 
ivirir'dS'jK  for  the  resultant  force  on  an  element  dS'  of  the 
second  surface.     Hence  the  force  over  unit  area  is  Svav'/K. 

Tbe  elect romaguetio  force  between  tbe  two  plane  current 
sheets  can  be  found  as  follnws.  Consider  two  narrow  ntrips  of 
the  two  planes  in  tbe  direction  of  motion.  Let  d!,  dt',  be  their 
breadths,  and  t'  tlie  distance  of  the  second  strip  from  a  plane 
coinciding  with  the  first  atrip,  and  cutting  the  two  moving  plane 
surfaces  at  right  angles.  Tbe  distance  between  tbe  two  strips  is 
^6^  +  a'".  Tbe  attraction  between  them  is  imirdtSu'ff'dt'l 
Jb'  +  /■"  per  unit  of  length  of  either.  The  total  attraction, 
F  any,  per  unit  uf  length  on  the  strip  of  breadth  d:,  is  at  right 
angles  to  the  planes,  and  can  he  found  by  resolving  the  attrac- 
tion just  found  in  tbat  direction,  and  integrating  from  c*  =  —  ao 


METH0B8  OF  DETERMISING  v 

TliQS  tlie  electromagnutii;  attraction  on  unit  area  of  either 
planu  ia  2ir/iuuVi7', 

If  tlie  eleclroBtatio  repiilBion  be  supposed  to  balance  tbo 
electromagnetic  attractian  and  v  be  taken  equal  to  u',  we  get 


ThQB  tlie  velocity  of  propipation  of  an  eleotromngnetic  disturb, 
nnce  in  tbe  medium  is  equal  to  tbe  velocity  wilb  wbicb  tiie  two 
electrified  planes  must  move  relatively  to  llie  medium  in  ordur 
iliat  there  may  be  no  mutual  force  between  tliem. 

It  has  been  sbown  abf^ve  (p.  535)  that  v  may  be    Methods 
obtaiued  from  tbe  ratio  of  the  electrostatic  and  electro-  mininn  ». 


» 


magnetic  measures  of  any  electric  or  magnetic  quantity. 
It  has  been  found  experimentally  in  at  least  six  of  the 
following  different  ways : — 

I.  By  meaauring  electrostatically  and  electromag- 
netically  a  given  quantity  of  electricity. 

II.  By  measuring  electrostatically  and  electromag- 
netically  a  given  difference  of  potential. 

III.  By  comparing  the  value  of  the  electrostatic 
capacity  of  a  given  standard  condenser,  obtained  by 
calculation  from  its  dimensions  and  arrangement,  with 
its  capacity  in  electromagnetic  measiire  as  given  by 
experiment. 

IV.  By  comparing  an  electrostatic  capacity,  obtained 
by  calculation  as  in  III.,  with  the  self-inductance  of 
a  coil. 

V.  By  determining  (in  either  system  of  units)  the 
product  C'L  of  the  capacity  of  a  given  condenser,  and 
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the  telf-inductanci;  of  a  given  coil,  and  comparing  this 
with  the  product  of  the  electrostatic  value  C,  of  the 
capacity  and  the  clectroma^etic  value  X„  of  the  aelf- 
inductance.  [The  prclitct  CL  is  the  same  in  both 
syntcuiB  of  units.] 

VI.  By  measuring  electrostatically  and  electromag- 
nctically  a  given  resistance. 

VII,  By  obst^rvation  of  the  period  of  oscillatory  di 
charge  of  a  condenser  of  known  capacity  (in  clectrostatii 
units),  through  a  circuit  of  known  scIf-inductance. 

The  first  attempt  to  determine  ^  was  made  by  Wei 
and  Kohlrausdi,  who  employed  method  I.*  A  Leydi 
jar  was  chargttil  to  a  potential  measured  electrostatically 
by  menus  of  an  electrometer,  and  was  then  discharged 
through  a  hiillistic  galvanometer,  which  measured  by 
the  throw  of  the  needle  the  quantity  of  electricity  wil 
which  the  jar  was  charged.  This  quantity  was  km 
in  electrostatic  measure  from  the  measured  potenUal 
and  the  capacity  of  the  jar,  which  was  obtained  by 
comparison  with  that  of  a  sphere  insulated  at  a  distance 
from  other  conductors.  The  value  obtained  for  v  wb< 
31,074,000,000  cms.  per  second. 

This  determination  cinnot  be  regarded  as  one  of  Itij 
accuracy,  chiefly  on  account  of  the  unsuitableness  of 
condenser  with  a  solid  dielectric  for  exact  experiraeni 
The  construction  also  of  absolute  electrometers  for  exi 
work  had  not  then  been  brought  to  bo  high  a  pitch 
excellence  as  has  since  been  reached. 

A   determination   by   this   method    with   the   mi 

•  Ahh.  d.  k'Oni.,1.  Saeki.  ««.  d.   U'iuen,.  IB, 
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UNITS  OF  QUANTITY 

refioed    appliauces    haa    since    been    carried   out   by  I 
Professor  Rowland  at  Baltimore,'  and  of  tbis  we  give 
bere  a  more  detailed  account. 

The  electrometer  employed  was  nn  aliBolute  infltrument  made  I 
on  ThoiDBon's  ^uard-ring   principle.     Tlie   protected  disk  was 
lO'ia  cms.  in  diameter,  and  was  Busponded  in  ma  aperture  in  the 
guard-ring  of  1  mm.  frreater  radius. 

The  diameters  of  the  guard-plate  and  attracting- plate  were 
each  330  cms.  The  surfucea  were  all  nickel  plated,  and  worked 
true,  BO  thnt  the  distance  between  the  eurfacea  could  be  accu- 
rately found.  The  disk  could  be  adjusted  in  the  plane  of  Ihe 
guard-ring,  and  Ihe  attract! ng-pl ate  and  diak  to  parallelism,  to 
^  mm.  Kzteinal  action  was  screened  from  liie  disks  by  a  case 
of  sheet  brass. 

Tbe  protected  diek  Wfts  hung  from  one  arm  of  a  sensitive 
balance,  and  the  exact  position  of  the  beam  wbs  observed  by 
means  of  n  hair  moving  in  fiout  of  a  scale  in  tlie  manner 
described  above  (Vol,  I.  p.  263). 

In  Ihe  actual  use  of  tlie  electrometer,  since  the  Huspendud  disk  Mode  ol 
could  not  be  in  stable  etiuilibrium  under  the  action  of  electro-  Using 
static  attraction,  its  swing  was  limiled  to  a  range  of  ^  mm.  on  EteetrO' 
each  aide  of  tbe  sighted  position ;  and  the  attracting- plate  then 
placed  at  two  near  positions,  for  one  of  which  the  plate  rose 
above  the  sighted  position,  for  the  other  fell  below  it.  The  mean 
of  these  was  taken  na  the  reading  for  the  position  of  thi 
icg- plate. 

if  d  be  the  distance  of  the  electi 
weight  on  the  balance,  and  S  the  are. 
Vol,  I.  p.  66)  for  the  electrostatic 
of  potential  between  them 
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I  meter  plates  apart,  ic  the 

of  the  disk,  we  have  (see 

I,  Pi,  of  the  difference 


F^^" 


and  by  a  formula  given  by  Maxwell  f  for  the  effective  area  of 
protected  disk  of  radius  ^  in  an  opening  of  radius  R', 

where  a~(S-  ~  Jt)  (log  2)/»-  =  '221  (Bf  -  R)  nearly. 


COurABISON  OF  UNITS 
Tlius  the  working  equalion  for  V,  was 


r,.miuJl{i  +  -my 


'  Staiidud  Tlie  Htand:Lrd  condeoaer  cDnBiHted  uf  two  conceDtric  Bplieree. 
1-  The  spheres  were  very  accurately  constructed,  ond  the  inner  wm 
«.  bung  conuenlricilly  ivitiiin  the  ouler  by  n  silk  cord  (see  also  p.  6^9 
below).  Two  billR  of  differeot  diameters  were  provided  for  use 
M  iDDer  spheres.  The  electroatstic  capacity  wsb  uhiiined  by 
determining  the  diameters  of  the  balls  by  weighing  in  water, 
and  wsa  60069  C.Q.S.  or  29-666  C.G.S.  according  as  Llie  larger 
or  smaller  inner  sphere  was  used. 
ino-  The  galvanometer  used  for  llie  dischsrgea  was  n  specially 
Br.  constructed  and  carefully  insulated  instrument.  It  had  two 
coils,  each  of  about  5600  turus  of  No.  36  silk-covered  copper 
wire,  These  were  fixed  on  the  two  sides  of  a  plnte  of  vulcanite. 
The  needle  was  surrounded  by  a  metal  box  to  scruen  oS  posHiUe 
electrustatic  action  of  the  coils  from  ihn  needle. 
Deter-  Tlie  constant  of  ibis  galvnnomeler  was  determined  by  cora- 
miufttion  parison  with  tbe  galvanometer  described  above  (p.  fi-l?).  The 
of  Con-  constant  of  this  hud  been  slightly  altered,  and  was  newfound 
«""'•>'  tobeby  measureiuenlof  its  coils  1832-24,  by  comparison  with 
""'■    an  electrodynamometer  1833'67,  and  by  compariBon  with  a  wngle 

»™""-      circle  (p.   6J8)   1832*56,  giving  a  mean  of  1832-82  instead  of 
1633-19  as  before.    The  ratio  of  the  constant  of  the  new  gal- 
vanometer to  this  was  found  to  be  1U-414I,  so  that  for  tbe 
bulltBtic  galvanometer  used 
r 


J  -  19087, 


Dvter- 


including  the  fiictor  for  tbe  number  of  turns. 

An  absolute  electrodynamometer  on  Halmholtz's  double-coil 

miuation  principle,  similar  to  that  described  iit  p.  366  above,  was  used  to 
of  //at  lind  the  directive  forced  at  tbe  ballistic  galvanometer,  at  any 
Ballistic  instant  during  the  progress  of  the  experiment,  so  as  to  eliminate 
Calvano-    magnetic   chfluges    which   were   continually  going    on   in   the 

L building  used  tor  the  investigation  ;  changes  which  were  all  the 
more  important  ua  //  was  only  about  J  of  the  liori/ontal  com- 
ponent of  the  earth's  field  at  the  place.  The  suspension  of  tbe 
instrument  was  a  bililnr  one,  and  it  was  found  that  no  correction 
was  necessary  for  the  torsion  of  the  wire. 
It  follows  from  (10),  p.  366  above,  thut  if  c  be  a  constant  de- 
[«nding  on  tlie  coils,  and  tbe  electrodynamometer  be  set  u 


A 
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that  H  does  not  aSect  it,  or  readiDga  be  taken  ho  us  to  eliminate 
tit,  and  the  BBme  current  pass  through  both  coila,  wa  may  write 


C'Jf'J^, 


(8) 


wliere  J" is  the  coefficient  o£  8in3,iii  the  couple  applied  by  the  by  Em- 
bifilar,  (9  being  the  angle  through  which  the  suspenaion  bead  is  ploymeut 
turned  to  bring  the  auaponded  coi)  back  to  paralleliani  with  the  of  Elec- 
fixed  coil.  But  it  is  clear  that,  if  bUc'  be  the  moment  of  ii 
•  of  the  coil,  by  the  theory  of  simple  barmODic  molio: 
»  j9/^  =  -  4ir»/T»,  and  fl  =  -  f  sin  3/ni",  so  that 


dynamo- 


2fl- 


'   Thus,  including  2^- 


[» the  conatant 


'flit'. 


VsTi 


(9) 


for  the  elect rodynamometer. 

The   value  of  e  woe  ualcnUted  from  the  particulars   of  tlie 
[  coila  which  were 

Lvgt  OoiU.        SnipeDded  Cnll>.  i 

MeanradiitB 13-741  cms.  2-760  cm  a. 

Mean  distance 13766    „  2-707    „ 

Radial  depth '84    „  -41     „ 

Axial  width "86    „  '38    „ 

No.  of  turn 240  126 

Dm  which  by  (10)  p.  368  above,  and  the  voluee  of  G„  ?,,  given 
I  at  p.  269 

c  =  -012914.* 

To  verify  ttiis  constant  a  circle  80  cms.  in  diameter  waa  mads 
and  uaed  as  the  coil  of  a  tangent  galvanometer.  The  ballistic 
galvanometer  waa  set  up  bo  thai  its  needle  whb  at  the  centre  of 
this  circle,  and  acted,  when  required,  aa  the  suBpended  needle  of 
the  tangent  gal vnno metier  uf  which  the  circle  waa  the  coil.  The 
.  current  from  Uia  e  led  rodynamometer  was  passed  through  the 
[i  circle,  and  tha  borizoiilul  field  interwity  H  deduced  from  the 


'  *  Tliis  is  (looblfl  the  vaioD  given  hy  Prof.  Rowland  in  liis  paper. 
The  full  period  of  vibration  appears  in  equation  (7),  whereas  Prof. 
RovrUnd  iu«d  the  half  period, 

S  H  2 
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ealvanoineter  deflection  and  the  current  as  given  by  the  electro- 
ayntmonietvr.  Ttie  value  of  U  was  found  also  by  the  magnetic 
method,  and  the  two  results  were  fouud  to  dilfer  hv  only  about 
1  ia  lOUO.  Thus  the  tnneent  galvanometer  gave  ^£=-006461, 
itnil  the  mean  -006464  of  thia  and  tlie  former  result  was  used. 

The  moment  of  inertia  mk^  was  found  by  placing  weigiils  at 
different  distances  alung  a  tube  passed  througli  tlie  centre  of  the 
suspended  coil,  and  observing  the  period  of  free  swing  of  tlie 
coil.     It  was  thus  found  that  mt*  =  826-6  in  gramice-centimetfo 

^  Uethod  '^''^  value  of  H  at  the  needle  of  the  ballistic  galvanometer 
I  of  Deter-  was  found,  when  required,  by  sending  the  same  current  through 
ing  if.  the  dynamometer  and  the  gal v anon leter,  observing  the  deflec- 
tions in  the  two  eases,  calculating  the  value  of  tlie  current  from 
the  deflection  from  the  former,  and  hence  deducing  U  by  the 
tangent  galvanomoter  formula, 
BlCatliod  of  "fiis  condenser  was  charged  by  being  eoniiected  to  a  large 
I  Experi-  charged  battery  of  Leyden  jars.  This  battery  was  kept  cou- 
L  monting.  neuted  to  the  electrometer.  The  potential  reading  was  flret 
observed,  then  the  battery  connected  to  the  condenser  for  an 
instant,  after  which  the  condenser  was  disconnected  from  the 
Leyden  Jar  buttery  and  discharged  through  the  ballistic  gulvano- 
ineter.  This  was  repeated  1,  8,  3,  i,  or  5  times  in  BUCceHsion,  so 
that  the  galvanometer  received  that  number  of  very  nearly  equal 
impulses  in  the  same  direction  before  it  had  moved  far  from  the 
position  of  rest.  The  reading  of  the  position  of  the  electro- 
meter attracting  disk  was  again  taken  after  the  series  of  impulses, 
on  disconnection  of  the  battery  from  the  cundcuaer,  and  was 
slightly  leas  than  before  of  course.  Corrections  fur  the  dis- 
plaoemunts  of  the  needle  from  zero  at  the  times  of  the  successive 
inipulses  were  calculated  and  applied. 

The  mean  of  the  electrometer  readiogs  before  and  afrer  a 
single  discharge  was,  with  a  correction,  taken  is  the  poiential  of 
that  discharge.  This  correction  arose  from  the  fact  that  the 
first  reading  was  higher  than  that  for  the  potential,  of  discharge 
by  0  certain  small  amount  depending  on  the  capacities  of  the 
battery  of  jars  and  the  condenser.  It  was  obtained  by  multiply- 
ing the  mean  reading  d  of  distance  between  the  plates  by  a 
faclur  1  —  '0013,  when  the  larger  sphere  was  used  in  the  con* 
denser,  and  by  tlie  factor  1  -  "0008  when  the  smaller  sphere 
was  used.     The  other  series  were  similarly  corrected. 

A  correction  was  applied  for  the  time  occupied  in  producing 
tiie  series  of  impulses.  This  was  calculated  approximately  ou 
the  supposition  that  the  time  between  one  impulse  and  the  nest 
was  i  of  a  second,  and  without  taking  into  account  the  altered 
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position  o£  llie  iniignet  relntively  to  the  coil 
magnetism  of  tlie  needle.  The  incliDalion,  however,  of  tlie 
magnet  to  the  plane  of  the  coil  would  cause  the  impulsive 
coDple  on  the  needle  to  be  less  for  impulses  later  than  the 
first,  while  the  induced  nioKnetization  of  the  needle  brought 
about  by  the  same  initlination  would  have  en  opposite  effect. 
Prof.  Rowland  came  to  the  conclusion  byespenment  that  no 
Benaible  error  from  neglect  of  these  reRnenients  of  correction 
could  result. 

The  principal  equations  used  in  reducing  tlie  results  were  (7) 
«bove,  and  others  obtained  as  follows  : — 

First,  the  ballistic  galvanometer  Gqustion  for  ihe  quantity,  Q 
^in  electromagnetic  units),  of  electricity  discharged,  is 


tion  for 
Time 

bv'Tm- 

Needle. 


IfT 


(l+iX)sinifl. 


(10) 


where  0  is  the  ballistic  deflection,  corrected  for  everything 
except  damping. 

But  if  C,  be  the  capacity  of  the  condenser  in  electrostatic 
units,  and  JV  the  number  of  discharges, 


=  N  - 


(11) 


Also  ZTwas  obtained  from  the  constant  current  measured  by 
the  dyniimometer  while  it  flowed  round  the  80  cms.  circle,  at  the 
centre  of  which  the  ballistic  galvanometer  needle  was  situated. 
Thus  denoting  by  ^i  the  deflectioo  of  the  needle  produced  by  the 
constant  current,  by  r  Ihe  radius  of  the  large  circle,  and  by  6  the 
distance  of  its  plane  from  the  centre  of  the  ballistic  needle,  we 
have  by  (9)  and  the  elementary  theory  of  the  tangent  galvano- 


c-Ji^  , 


=  (^l'Ktan0, 


ICaing  this  in  (10),  equating  to  (II),  and  solving  for  d  we 


r=eV«li'Hinj9(l  +  JX)si 


p 


!•» 
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where 

F,  is 

giyea  by  (7), 

and  C. 

condenger. 

Di"Ju«- 

The 

appro: 

cimate  equatior 

tioQ  of 

tioua  from 

2 sin  SO 

-'!(' 

-•S) 

Ji  URed  to  6iid  the  value  of  bid  |d  from  the  obaerved  deflection  fl 
A  and  the  scale  distaace  D.  This  approximatioti  is  easily  □btained'a 
ns  follows  :  since 

«/2)  -  ttn  2tf  =  2  Bin  6  cos  fl/£l  -  2  sin"*), 
or 

»l-28in« 


Putting 
approxiinately 


-^■s/l-siii'd 
fl=-iS/2)  on  the  riglit  the  cqiiatio' 

In  thfl  last  factor  on  Ihe  right  which  ts  not  very  different  from 
unity  sin  ^0  may  be  put  equal  to  i/iD.    The  eqnation  then 


-i|{.-iJ).....Hy. 

<^  was  calculi 
le  of  tun  2*  gi' 
I  mirror,  ho  iha 

^    '/^,\     '//,»      A*' 


The  value  of  tan<^  was  calculated,  by  sncoessive  tpproxi 
mation  from  the  value  of  tnn  2^  given  by  S,  and  the  distance  JT 
of  the  scale  from  llie  mirror,  ho  ihat 
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Tlie  following  are  tlie  resulia  obtnined  ; — 


NODdbM  Of 

IH»eli.rg«.. 

|«tM«na, 

Kalnl«r..frs.«lU 

2 
3 
4 
6 

298-80  xlO« 
298-48  X  10* 
297-26x10* 
29715  xlC« 
296-69  X  Hi» 

9 
5 

6 
5 
5 

To  these  were  given  weights  inversely  as  Ihe  number  uf  ilis- 
ehargex,  eicept  in  tlie  ease  of  Ihe  first  which  wos  given  twii-e 
the  weight  of  the  second,  on  account  of  Ihe  Inrger  number  of 
obeerrutiona.  ThuH  the  final  result  obtained  was  Dr^-l-gsiSxlO'" 
in  emu,  per  second. 

Determinations  by  method  11.  wlitch  is  due  to  Lord 

Kelvin  (Sir  W.  Thomson)  have  been  made  by  Lord 
Kelvin  himself,*  Mr.  D.  McKichan.f  F.  Exner^J  and 
Mr.  R.  Shida.§ 

A  current  is  made  to  flow  through  a  coil  the  absolute 
value  R  of  the  resistance  of  which  ia  known,  and  the  \ 
cnrrent  is  measured  electromagnetically  by  an  absolute 
current-meter,  while  the  difference  of  potential  between 
the  extremities  of  the  coil  is  measured  by  an  absolute 
electrometer.  If  V  be  the  difference  of  potential  m 
electrostatic  measure,  the  work  done  in  the  passage  uf 
one  electrostatic  unit  of  electricity  is  V.  But  one 
electrostatic  unit  of  electricity  is  \!v  of  an  eleitro- 
•  Phil.  Trajt'.  S.S.  186.'. 


Dill. 

I 


S  Phil.  Hag.  10,  1880. 


ma^Dctie  nait ;  and  if  y  be  the  itMamred  cnTTeat,  Uie 
time  t  token  for  a  quantity  1/v  of  electncitj  to  pan  is 
)/t>y.  Hence  the  work  done  in  tbe  coodactor  or  -fBi 
i»  fRIv,    Thtw 


41^ 


The  reault  tberefcrre  involves  the  absolute  value  of  a 
renstance  Jl  in  electj^magDetic  UDitA.  Xow  in  the 
earlier  ejcperimenta  by  this  method  the  resiiiaoce  of  a 
conductor  was  not  known  with  accuracy,  and  the  results 
are  unreliable,  unless  some  means  exists  of  converting 
the  values  of  It  which  were  used. 

Lord  Kelvin's  first  result  (corrected  for  the  value  of 
the  B.A.  unit)  was  2'808  x  10"*  cms.  per  second, 
Mr.  I).  McKichan's  2896  x  10'*  cms.  per  second, 

Shida's  determination  was  made  later  and  gave 
V  =  2'955  X  lO"*  cms.  per  second.  The  difference  of 
potential  at  the  terminals  of  a  battery  of  large  tray 
Danicll  cells  was  measured  by  a  Thomson's  absolute 
electrometer,  while  tbe  current  maintained  by  the 
battery  through  a  tangent  galvanometer  was  meosui 


In  r«ihi<-iii|;  Ilia  rosulls  Mr.  Bliidn  mulliplied  hotli  numerator 
nn>)  (lonoiMiiialor  of  (IG)  by  the  factor {U  +  t)IR,  wliemrwes 
tlio  ronisCnnco  at  tlio  bsltorf  ond  connectiun".  On  (lifi  ncrount 
Hid  ftpoiiriwy  of  tlio  result  wns  mistiikenlj' called  in  -ineRtion. 
Kor  Uioiigh  iho  fnotor  It  +  T  was  of  uncertain  value,  iU  ititruduc- 
lion  hi  both  niinierntnr  and  denominator  cnuld  in  no  wny  affect 
llio  *iiluB  of  tlio  ratio  yll/V.  The  real  f^round  for  uneertainty 
lay  in  the  uon»tnictionoi  tlio  tnngent  galvanometer,  wliich  could 
barely  work  Up  to  the  degree  of  acuurocy  rerjuired. 

A  inoMur^iDent  of  v  wua  made  by  tliia  method  ngain  in  1889 
l>y  Lord  Kelvin,  who  uvod  an  Improved  absolute  electrometer  of 


the        I 
irelM 


I 
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liis  own  invendnn  ;  but  llie  detnils  of  tlie  invealiKntlon  do  i 
seem  yet  to  have  lieen  pubiislicd.     The  result  Qbtained  was 

e  =  3-004  X  10""  cms.  per  second. 
Exner's  result  obtained  by  a  modification  of  tliif  method  wns 
wilh  tlie  vahte  -941  obiu  for  one  Siemens'  unit,  2'92  x  ICP  erne. 
per  second. 

Another  form  of  this  method  has  been  given  by 
Maxwell,'  and  used  by  him  in  a  determinatioii  of  v. 
The  electromagnetic  repulsion  between  two  parallel 
coiU  produced  by  the  same  current  flowing  in  opposite 
directions  through  thera,  was  balanced  by  tlie  attraction 
between  two  disks  to  the  backs  of  which  the  coils  were 
attached,  and  between  which  a  difference  of  potential 
was  produced  by  another  current  the  ratio  of  which  to 
the  former  current  was  known.  One  of  the  disks  was 
the  protected  disk  of  a  Thomson's  guard-ring  condenser, 
and  to  the  back  of  this  one  of  the  coils  was  attached 
directly :  the  other  coil  was  carefully  insulated  fi-om  the 
attracting  disk  by  a  plate  of  glass  and  a  layer  of 
insulating  materiaL 

Tlie  nppnratiia  ia  sliowii  in  Fig.  139,  and  Bbortly  dsscribeii  in 
the  list  uf  references  oltacbed.  The  small  disk  (diameter  four 
inclica)  and  attached  coil  were  carried  at  one  end  of  a  torsion 
balance  Buspendcd  by  a  No.  20  copper  wire  from  n,  graduated 
torsion  head  movable  h^  a  tangent  screw.  The  disk  and  ooil 
were  protected  by  a  uybndrical  brass  boi  7  inches  in  diameter, 
one  end  of  which  formed  the  i;uard-ring.  The  disk  carried  on 
the  aide  towards  the  interior  of  the  box  n  gtnss  scale  divided  to 
j^  of  an  inch,  which  was  viewed  by  a  reading  microscope  fixed 
on  the  outside  of  the  box. 

To  eliminate  the  turning  couple  due  to  the  earth's  field  a  coil 
was  attached  to  the  other  end  of  the  balance,  nnd  connected  nith 
the  first  coil  in  such  a  way  that  the  current  flowed  through  the 
coils  in  opposite  directions. 

58  (186S),  or  flcp.  ofPnpcrl,  Vol.  II,  p,  125. 


Kelvia-B 

later 
Experi. 


COMI'ARISON  OF  DKITS 


The  attracting  disk  (whioh  wns  6  inchcm  in  iliametor]  ww,  with 
ilH  attached  coil,  on  a  elide  wuiked  by  a  microineler  »>  that  liis 
distance  of  Lho  diska  could  be  varied  and  ineiBUred.  Tlie  piniic 
of  this  disk  was  ndjiiatBd  parallel  to  iho  guard-ring,  which  waa_ 
placed  exiLCtly  vertical  by  meatia  of  adjusting  acrewa. 


J.  Siupmdcd  iliik  (ml  ooll. 

A!-  C<Hiiilenin1»  dlik  uid  coU, 

O.    PliHdftkindeDlL 

Ai.  Omt  XuMtry. 

B^  BiMlllMtlarT. 

a,.  FInt  anil  nt  OtXmuiniMii 

O,.  Seonnl  onll  ot  Odni 


i  Adjnit-  The  graduations  of  the  glass  scnie  and  the  micro  meter  were 
I' ntnt  of  compared  by  pressing  the  suspended  disk  forward  by  a  ligbt 
-^PP"'  spring  UK"'""^  the  l&rge  disk,  and  then  workin)^  the  screw  so  na 
"*■  to  send  the  Htnall  disk  back  townrds  the  plane  of  Ihe  guard-ring, 
while  readings  of  the  micrometer  were  luken  for  successiTe 
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i  I 

e  of    Adjust  ^^ 
ires    meDt  of 


i8  of  Ihe  gluHs  scale.  Thia  motion  waa  quile  regnlar 
1  large  disk  came  into  conUct  wilh  llie  guurd-ri^g  a1 
point.  It  was  found  then  lliat  >  motion  of  ebout  jiAio  "^  *" 
sufficed  to  bring  tbe  whole  of  liie  guard-ring  into  conUct 
the  inrge  dish. 

When  the  smnll  disk  had  tliue  been  brought  into  the  pla 
the  gunrd-ring,  the  reading  microscope    had    its    cross-' 
focuseed  on  a  known  division  of  the  glasB-scale,  and  two  p 
of  silvered  glass  were  filed,  one  to  the  back  of  the  guard-ring, 
tbe  other  to  the  back   of  the  suapended  disk,  so  tint  when  the 
disk  and  guard-ring  were  in  one  plane  these  mirrors  were  also, 
and  gave  a  continuous  image  of  objects  in  front  of  them.     This 
arrangement  gave  a  test  of  coplanarity  of  the  surfaces  to  jg^ 

The  torsion  wire,  which  was  of  soft  copper  stretched  to  straight- 
nesH,  seemed  in  great  meusure  free  from  imperfectneas  of 
elasticity.  The  torsion  balance  could  he  adjusted  by  moving 
the  supporting  pillar,  which  could  bo  iidjusled  and  clamped  in 
position  by  screws  at  lis  base.  The  balance  itself  could  be  raised 
or  lowered,  turned  about  any  horizontnl  axis  by  sliding  weights 
attached  to  it,  and  about  the  axis  of  suspension  by  Ihe  torsion 

A  targe  battery,  the  property  of  Mr.  Gassiot,  containing  2600  Arranga- 
cells  charged  with  bicliloride  of  mercury,  was  used  to  electrify  — ■"■*  -' 
the  disks.  One  terminal  of  the  buttery  was  connected  through  a 
key  wilh  the  large  disk,  the  other  with  the  case  of  the  instru- 
ment, and  the  circuit  between  was  composed  of  a  large  resist- 
ance of  over  a  megohm,  in  series  with  one  (hereafter  called  the 
first)  coil  of  a  standiird  gnivanometer  shunted  by  a  coil  of  resist- 
ance S. 

A  current  was  sent  from  another  battery  through  a  second  coil 
of  the  tangent  galvanometer  (in  the  direction  opposed  to  the 
other  coil),  through  the  coil  behind  the  large  disk,  and  thence  lo 
the  suspended  coils  by  the  suspension  wires.  A  common  con- 
nection waa  given  to  earth,  the  case,  and  the  other  electrode  of 
the  battery,  by  n  copper  wire  hanging  from  the  centre  of  the 
torsion  balance,  and  dipping  into  a  mercury  cup. 

When  the  suapended  disk  was  at  rest  at  zero  the  battery  con- 
tacts were  made  simultaneously,  and,  according  as  the  suspended 
disk  was  attracted  or  repelled,  the  other  was  moved  farther  from 
or  nearer  to  the  suspended  one.  It  was  necessary,  on  aeconnt  of 
the  instability  of  the  small  disk,  when  at  the  zero  position  under 
the  action  of  the  electric  forces,  to  work  the  niicromcier  disk 
gradually  up  by  succesaive  trials  from  a  distance  initially  li 
great,  making  contacts  as  zero  was  approached,  ko  as  if  pi     '' 


I 


,    Currents. 


■deoi^H 


'J 


^   Cm 
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to  bring  tlie  BiiSDende<i  disk  to  rest  under  tlie  action  of  tlie 
opposing  forces  due  to  tlie  disks  and  coils.  An  ubiierver  at  tlio 
gnfv  DUO  meter  filtered  (lie  shunt  H,  while  the  contacts  were  lieiog 
innde,  so  ns  to  l>ring  tlio  needle  to  Kero, 

To  ooriipsre  the  m  igneti?  effettH  produced  by  the  two  galvu- 
nuiiieter  coils  at  the  needle,  a  onrrent  was  sent  Uirouf^h  the 
second  coil  of  Iliu  gah'ftnoinetor,  then  through  a  divided  circuit, 

'  consisting  of  a  resiNtance  of  31  D,A.  units  placed  across  a  brnncb 
made  up  of  the  tirat  coil  of  the  gnlvanameter  nnd  an  a<lded  re- 
sistance S".  The  latter  resistAnce  was  varied  until  tlie  cir<^cts  on 
the  needle  balanced  one  another. 

f  If  f  denote  in  electroalntic  units  the  difference  of  potenlial 
between  the  disks,  n  the  radius  of  the  email  one,  and  6  tlieir 
distance  apart,  the  attraction  between  them  was,  clearly, 


1  F  r 


r»^. 


The  repulsion  between  the  two  coits  is  y*dif!Jt,  if  y  be  the 
current  in  each,  t  the  distance  apart  of  their  mean  plnilef,  and 
M  their  mutual  inductance.     Thus  we  have 


Si*      ^  dr 

Dul  tlie  dilTereiice  of  potential,  F,  between  the  diiiks  is  pro< 
ducad  by  the  large  buttery,  which  sends  a  current  y,  through  the 
resistance  A,  and  n  current  y,S/[G  +  S),(  =  V,  ssy),  through  the 
lirst  coil  of  the  galvanometer,  if  O  denote  tlie  rusistiinci*  of  that 
coil.  Uence  if  £  be  the  electromagnetic  measure  of  Ihisdifferenca 
of  potential 


^-(''  +  ^> 


•0.    ^* 

he 
he 

IBt 

OH 


Again  if  Fi,  /"„  be  the  magnetic  forces  produced  at  the  needle 
liy  unit  current  in  the  two  coils,  we  have  F,y'  —  F^y,  or 
FtViSliO  +  S)~  Fff.  Itut  if  in  the  comparison  of  tbe  magnetic 
forces  which  was  made  y\,  y',,  denote  the  ciirrenta  in  the  two 
coils,  F,y\  =  f'^y'^,  and  by  the  orrangement  of  the  circuits 
(0  +  S')y\  =  31  (y,  -  y\),  so  that  F^IF,  -  31/(0  +  5"  +  31). 
This  Bubstitultd  in  tlie  former  equation  gives 


ri- 


o  +  s 


31 


UNITS  OF  CAPACITY 
id  (18)  becomee,  ivilli  this  value  gf  y,, 

.=  ('=1  +  .+  .) 


ti  +  S-+  3 


(19) 


But  if  yw,  7.,  denote  tlie  electroTtiHgnetic  and  electrostatic 
valuBB  of  tha  same  turrent,  /."y,,  =  f'y,  einee  tliey  denote  tlio 
aame  rate  of  working  :  and  wa  Iihvb  171B  =  yj.  Hence  T  =  Ejo. 
SiibatitiUing  this  value  of  Fm  in  (17)  with  that  of  £  given  by 
(19),  and  Boiving  for  r,  we  gel 


^^(f +^+'': 


I 21 "  — - —  .     (20) 

'U  +  A'  +  31  i        /^ 


I  The  value  of  dM/ii^  given  in  terms  of  elliptic  integrola  at 
^402  above  was  uued  in  the  calculation  of  v  by  this  furitiuln. 
The  numliers  of  turns  in  the  coils  were  144  and  121,  and  tbeir 
■nean  radius  was  r934  inch. 


Then 


n  of  IT  experimenta  gave 

V  =  2-8798  X  10",  in  cms.  per  second, 
imptioD  that  I  B.A.  unit  was  10°  C.O.S.  The  corrected 


V  =  2-841  X  10'",  in  cms.  per  second,  ^| 

if  1  B.A.  unit  bo  taken  as  "98674  ohm. 

Method  III.  has  been  used  by  Professors  Ayrton  and  Perry,       Third 
J.  J.  Tbomaon,  E.  B.  Roan,  and  others.  Method  of 

If  Cm   be  the  capacity  of  tlie  condenser  in  eicctromagnetic      pater- 
units  determined  by  any  process,  and  C,  its  capacity  in  electro-   •"■"'"B  « 
static  units  as  given  by  meaflurement,  then  if  Qn  and  Q,  denote 
the  electromagnetic  and  electrostatic  values  of  the  same  charge, 
shave  ^■/flii  =  Q*«/C.,  since  each  denotes  the  same  quantity 
f  electric  energy.    Thus 

Cm         Q'm  1 


v'l 


(21) 


I   Perry's 


COMPARISON  OF  UNITS. 

The  arrangement  of  Ayrton  and  Perry's  Bpparstus*  a 
in  Fig.  140.  The  tttracling  plate  P  of  a  guaril-riiig  cundu 
was  cunnecled  to  a  key  A',  by  which  it  would  be  put  in  coni 
with  either  terminal,  .4  ur  0,  of  n  reBistance  of  about  IH 
uhmB.  Unless  the  hey  was  ilepreseed  it  was  kept  in  contact 
with  B  by  raeans  o(  a  spring.  The  resiatance  wus  in  circuit 
with  a  battery  of  382  Dnniell's  cells,  and  the  point  B  was  con- 
nected with  the  earth  and  with  the  gvatd-ting  an  shown.  A  fork 
turning  round  a  pivot  wkb  used  to  connect  the  guard-ring  to  the 
projecting'  eleutrude  of  the  protected  disk,  or  the  latter  to  earth 
llirougli  tne  galvo 


Fio.  140. 


The  protected  disk,  S,  of  the  condenser  woe  a  square  of  area  of 
132&'14  SI),  ems.,  und  was  separated  from  the  guard-ring  by  a 
gap  2'5  ram.  wide.  The  distance  between  the  plates  was  '7728 
cm.  The  plnles  were  supported  on  well  paraffined  levelling 
screws  of  ebonite,  and  were  strengthened  by  diagonal  ribs  on 
tlie  upper  side  of  the  plate  P,  and  the  under  side  of  the 
disk  D. 


"  Jovm.  Soe.  Tel.  £»j.  187». 


I 


USIT3  OF  CAPACITY 

The  KslvBDometer  was  a  Tbomsoa's  astatic  instrument  of 
about  20  ohms  reaiBtance.  The  ordicury  needles  were  Lowever 
replaced  by  Binall  epLereB  each  built  up  of  a  number  o£  liuy 
magnetH  having  tbeir  like  poles  all  turned  the  aatne  way,  the 
Bpheres  being  completed  with  pieces  of  lend.  The  period  T  of 
the  needle  was  39'5  BBconde,  and  its  logaritlimic  decrement 
•1565. 

Tlie  mode  of  operating  was  as  follows.  The  key  i'  was  Mode  of 
depressed,  and  the  plale  P  thereby  connected  to  J;  at  the  same  Kx[)eri- 
tiine  the  electrode  e  was  connected  to_^  Thus  the  condenser  wontiDg. 
was  charged  to  the  difference  of  potential  existing  between  A  _^M 

and  S.     Then  the  contact  was  broken  between  e  and/,  and  the  ^^M 

key  released  so  dh  to  make  contact  between  F  and  B.     This  ^^M 

connected  P  and  the  guard-ring  to  earth  while  D  was  left  in-  ^^M 

Bulated.     The  electrode  «  was  then  connected  to  ff  by  the  fork,  ^" 

und  discharged  the  disk  D  through  the  galvanometer,  the  rending 
of  which  was  observed. 

The  diSerence  of  potential  S  given  by  the  battery  between  J  Theory  of 
and  S  was  measured  in  tlie  following  wanner.  A  very  high  MethocL 
resistance  ii  was  put  in  tlie  circuit  of  the  galvanometer,  and  iCa 
terminals  were  then  connected  to  A  and  another  point  C  in  JB, 
encloaing  between  them  a  known  fraction  k  of  tlie  whole  resist- 
ance. Tlie  difference  of  potential  between  J  and  C  was  thus 
/ti:  The  galvanometer  was  shunted  through  a  resistance  S,  ho 
that  O  being  the  resialance  of  the  coil  a  current  kSSI\R{G  +  S) 
+  GSi  was  sent  through  the  instruroeut.  Tlie  defleotion  thus 
produced  was  observed. 

Now  if  6  and  a  denote  the  angular  deflections  given  by  the 
transient  and  the  steady  current  respectively,  and  Cm  the 
capacity  in  electro-magnetic  units  of  the  protected  disk  D,  we 
have  by  thu  ballistic  and  tangent  galTanometer  formule 


keS/{R{0  +  S)  +  OS}      w 


tt.  =-- 


IS 


«  SiG -t-  S)  +  OS  t 
Thns  Ci  denoting  the  calculated  capacity  we  find 
,  jr  Jf{G+  S)  +  GS  tan  a 


Cm 


■■  C.^ 


I 


coxpAuaojr  or  tncm 

TbrM  MfiM  of  cxptrimenta  were  iM»d«  coMMtiag  of  3t, « 
■4  U  4iMlMraM  £m  r,  Z&^,  39^  U^  Mcmd*  rapeetir  * 
til*  MNM  ratwi  vbtaiiwJ  wh 

ff  -  2-98  X  10**  in  cma.  per  MCimd. 

TUi  bawe*cr  miut  be  eorroctcd  for  tbe  rdua  of  lbs  I 

I.  per  wcond. 


V  -  2-9M  X  10"  in  w 


KUmtnt  Tbb  inotliod  wm  dmiI  hv  Klemeocic  •  with  Uie  modification 
that  *  rapid  sui^ccMion  of  ditvhmtgtm  wa*  Kut  through  tbe 
galvannintt^r  »f>  tbat  a  cbimtatit  deflectioD  was  produced.  Tbe 
■n«an  rwull  uf  two  diflrrent  raaearchei  bj  ibii  melhoii  was 

F  -  3-041  X  lO"* 
in  Clan,  per  Mconil.  ^^ 

Bitntlar  expcriuicnta  bjr  Stolotowf  gave  ^^H 


in  cms.  per  aecond. 


Haitt.11-1 

Null 

t  Form  of 

I  Hathod 


I  The  followlDg  form  of  tbe  method,  dae  to  Uaxwell^ 
hu  the  advantage  over  that  just  described  of  being  n 
null  metbotl,  aud  therefore  of  not  requiring  any  correc- 
tion for  torsion,  damping.  &g.,  while  it  shares  with  the 
forriivr  tbu  lulvaDtogc  of  involving  the  square  root  only 
of  v(7, /(-'■,  and  therefore  only  half  of  any  error  made 
in  detormintng  C'„  or  0,.  A  Wheatstone  bridge  (Fig, 
141)  has  a  gap  in  one  of  tbe  arms  at  p,  q,  and  a  contact 
piece  or  tongue,  n,  is  made  to  vibrate  across  the  gap  so 
M  to  connect  one  plalo  of  a  condenser  alternately  to  7; 
and  to  q,  while  tbe  other  plate  is  kept  permanently  in 
contact  with  tbe  point  0.    The  resistances  of  tbe  wires 

•   Wlim.  Bit.  83,  1881. 

t  Hm.  /Vant  <k  Phy:  Not.  *,  1881. 

J  EL  ami  Mag.  vol.  iL  art*.  776,  778. 


UNITS  OF  CAPACITY 

}  Cp,  qB  are  made  inappreciable,  so  tliat  the  plates  of 
the   condenser  are   alternately  brought  to   the  same 
potential,  and  charged  to  the  potential  existing  between 
,  C  and  B. 

A  succession  of  transient  currents  are  thus  produced 

a  the  same  direction  through  the  galvanometer,  and  if 

P,  Q,  S  are  properly  adjusted,  are  prevented  by  a  steady 

■■current  in  the  opposite  direction  from  producing  any 

■  deflection.     From  the  condition,  (29)  below,  fulfilled  by 

rthe  resistances  of  the  bridge,  the  value  of  £7„  can  be 


■ilound,  and  compared  as  before  with  the  value  C,  of  the 

SLpncity  in  electrostatic  units. 

So  far  as  C,  is  concerned  the  error  of  this  method  Accnnoy 

[({md  of  others  which  require  the  capacity  of  a  standard    jj^t^od 

»nden3er)  is  only  that  involved  in  the  measurement 

E  the  dimensions  of  the  condenser,  and  reduces  finally 

that  of    the   measurement   of   a   length.     Proper 

■llowances  can  easily  be  made  for  want  of  acccurate 

idjuatment  of  the  parts  of  the  condenser. 

TOL.  ir. 


nally  ^M 

roper  ^^M 

urate  ^H 


I  COMPARISON  OF  UNITS 

T}ie  determinatioD  of  C.  ib  limited  in  accuracy  only 
by  the  error  involvcil  in  the  use  ol'  the  galvanometer, 
which  mtiBt  be  bo  Benaitive  as  to  detect  a  sufficiently 
small  variation  of  resistance.  This  error  in  the  experi- 
ments described  below  was  well  within  the  limits  of 
accuracy  aimed  at.  In  Thommn  and  Searle's  investi- 
gations below  it  was  estimated  that  the  error  from  the 
galvanometer  was  not  more  than  1  in  2500  in  the 
value  of  V. 

'  Tbaorj  of  OnlHn^  the  reaUtanoes  P,  Q,  3  m  marlced  on  the  fignie,  nnd 
I  Msthod.  deooling  the  ciirreiita  from  Ciop,  Cia  D,  iind  B  to  A,  by  i,  i, 
u,  the  reiiitntice  and  BoK-itiduclion  of  llie  RalTanouieter  by  O 
and  /,.  we  liave  from  llio  circuits  ACT)A,  ADSA,  the  equations 
of  Gurrentc,  suppuHJng  all  the  branchea,  except  CD,  devoid  of 
itidui'taiiue, 


q{i-i  -t)  +  S(i  -i)  +Bu-  E  = 


(23) 


At  the  beeinninft  end  end  of  the  churging  of  th 
the  ourretita  Lave  their  steady  vail  '  " 


indeneer 
and  therefore  tlieec  equn- 


Fi.  -  qii,  -  i.)  +  Gi,  =  0 
q{i.-i.)  +  (.B  +  S)i,-S  =  0 

where  th»  suffixes  indicsfe  the  Kteady  values  of  the  currents. 

RublrsKting   tlieso   last   equations    from    the    correspondini 
equu lions  (33)  for  tlie  variable  state,  and  putting  h,,^,,  for  h—h. 


t   Pli,  +  i)-  Q(i,  -i,-t)  +  LT  + 


M,-- 


(24) 


I'he  quantities  «„  ii,  it  is  to  be  noticed  denote  the  excess  in 
mch  cue  of  the  oiirreiit  flowing  at  any  instant  ahove  the  steady 
currtint,  in  consequence  of  the  charging  of  the  cundeneer,  while 
i  ia  the  eharging  current. 

Integrating,  from  tlie  beginning  of  the  charging  to  the  end. 


UNITS  OF  CAPACITY 

e  equations  just  found,  remembering  that  i  lias  the  vftlue 
■'Itotli  liniiU,  and  reaminging,  we  get 

-iq  +  A>  -Q^t  +  iQ  +  S+  B)u,  =  0  /  ■    ■ 


where  x  denotes  the  whole  charge  of  Ihe  cordeni 
the  excess  in  eiich  case  oF  qimniilj  of  the  eleclricitj 

ciurentB  a,  i,  above  that  which  would  have  flowed 
^iMUne  time  if  the  current  had  remained 
Eliminating  «[  from  (55)  we  find 


■,  and  «„  /,,   Theory  of 
iductedby    Method. 


-(Q-f-S  -KB)  {G  +  F+q)  +_(? 


.  f.((!i,  +  Si.). 

C(s-i,),  and  therefore 

(c,  1  S°  +  ''+«l., 

.    .    .    (27) 

,(<,+i     ^     ).,. 

irged  and  discharged  n  tirr 

les  a  second, 

|Al60  clearly  (G  +  F)  r. 


KUie  quantity  of  electricity  which  paBHea  through  tlfe  galvn 
^«neter  over  and  abos-e  that  which  paflsea  in  the  stendy  curreni 
Hence,  if  there  in  no  deflection,  we  must  have  it  +  ii.'i= 
tr'i,  o  -  (u,.    Thus  (27)  becomes 


i(c  +  S«+|  +  -(')r, 


Tilis  value  of  r  used  in  (26)  gives 


|/'(0  +  a  +  i()  +  0J!||«(O+-'"+ »+<.•«■ 


COMPARISON  OF  UNITS 

If  P  and  S  »re  very  itrent  in  coinpariBoti  with  tlio  other  resist* 
knees,  tbi«  reduces  to  ilia  ripprojimoto  solution 


nC 


PS' 


{30) 


The  electro  in  agnotia  value  of  the  c 
having  thus  baen  fnand,  that  of  v  is  of  < 
from  the  rntio  ^C,/Ctu 

The  method  han  been  carried  ont  with  this  mode  of  determin- 
ing Cm  by  ?rof .  J,  J.  Tliotnson  •  in  »  very  careful  series  of 
experiments  giving  tlie  result 


2'963  X  10'",  in  cms.  per  second, 


by  Mr. 


E.  B.  lioBBf  ni 
and  Mr.  G.  F.  C.  Scarlet  at  Cambridge  in  a 


i  Baltimore,  (md   again   by  Prof.  J.  J. 

Cambridge  in  an  elabora 
rch  made  with  improved  nnparatiis. 
Wo  Hhall  deacribe  here  Mr.  llnsu's  ekperiments  aod  the  later 
nveatigalion  of  Thomson  and  Searle. 

Mr.  Rosa  usud  the  atundnrd  apherical  condenser  described 
abiivo  as  uaed  by  Prof.  Howlana  in  his  experiments  on  this 
subject. 

The  vibrating  tongue  h  wan  operated  by  one  or  otiier  of  two 
forks  made  by  Kconig,  of  Paris,  of  frequencies  32  and  130  per 
second.  These  were  mnintiiined  in  vibration  in  the  ordinary 
way  by  an  electromagnet  between  the  prongs  woilted  by  the 
current  from  three  or  four  Bunaen  cells. 

With  the  slower  fork  a  commutator  was  uaed,  but  with  tiio 
I  vent  of  faster  fork  a  different  arrangement  was  udopled.  A  wire  led 
Appa-  from  the  inner  coating  of  the  condenser  was  forked,  nrd  a  btanch 
of  it  conntctod  by  wax  to  the  end  face  of  each  prong  of  tlie 
tuning-fork.  The  plnno  of  vibration  was  vertical,  iind  each  wire 
was  turned  so  as  to  dip  into  two  mercury  cups  cut  in  Gxed  pieces 
of  vulcanite,  at  a  vertical  distance  apart  equal  to  that  between 
the  prongs  of  the  fork.  The  upper  cup  was  connected  witli  the 
point  C  of  Fig.  141,  the  lower  cup  to  £.  Thus  when  the  prongs 
moved  apftrt  the  lower  wire  dipped  into  the  mercury,  connecting 
the  ituier  ball  of  the  condenser  to  B,  while  the  upper  broke  con- 


^    Boia's 


■Arrange - 


•  Phil.  Traju.  n.S.  18B3. 

+  Phil.  Mag.  Oct.  18S». 

t  Phil  Traiu.  S.S.     Vol.  181  (I8B0). 
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I  tact ;  wben  tlie  prongs  approached  one  snollier  the  upfier  con- 
ktact  was  made  and  llie  lower  broken,  and  the  two  plntes  of  the 
I  condenaer  were  put  into  direct  conlnct.  Thus  in  the  former  cqbq 
the  condeneer  was  charged,  in  the  Utter  dittdiarifpd. 
Tlie  gnlvanotneter  aaed  was  a  very  aensiiive  Tliotnson's  astatic 
'    inatrament. 

Tlie  battery  conaisted  of  about  40  cells  of  a  storage  battery, 
giring  an  electromotive  force  of  about  80  volta. 

The  resistaneea  Q  and  S  were  tiiden  from  two  resiBtaneo 
boxes  by  Elliott,  containing  12,000  ohms  and   100,000  ohms 

The  resistance  P,  which  was  very  great,  was  made  by  ruling  t 
pencil  lines  on  ground  ghise,  and  protecting  the  surface  of  gloss 
and  graphite  with  n  thick  coat  of  shellac  varnish.  Connection 
was  made  at  the  ends  by  tinfoil  prcBsed  against  the  graphite  by 
rubber  packing.  Ten  such  resistnnces  were  made  and  mounted 
in  cylindrical  cases,  so  that  their  temperBturea  might  be  main- 
tained as  nearly  constant  as  possible.  Their  vaiuea  were  deter- 
mined by  a  eompariaon  (made  by  the  method  of  Wheatstone's 
bridge  with  a  ratio  of  about  100)  with  the  resistances  of  the 
boxes  used  for  Q  and  8,  and  proved  very  conslant  and  reliable. 

The  capacity  of  the  vibrating  piece  and  the  connecting  wires 
was  determined  oi  peri  mentally  by  iieparating  them  from  the 
condenser.  Special  attention  was  given  to  the  question  as  1o 
whether  the  capacity  of  the  charging  wire  might  be  taken  as 
tlie  same  when  the  wire  was  in  contact  as  when  detached,  and 

^Ilo  appreciable  difference  was  found. 
The  inner  sphere  was  adjusted  by  lifting  ofi  tlie  upper  half  of 
'th«  outer  shell,  and  adjusting  the  poaition  of  the  ball  relatively 
to  the  equatorial  oircunifereoce  of  the  shell,  then  replacing  the 
hemisphere,  and  moving  the  hall  vertically  from  contact  at  top 
to  contact  at  bottom  of  the  shell,  and  causing  ihe  contact  In  each 
case  to  be  indicated  by  the  closing  of  an  electric  circuit.  The 
readings  of  a  eliding  vernier  gave  the  tup  and  bottom  positions, 
and  the  mean  of  these  readings  the  central  positiou.  It  was 
estimated  that  the  ball  was  centred  to  '1  mui,  vertically  and 
'2  mtn.  horizontally,  or  to  an  error  of  less  than  1  per  cent,  of  the 
distance  between  bull  and  shell. 

Now,  for  an  eccentric  cylinder,  theory  siiows*  that  a  similar 
displacement  of  1  per  nent.  from  eontrality  would  give  an  error 
I   of  capacity  of  1/200  per  cent.,  and  a  smnller  error  for  a  spherical 


■   Fkil  Trajia.  R.S. 
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condenier.  A  ditplacement  of  four  per  o«nt.,  it  w%»  found  bj 
trial,  cianed  a  quite  inappreciablo  chanf^  in  cnpiicit}'. 
Momun  The  dimeniionB  of  tho  outer  shell  were  determined  by  fiUing 
DiiDt  uf  il  with  water  snd  welgliing,  and  of  tlje  inner  bitll  by  weighiug  it 
Diman-  lunk  in  water  by  an  attaclied  nissa,  and  muking  all  necnssar)' 
■ionaot  corrections  for  diitplaccd  air,  &e.  The  redullH  were  checked 
Con-  by  measurements  made  by  callipera,  compared  with  a  atandard 
deoMr,  a  ^otfo  bar.    The  roiulU  were  :— 


SlioU     .    .    . 
Gkll  A  .    .    . 
Bail  B  .    .    . 

Rx 

^ 

Br  welHUiw. 

o.^„i:;^t 

12-G805  cm.. 

10' 1 180    „ 
8-8736    „ 

8-8736    „ 

I 


TliB  oxperimenti  were  m«dfl  with  the  larger  ball,  and  four 
Mrien  were  mado,  tlie  Brrt,  aecond,  and  fourth  with  Loth  forks, 
the  third  with  the  alow  fork  alone. 
Final  It  waa  fimnd  that  the  re*n ltd  for  tlie  fast  fork  were  alightly 

EosnlW.    lower  tlian  thone  for  the  alow  fork,  coming  out  according  to  Uie 
weiglitR  given  to  the  obHervaliona. 


V  -  2-999-1  «  lO"  in 
r  -  a-0023  *  lO'"  ir 


I.  per  aecond  for  the  faat  fork,  aa 
9,  per  Boeond  for  the  slow  fork. 


The  reaiilla  for  the  fast  fork  were  the  more  uniform  and  H 
WBH  Ihouitht  the  more  accurate,  and  were  given  double  weight 
in  atrikiiig  the  final  lueun.  Thua  the  final  result  of  all  the 
experimentB  waa 

e  —  3-0004  X  10'°  in  cmi.  per  lecond. 

Tie  reiuIlB  of  Seriea  IL  and  HI.  were  greater  thun  thoae  of  I, 
and  IV., and  it  wai-  thought  posaililo  that  the  halrsa  of  the  outer 
ahcll  had  been  very  nliglilly  acparated  in  the  former  case  by  an 


ohstruolion  in  the  flange  of  jiinc 


itii 


o  be  noliced  that 
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i  resLiltg  with  the  (slow  fork  nre  tlie  greater,  indicating  too 
all  a  value  of  f..    This  is  ihe  kind  tit  rcHult  which  lhe/os( 
fork  might  be  expected  to  givo  if  tlio  period  was   not  long 
enough  to  allow  the  condenser  to  be  fully  charged.     The  rejec- 
tion of  the  observutiona  of  Stries  II.  and  III.  would  give 

t>  -  2-9993  X  lO'o  in  cms.  per  second, 

irhicb  onlf  differs  from  tLe  former  value  by  ^  per  cent. 


In  Thomson   and   Searle's  investigation  the  condenser  used  Thomson 
was  cyliodrioal,  and  was  provided  with  a  guard-ring  at  top  and        ""d 

I  bottom,  ao  that  the  effect  of  the  ends   was  in  ^reat  meaanre  S^arle's 

I  avoided.    The  condenser  ia  shown  in  section  in  Tig,  142.    The  Enpt-ri- 
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of  Con- 

dimcmionB  of  the  inner  cylindsr  were  monBureil  by  iccunte' 

oallipera  in  the  most  cnrelul  iiiaoni-r.     U  wnn  found  tliut  the 
cylinder  was  Bliglitly  elliptic  in  sectiou,  aa  aliown  In  the  fdluw- 
ing  Htateinent  of  reaults  of  mesBuretnent  :— 

dtnsor. 
I 

Tup  end  :  msiimum  diameter    .    .    23'5^02  cms,            J 

minimum        ,.           .    .    23-5161     ,.               ■ 

Bottom  end :  mBximum  diameter   .    23-5348    „               ■ 

i 

Mean     -23'5245                        1 

7  t&gnt  of 

of  Con- 

,    tfon  for 

Guard- 

■Mug  Gap. 


The  internal  diameter  of  tho  outer  cylinder  waa  roeaaured  by 
cnlllpera  specially  provided  for  this  purpoae  with  projecting 
Hteel  pieces  on  their  jawa,  Tbe  renulta  obtained  for  two 
diametera  at  right  angles  to  one  another  at  each  end  of  the 
cylinder  gave  a  mean  diameter  of  25'4n4  cma. 

Thn  internal  cylinder  vaa  aupported  on  piecca  of  ebonite 
placed  OD  the  lower  rinft,  and  the  upper  ring  on  aimilsT  pieces 
on  the  internal  cylinder.  The  outer  cylinder  waa  alao  in  three 
parts,  two  ring  pieces  for  top  and  bottom,  and  a  long  central 
piece  oorreapondinft  to  the  internal  cylinder. 

Tbe  length  of  the  internal  cylinder  was  measured  by  applying 
the  jawH  of  n  beam  compass  to  its  ends  and  measuring  under 
microscopes  first  the  diatsnco  hetween  two  marks,  one  on  each 
jaw,  then  the  distance  between  these  marka  when  tbe  jaws  were 

The  Icngtii  of  tlie  cylinder  was  found  lo  he  60-9T64  cms.  The 
correction  for  want  of  wjualily  in  the  distribution  caused  by  the 
two  equal  air  spaces  was  calculated  and  found  to  amount,  within 
I  part  in  2000,  to  a  longtliening  of  the  internal  cylinder  by  the 
breadth  of  one  air-space.  Tho  mean  allowance  for  the  gaps  at 
the  guord-ring  was  tbua  found  to  be  "2907  cm.,  ao  that  the  total 
effective  length  of  tlie  inlomal  cylinder  was  61'2691  cms. 

The  distance  between  the  inner  and  outer  cylinders  waa 
determined  by  fastening  down  the  internal  cylinder,  and  tbe 
outer  c^^linder  of  the  same  length,  in  co-niial  poaition  on  a  glass 
plate  with  cement,  and  fixing  a  gluss  cover  on  top  ;  then  filling, 
ny  mean«  of  two  openings  left  in  the  cover,  the  annular  apace 
between  the  cj^linders  with  water.  The  water  was  taken  from 
a  flash  containing  a  known  weiglit  of  water,  and  ao  by  a  second 
weighing  of  tbe  Bask  the  weight  uf  water  used  whs  obtained. 
The  weighings  were  all  corrected  to  vacinim,  and  for  error  in 
weiglita,  effect  of  temperature,  &d. 


T7NIT8  OF  CAPACITY  BBS       • 

The  volume  was  found  to  lie  4412'08  cnbtc  cms.,  lo  that  the  Electro- 

neiin  diBtnnce  d  between  the  cylinilers  wai",  with  the  radii  Riven       at»lio 

I  above,  ■9412B  oin.     Tlie  ratio  of  external  anti  internal  radii  o/i  Vitme  of 

f  need  was  thiw  1  +  •94128/11-76226  -  1-0300262.     TliuB  Capacity. 


81ogj 


61-2691 
''  '15397063  " 


I  in  centiinetreB. 

I  Tho  measurement  of  capacity  in  electromagnetic  unite  was 
I  made  by  the  method  already  dcitcrihed,  somewhat  modided  on 
>unl  of  the  e»istence  of  the  guard-ring.  The  arrangement  of 
[  appamtUB  is  shown  in  Fig.  143.     The  condenser  plats  ia  shown 


iDOffQetic 
Vriue  of 
Capacity, 


Fig.  H3. 

connected  as  before  to  a  contact-making  piece  u,  which  makes 
contact  alternately  with  p  and  q,  while  one  guard-ring  is  con- 
nected with  a  second  contact-piece  v,  which  makes  contact 
niteniately  with  r  and  $.  Tho  pieces  p  and  j  j-epresont  the  con- 
tact-plates of  a  commutator  which  alternately  came  iDto  contact 
with  a  spring  or  briisli,  u,  coniiected  with  the  inner  coating  of 
the  condenser;  r  and  «  represent  the  con  tact- pi  ales  of  another 
comniulntor,  v  a  brush  which  alternately  connected  tbein  witb 
the  guard-ring. 


COMPARISON  OF  UNITS 

Ttio  two  commnUtors  were  mounted  on  the  sumo  axiB,  bo  thit 
they  were  kept  tlways  in  the  B«me  relntiTe  pOBition.  When  tlie 
commutatore  were  workeil  the  fullowing  cuntcntH  were  made  in 
the  order  indicated  by  the  mimbera.  Vj,  Ve,  Vc,  denote  the 
potentials  of  the  points  A,  B,  C,  respectively. 

.    (  H  on  ;  :  condenser  diichArged. 
'  )  t'  on  e  ;  guard-ring  discharged. 

g    (  II  on  p  :  condenser  begins  to  charge. 


p  :  condenser  charged  to  potential  F^  -  P 
r ;  guard-ring  charged  to  potentiiil  Vf.-  P 


n  g  :  condeneer  begins  to  diacharge. 


n  q  '.  condenser  discliarged. 
Q  « :  guard-ring  discharged. 


B  denote 


f      According  to  the  notation  rtlri'ady  adopted  above 
the  currenU  in  Qi,  CJ),  BA^  by  i,i,u;  in  addition,  i 
sent  ouse  we  have,  when  v  is  in  contact  with  r,  a  curi 
Let  this  bo  denoted  by  4.    The  circuits  AVDA,  ADhJ,  give 
the  equations 


-«('- 

«(i- 


i-1- 


i>)  +  i-(i  +  fl  +  I.l  +  fl.'.Ol 


(31) 


At  the  beginning  and  end  of  the  charging  the  currents  have 
theii  steady  yalues,  and  then  as  at  p.  626, 

-e(i,-i.)+pj.+i?i,-o  1 

These  eubtracted  from  the  correHponding  pair  of  eqaatioQS  (31) 
for  tlie  varying  atate,  give,  if  «^  i,  denote  n— v.,  t-i„  reapect- 

-«(*.-'!-*-«) +  ?('  +  «+K+0'i-«l        (33, 

«(«,-i,-i-«)+/f(«,-i-i)+s.,  -or 


Tlie 
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1  integrated  from  tbe  beginniDg  of  the  charging  to  tlie 


end  yield 

-(?  +  «,-  8,,-(5+S)i.  +  «  +  5  +  J!)., -oJ  '■ 

where  j ,  as  before,  denotes  the  whole  cliarge  of  the  inner  coating 
of  the  condenser,  while  u^  dpnotea  that  of  the  guard-ring. 
Eliinination  of  ui  front  (34)  gives 


{P  iq  +  S  +  S)  +  sqi  X  +  jB(ii» 


This  differs  from  the  former  equation  (26)  only 
term  BQio  on  the  left 

When  the  condenser  is  fully  charged  we  have  as  before 


,  .    .    (35) 
having  the 


=  c„(o  +  s 


> 


I   and  further  it  C'ta  be  the  capacity  of  the  guard-ring 

u,=  cJg+p  +  s 


^.o  +  P+Qy 


a  the  right 


he  rarltiplier  of  C 
I    polenliul  between  A  and 

Again  if  there  be  no  galvanometer  deflectii 
I   *,=  -BZi,  80  tliat  (36)  and  (37)  become 


the  final  differeoce  of 


«-=  -nC'Jo  +  P  +  S' 


■  0  +  P+Q\ 

G  +  P  +  Q\ 
Q       )'' 


Tlieee  subslituted  it 


n  (35)  give 

-<i\i<i  +  F  +  g>i<n-s  +  jri-q^   .  (39) 


tjon  for 

Diffureac 
o(  Poten 
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n  tbe  left  n 


Tlie  second  term  on  tbe  left  wne  nef;li(;ib1e  in  the  ezperlmenti 
made,  innHmuch  us  tlio  reniHUnce  li  of  tlie  bntteiy  wm  Bmall  in 
cDRipsridon  with  the  other  resiHlBncei.  Thus  the  value  of  Cm 
wai  given  as  before  by  (29),  It  was  neceHHnry  to  apply  a  cor- 
.  J"*'  reotion  for  the  amull  difference  of  potential  6F  between  the 
Onard-  gisfd-ring  and  the  inner  cylinder  n£(er  charging,  which  pre- 
rinjtand  ^8"t*'l  ^^^  dietribiition  on  the  inner  cylinder  from  being  no 
Proiicted  nearly  uniform  as  it  otherwise  would  have  been.  It  ia  ahown  in 
Cylinder,  the  paper  that  this  correction  could  be  made  by  adding  to 
internal  cylinder  a  atrip  of  breadth 


./I     3,    4r\  ir 


1 


where  Fiti  the  difference  of  potential  between  the  cylinders,  t  the 
thickness  of  the  guard-ring,  e  the  half  thicIineBfl  of  the  pieces  of 
ebonite  supporting  the  guard-ring,  i  the  dialunce  between  the 
cvlindera,  and  i  the  base  of  the  Napierian  ayslcm  of  logarithma. 
The  coeflioiont  of  Sr/K  was  approiimntely  7-5,  and  from  the 
values  given  ubuve 


iF.-\ei-s°Ji-t±S.a-F-s 


a  +  r+t, 


=(«+ 


,°±l+«),., 


183 


1 


Thus  tim  correction  was  a  strip  of  breadth  75/183 
about  1  part  in  1800  of  the  whole. 

Eauh  i^ummu  tutor  connirtcd  of  two  rings  with  projecting  Hemi- 
cylindrical  pieces  overlnpping,  aa  ahown  in  Fig,  144,  mounted 
on  an  ebonite  casing  round  the  common  axis, 

Two  BpringB,  shown  in  I''ig.  145,  made  permanent  contact 
with  grooves  in  the  ring  portions  of  the  con  toot- pie  eoa,  and 
formed  the  connecliona  tu  ihe  points  CA  aud  AB  of  the  bridge. 
The  charging  conlai'ls  on  tlio  commutator  were  made  wilh  it 
brush  of  line  brans  wire.  On  the  axle  are  fixed  the  driving 
pulleya  and  a  stroboscopic  disk  for  the  observation  of  the  speed, 
hj  means  of  a  maintained  fork  in  the  manner  already  sulHciently 


UNITS  OF  CAPACITY 

I  described  at  p.  569  aliove.    A  side  view  uf  the  stroboacopic  disk 

is  shown  on  the  right  in  Fi^.  144. 
The  worm -wheel  and  endiesa  screw  were  used  to  make  a  con- 
'   tact  with  a  apring  at  every  revolutiun  of  the  wiieel,that  ia  every 
I  SO  tuma  of  the  commutator,  to  excite  one  of  the  electromagnets 

of  the  recording  apparatus  referred  to  below.     The  commutator 
I    was  driven  by  a  wuter-inolor  und  long  cord  made  of  fishing-line 

joined  in  a  lung  splice  to  prevent  inequalities  in  speed.     The 

1   speed  was  regulated  by  letting  the  curd  run  ttiroiigh  the  iingera. 

The  stroboacopic  disk,  Fig.  144,  had,  as  shown,  five  circles 


I 


Fio.  114. 


containiag  i,  6,  6,  7,  8  black  spots  at  equal  intervals ;  the  fork 
mnlcitig  64  complete  vibrations  per  second,  and  the  commutator 

not  running  much  faster  than  80  revolutions,  the  speeds  of  the 
disk  from  IS  revolutions  per  second  upwards  when  a  stationary 
pattern  was  visible  were  tlie  fractions 


.  t,  i,  I  i.  f,  I. !, !, !,  1. 1, 

I   of  64  revolutions  per  second. 

The  electrically  driven  fork  maintained  another  of  about  ti 
its  frequency,  and  the  latter  gave  heats  with  Lord  Rajleigl 


Slrolio- 

Dir^ 


standard  fork,  so  that  the  speed    of  tlio    observing  fork   i 
obtained. 

Tbe  frequency  of  iIib  dtimdard  fork   wm  redetermined  by 

causing  the  worm-wheel  driven  by  the  cominulator  to  makii  a 

mark  on  s  running  tape  every  30  rcvoliitiona  of  the  coinmutator. 

f  This  was  effected  by  the  completion  of  a  circuit  which  excited 

,    un  electromagnet,  and  thereby  csuaed  an  armatnre  to  descend 

'    slightly,  and  bring  an  inked  roller  down  on  the  paper,     A  mark 

was  aimiUriy  made  on  the  tap«  every  second  by  the  oornpletioD 

of  a  circoit  by  the  laboratory  clock.     Fig.  146  shows  the  electro- 

mHgneti>,  armature,  and  marking  roller,  with  an  inking  drum 

above,  on  which  the  roller  made  cootact  when  the  armature  was 

not  palled  down. 

The  method  of  experimenting  was  as  follows. 

The  beats  between  standard  and  auxiliary  forks  were  counted. 


r  STods  of    The  motor  was  then  atnrted  and  the  commutator  kept  at  a  con- 
~     iri-     stant  speed  by  the  disk,  and  after  the  apparatus  was  stopped 
iDg     the  beats  were  again  counted.    Thus  the  speed  of  the  observ- 
ing  fork   WAS    dircclly   mensured,    and    that   of   the   standard 
obtained  from  the  beats.     Three  observations  gave  a  mean  of 
1!R'104S  for  the  frequency  at  I6°G.,  a  slipliliy  smaller  frei|uency 

than  that  found  by  Lord  Ruyleigh.   The  difference ..-ii.-t--! 

to  secular  softening  at  the  steel  in  the  intervenin 

The  resistances  were  taken  from  r 
carefully  compiired  with  standard  ooil 

The  galvanometer  had  a  renistsnc 
two  coils  of  about  16000  turns  each. 


nltrihnte 


oxes  which  were 


of  1T3S0  ohms,  and  had 
riio  coils  were  very  oare- 
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I  fully  inaukted,  and  Hliowed  U( 
lenf  elect  rune  opt). 

The  current  waa  produced  witli  36  small  bI 
in   two  pdrnllela  of  18  cells  euch.     It  wa 
I    Bulntcil. 

All  the  quantities  observed  were  corrected  u 


iperature  variations,  and  tlia  capacity  of  the  connecting  wires 

tlie  condenser  was  taken  into  accouDl. 
Three  aetti  of  experiments  T,  10,  and  6  in  number 
and  gave  m  mean  values  of  C«,  443471  x  10"*',  443'4I7  x  10""^ 
443-569  X  10"^'  C.G.S. ;  or  as  mean  of  all  ft,  =  443-466  x  10"" 
C.O.S.  electro  magnetic  units.     Tims 


^/ 


397-lia7 
443-4Mli  X   lU-s 


=  2  9955  X  lOin, 


in  cms,  per  second. 

Methods  of  comparins  the  capacity  Cm  of  a  condenser  with  Method 

ihe  self-indnetance  i  of  n  coil  have  been  g-iven  above,  Chap.  ,,  J '-   , 

VIII.     If  then  the  capacity  of  a  condenser  has  been  thus  found,  "™™'- 

in  terms  of  a  self- inductance  L  which  can  be  exactly  calculated,  "^    ?„ 

the  value  C,  in  electrostatic  units  can  be  found  either  directly  Compari- 

by  calculation  for  the  ciindenaer,  or,  if  that  is  not  posaible,  by  wiy, 

oomparison  with  the  accuriLtely  known  capacity  of  a  standard  lodact- 
condenacr. 


COMPARISON  or  UNITS 


(«■) 


xl  V.  Tho  nelt  two  inelhods  Are  inaiDljr  of  theorelical  interest, 
_  rnlD-  Aocnnling  to  Motliod  V.,  a  msffiet  ii  roUited  witliin  >  coil  aua- 
f  £i  .  peniied  willi  ita  pluno  vertical  by  a  bifilar.  Tlie  current  ioduced 
i  J™""'"  lu  llie  coil  CBUiM  it  t-.  turn  round  a  vertical  axis,  and,  if  the 
■  snd  b'd'^Id  P*'^'"'  "f  rotation  be  conitant  and  am»ll  in  compariaon  with  the 
1  dtlcttncB  P*"*"^  '•'  vibration,  to  lulie  up  a  congtant  deflection.  Tlie  coil 
^  '   iR  in  circuit  witli  a  tized  cuil  of  conaidersble  aelf-inductanco,  so 

that  the  whole  ioductnnce  (A  tlie  circuit  is  L,  and  with  a  condenaer 
of  capacity  C.  The  vslue  of  CL  can  be  found  by  observing  tho 
deflecliona  iJ,,  li^  J)^  for  three  different  angular  veli  *'  ' 
"d  "d  tji  of  tho  magnet.     Then 


t'i^-' 


'.') 


"2S.W- 


1 


I  Method. 


If  the  induction  throueh  the  coil  due  to  the  magnet  when  ita 
niia  is  parallel  lo  that  of  ine  coil  bo  M,  then  when  the  magnet  has 
turned  IhriiuKh  the  anj^lo  8  from  that  position  ilie  induction  ia 
Mow  6,  or  if  coanJ,  if  ii  denote  the  angular  velocity,  and  (  be 

_  reckoned  from  the  instant  at  which  $  =  0. 

P-Thaory  of  If  z  be  the  whole  quontity  of  elet'lricity  which  has  flowed 
""*'■"''  ■'  ich  the  eircnit  from  the  era  of  reckoning,  the  current  is  ±, 
and  the  induction  through  the  eircuit  due  to  the  current  in  it  ia 
Li.  Tims  if  E  denote  tlie  difference  of  potential  betwe«n  the 
plntoR  of  the  condenser,  the  electromotive  force  producing  the 
uurrent  ia  £  -f  di,Lx  -i-  if  cos  iiOif'i  and  the  equation  of 


JU  +  ~{Li  +  jif  cos»/)  +  f=  0, 
But  CIS  -  *;  BO  thst  this  equation  becomes 


where  P  is  a  cotiBtant.     By  rauana   of  three  different  angulHr 
e  of  tliia  form  are  obtained,  which  give 
(41)  by  elimination  of  P  and  B. 

If  tlia  esperiment  were  curried  out  it  would  be  desirable  to 
take  soy  715*8  that  for  which  njD  Is  a  minimum,  that  \an^  =  llCL, 
and  n„  ri],  one  greater,  the  otiier  Ichh  tlion  n,. 
Since  i^*  "  CjCm,  wo  have,  if  L„  Lm  denote  the  electrostatic 
^^    and  electromagnetic  valueM  of  L, 

^^  C.U  =  V'Cl,  =  f^C^Ln.. 

^1        VOX. 


COMPARISON  OF  UNITS 


1=  ^1^" 

"      c-i, ^"' 

The  deDdininator  of  tlie  expression  an  tlie  tight  ia  determined 
experitnonUilly,  as  expliiiued  nbove,  Hiid  tLie  numerator  is 
oblaiucd  by  direct  calouiatioD  of  Ct  n-nd  i,«,  or  by  comparison  of 
the  cootlenser  and  circuit  with  proper  slandardH. 

Method  VI.  involves  tbe  determioation  of  tbe  eleclrostatic 
value,  R,,  of  a  high  resistance,  througli  whicli  a  condenser  of 
capacity  C,  ia  diacharged.  This  can  be  done  by  measuring  the 
rate  of  fnll  of  difference  of  potential  between  t!ie  plates  of  tlie 
condenser  by  means  of  an  electrometer  connected  with  them. 
If  V  be  the  cloctroiilntic  value  of  the  ditforeuce  of  potential  eX 
any  time  (  we  I 


dV   . 


R. 


where  ^  is  a  constant.     If  V  be  the  difference  of  potential  t 
aucoods  after  it  was  V^,  we  get  from  tliia  equation 


If  ''  =  J/'n.  ft  =  '/C.  log  2. 

If  now  %m  is  known  we  have, « 
C^Cm  —  p'l  uod  therefore 


\ 


1,  vol.  23(I8SB),  p.  S-14.    ' 


GENERAL  RESULTS  fil3 

.  cuil   of  meaaurable   iaductiince   across  a  8|>ark-gap  Mothod 
I  pair  of  knobs  about  &  millimetre  itparl.    Thecmi-       VIL 

r  denser  consisted  of  1 1  squares  (each  2  feet  in  side)  u£  plate  gloss  "?  *'^- 

L-BJlvered   on  both   sides,  set  up   parallel  to  one  uiiolber  with  a  s"™™*"* 

e  of  5  mms.  between  eact  pair  of  opposed  silvered  eur-  "y^r"^ 
^&cen,  and  the  silvered  siirfiices  ot  the   alternate  plates  joined        tricaf' 

J  metal  lie  ally  to  form  the  coatings  of  the  condenser.     It  bad  llius  OacilU- 

■  »  citpacity  of  about  ftOO  metres  in  electrostatic  measure.     The       (jg^, 
F  eoil  WAB  eompoaed  of  about  three  miles  of  india-rubber  covered      Lodge 

wire  of  Ko.  2'i|;suge,  and  had  diameters  19  inches  and  11  inches,  and  Glaxe- 
and  thickness  4  Inches.  lis  inductance  was  about  4'5  x  lO'  cms.  brook's 
tD  electromagnetic  measure,  Experi- 

The  coDiieosor  was  charged  by  a  Voss  macliine  arranged  to      nieuts. 
give  a  brush  discharge  acroes  half  an  inch  of  air  to  the  inner 

.  coating,  wiiile  the  other  coating  (that  is,  the  two  outer  plates 

t  and   the   four    alternate    interior    plates)   were    connected    to 

I  earth. 

The  sparks  were  photographed  on  a  revolving  sensilive  plate 
on  which  the  knobs  were  focused  by  a  quartz  lens.  The  plate 
y/aa  driven  by  a  water  motor  at  a  speed  of  about  64  turns  per 
second,  and  its  speed  meaitiired  as  in  Lord  Rayteigh's  determi- 
nation of  the  ohm,  by  observation  of  a  slruboscopic  disk  through 
a  slit  alternately  opened  and  closed  by  the  vibration  of  an  eleO' 
tricalty  maiotained  tuning-fork.  The  result  was  that  a  pattern 
was  produced  on  the  plate  consisting  of  a  long  band,  with  a 
boad-like  broadening  for  ench  half-oscillation.  The  period  of 
vibration  was  thus  measured  with  great  esactness. 

The  resistance  and  inductnnce  of  the  circuit  could  also  be 
obtained  with  very  considerable  accuracy,  aa  the  resistance  of 
the  spark-gap  was  inoppreciahle.     The  value  of  L  for  the  coil 

I    could  also  be  obtained  by  direct  calculation  or  by  comparison 

h  with  another  coil. 

The  value  of  the  period  given   above   (p.  I8S)  furnishes  for 

I  these  data  the  electromagnetic  value  of  the  capacity  of  the  con- 

l  denser.     (See  also  Chup.  XIV.  below.)     Also   C,  can  be   found 
bom  an  exact  coinpnrixon  with  a  standard  condenser,  and  thus 
g  can  be  obtained  by  (HI)  above. 
The  final  results  of  the  experiment  do  not  seem  yet  (July, 

■  1B9S)  to  have  been  published.  _ 

■  The  following  table  given  the  values  off  obtained  by  different  General 
I  esperimenters,  and  for  comparing  the  velocity  of  light  as  deter-  Table  ot 
I  mined  esperimentally  by  the  methods  of  Fizeou  and  Foucault.     I'fiinltB, 

■  1  great  part  taken  from  Mr.  E.  B.  Rosa's  paper  already 
[referred  to.     The  various  results  given  wftro  corrected  by  Rosa 
Vwhere  necessary  to  the  value  -08664  olun  for  the  B.A.  unit : 
T  T  2 


COMPARISON  OF  UNITS 


i 

•B 

1 

li     1    il  II 

11  iiii 

i 

i  il     1  S  1 

1 

•s 

i 

1$ 

1 1 « 1 1 i II II 1 11 1 » 

nimlimuil 

i     •     ■     •     ■     i     i     :     i     i     :     !    !     ■    ; 

1     3  «    1   p    ■    !    I     E     !    i    i    !    .:  1 

liliijiliii!! 

1 

iiillliliiillil 

s 

Ml 

^3  £  = 


ma 


Mr 


I 


CHAPTEE  XII 


When  a  circuit  in  which  a  current  of  electricity  is   Activity 
flowing  contains  a  motor,  or  machine  by  which  work  is  circuit  of 
done  in  virtue  of  electromagnetic  action,  the   whole  ^'^^^lal 
electrical  work  done  in  the  circuit  consists,  aa  was  first 
shown  by  Joule,  of  two  parts,  work  spent  in  heat  in  the 
generator  and  motor  and  in  the  conductors  connecting 
^hem,  and  work  done  in   moving   the   motor  against 
external  resistance.     The  total  rate  at  which  electrical 
energy  is  given  out  in  the  circuit  is,  as  we  have  seen, 
£'Y  watts,  where  I!  is  the  total  electromotive  force  of 
the  generator  in  volt.3,  and  y  is  the  number  of  amperes 
of  current  flowing.     The  rate  at  which  work  is  spent  in 
heat  is  in  watts,  by  Joule's  law,  y'E,  where  JU  is  the 
total  resistance  in  circuit  in  ohms ;  hence,  if  we  call  IF" 
the  rate  at  which  work  is  done  in  the  motor,*  we  have, 


yfe  may  write  this  equation  in  the  form, 


7=  - 


E 


(1) 


(2) 


•  We  consider  here  a  ayilBm  iu  which  y  is  oonstttnt,  and  neglect 
Jdsi  or  energy  due  to  local  vurrentii,  &c,  in  the  motor.  For  inroraift- 
'  Hon  regarding  Ihe  coastroction  of  practical  motors  and  their  action 
hSee  a  paper  by  Proft.  Ajrton  and  Perry,  Froe.  See,  Trl.  Engs.,  1883, 
^Mpnbliihed  in  theeli^trical  joamals,  KBpp's^Mn'e  TranftniMien  (^ 
fiwer,  and  Prof.  S.  P.  Thompson's  Dynamo-Slectric  Slachineri/. 


ELECTRICAL  ACTIVITY 

which  shows  that  the  current  flowing  is  equal  to  thK) 
which  woultl  flow  in  the  circuit  if,  the  resistance  re- 
maining the  same,  the  motor  were  held  at  rest,  and  the 
electromotive  force  diminished  by  an  amount  equal  to 
[i,E.M.F,of  If/7.  This  is  what  is  called  the  Imek  ekctroviotivc  force 
Motor.  ^Jf  tjjg  motor,  and  ia  due  to  the  action  of  the  motor  in 
setting  up  an  electromotive  force  tending  to  send  ft 
current  through  the  circuit  in  the  opposite  direction 
to  that  of  the  current  by  which  the  motor  ia  driven. 
We  shall  denote  the  back  electromotive  force  by  JE^. 
Hence  equation  (2)  becomes. 


E-E, 


C3) 


and  the  rate  at  which  work  is  spent  in  driving  the 
motor  is  Eiy, 

To  determine  E  we  have  simply  to  measure  with  a 

potential  galvanometer  or  voltmeter,  the  difference  of 
potential  between  the  two  terminals  of  the  generator. 
Calling  this  F,  end  Ji,  the  effective  resistance  of  the 
generator,  we  have  plainly. 


?  =  K  +  7/,', 


w 


Again,  since  7  and  also  the  total  resistance  Jt  in  the 
circuit  can  be  found  by  measurement,  we  find  by  (3) 


E,  =  E-',R  . 


(5) 


where  all  the  quantities  on   the  right-hand  side 
known. 


ie  9^m 


EXTKENAI,  ACTIVITY  IN  MOTOR  CIBCDIT 


1- 


-1- 


E-E, 


(6) 


F  time  in  the  circuit  otherwise  than  iii  heatin_ 
conductors,  to  the  whole  electrical  energy  Ey  spent  in  the    ,^°^i 
circuit  per  unit  of  time,  that  is  the  ratio  of  ^,  to  E,  we  Generator 

t may  call  the  electrical  efficiency  of  the  arrangement.     Motor,  i 
Denoting  this  efficiency  by  e,  we  find,  by  equation  (4),  H 

Hence  the  smaller  7  is  made,  that  is,  the  slower  the  Anange- 
energy  is  given  out,  the  value  of  the  efficiency  of  the  Maiinmm 
arrangement  is  the  more  nearly  equal  to  mh%.  the  value  ^^l^^ 
of  the  efficiency  of  an  arrangement  in  which  the  energy 
ID  the  motor  done  against  external  resistance  is  exactly 
I  equal  to  the  whole  electrical  energy  given  out  in  the 
I  circuit. 

When  however  energy  is  spent  at  the  masimum  rate 
Kin  working  the  motor,  E^y  has  its  greatest  value.  But 
fby(o) 

E^y  =  Ey  -  y^E  =  W. 
I  This  equation  may  be  written, 

7'^  -  .^7  +  IT  =  0, 
It  quadratic  equation  of  which  the  solution  is, 

f  Now  in  order  that  these  values  of  7  may  be  real,  4  RIV 
r  cannot  be  greater  than  E^.  Hence  the  greatest  value 
]  W  can  have   is  E'/iR.     When  W  has  this  maximum 


Arr»nge.  value,  7  is  equal  to  1SJ2K,  and  therefore  E^  equal  to 
Maximiini  Eji.  Hence  the  electrical  efficiency  is  J.  It  is  to  be 
AtUvity.    ygj.y  carefully  observed  that  although  in   this  case  the 

Iarrangeraent  is  that  of  greatest  electi-ical  activity,  it  is 
not  that  of  greatest  electrical  efficiency,  as  it  has  only 
about  one-half  the  efficiency  of  one  in  which  enerjiy  is 
given  out  at  a  very  slow  rate.  The  case  is  exactly 
analogous  to  that  of  a  battery  arranged  so  as  to  give 
maximum  curreut  through  a  given  external  resistance 
(see  Vol.  I.  p.  148). 
All  that  has  been  stated  above  is  applicable  to  the 
case  of  a  motor  fed  by  any  kind  of  generator  whatever. 
The  generator  employed  however  is  generally  some 
form  of  dynamo-  or  magneto-electric  machine  driven 
by  an  external  motor,  such  as  a  steam-  or  gas-engine  or 
a  water-wheel,  and  a  few  of  the  results  obtained  below 
apply  only  to  such  cases,  which  will  be  indicated  as 
they  occur, 
Case  of  When  the  generator  and  motor  are  exactly  similar 
Md'wo^r  machines,  and  the  same  current  passes  through  both, 
fiimiUr  the  ratio  oi  E^^  to  E  will  be  that  of  nA/(y)  to 
n'Af(_y) ;  where  n  and  n'  are  the  speeds  of  the 
machines,  A  a  constant  depending  on  the  form  and 
disposition  of  the  magnets,  and  /{-{)  a  function  of  the 
current.  Hence  in  this  case  the  eiBciency  is  measured 
simply  by  the  ratio  of  the  speed  of  the  motor  to  that  of 
the  dynamo.  The  more  nearly  therefore  the  speed  of 
the  motor  approaches  to  that  of  the  generator,  the 
greater  is  the  efficiency.  It  is  to  be  observed  however 
that  two  uiachinea  identically  alike  will  not  in  practice 
be  perfectly  similar  in  their  action,  even  with  the  same 


EFFICIENCY  OF  QENKRATOH  AND  MOTOR 

i  currents  flowing  in  tbeir  armatures  and  field-magnet 
I  coils.  The  armature  currents  tend  to  weaken  tlie  field 
I  in  the  generator,  and  to  strengthen  the  field  in  the 
I  motor. 

In  general,  the  higher  the  speed  at  which  the  motor 
■  is  run,  the  greater  is  the  electrical  efficiency  of  any 
I  arrangement,  for  it  is  obvious  that  the  higher  the  speed 
I  the  more , nearly  does  ^,  approach  to  E,  and  therefore 
I  the  value  of  l^iJE,  the  measure  of  efficiency,  to  unity. 

For  a  constant  difference  E  ~  E^,  the  ratio  of  the 
[  energy  spent  in  heating  the  conductors  by  the  current 
(to  the  whole  energy  expended  in  the  circuit,  may  be 
I  reduced  by  increasing  the  electromotive  force  E  of  the 
l-Circuit.  If  £be  increased  to  nE  while  E^  ia  changed 
1  to  J?",,  so  that  nE-  E\  =  E—  E^,  the  electrical  efficiency 
lis  raised  to  {n-l)ln  +  E^lnE.  or  {(w  -  l)/w+ l/zt'"}  of 
I  the  former  efficiency.  Clearly  as  n  is  increased  this 
I  approaches  more  and  more  nearly  to  unity. 


The  ener^  spent  in  lieat  is  7*fl,  or  (B-£',)'/S,  and  the  rntio 
f.flf  this  to  Ey  is  yfl/ff.  But  -yS  ia  equni  tn  tlie  constunt  differ- 
ence E-- Bp  lience  the  ratio  is  {E^Ei)IK.  And  this  bei;omes 
smaller  as  S  ia  increaHed.  A  grsater  eiTi(?ieiicy  is  tlierefore 
obtained  by  using  bigti  potentials  than  hy  using  low  notentials. 
Hence  a  K^^ater  electrical  eRicienry  is  reallaed,  witli  a  given 
magneto-  or  dynamo-electric  machine  used  as  generator  and  a 
given  motor,  wlien  both  generntor  and  mnlnr  are  run  at  higher 
apeeda.  Conseijuently  the  generator  eliuiiki  hi:  run  as  fast  as 
poBsible,  snd  Ihe  motor  loaded  Irghtly,  or  the  speed  with  which 
the  working  resistance  is  overcome  reduced  by  gearing  between 
it  and  the  motor. 

When  high  potentials  are  ohtained  by  the  use  of  machines 
wound  with  fine  wire,  or  by  using  as  generator  a  battery  of  a 
lai^e  number  of  cells  joined  in  series  to  drive  a  high  potential 
motor,  the  gain  of  electroinotive  force  is  accompanied  by  an 
Lincrease  of  resistance  in  tlio  circuit.     But  if  wc  suppose  the 


b,i.- 

creasing 
E.M.r.   ia 
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speed  of  tlie  motor  to  he  bo  regulated  that  tlio  difTerenpSi" 
lictwDen  the  totnl  electromotive  force  in  the  circuit  niid  <l>a  hack 
electromotive  iarc.e  of  the  motor  remainH  the  same  io  the  differ- 
ent  ciLxen,  it  ia  cuy  to  show  thnt  the  electrical  efficiency  of  the 
nrrangeinent  ia  greater  for  high  eleclromotive  forces  than  for 
low.  If,  HB  supposed,  E-Ej  remains  conatunt,  while  E  is 
chnnged  to  »£*,  we  have  for  the  total  activity  of  the  motur 
vEy  -  {E-  £J  y.  Di\'i(Jing  this  hj  «fy  we  get  f oi  tlio  eleotrital 
elhcicncy, 


1^, 


As  It  ia  made  crealer  and  greater,  the  Drat  lerm  on  the  Tiflht 
hecomcs  more  and  more  nearly  equal  to  unity,  and  the  la«t  term 
to  zero.  Hence,  on  (he  Bupi'Osilion  made,  the  efficiency  ia  in- 
creased hy  increasing  the  working  electromotive  foroea.  Taking 
UB  B  particular  case  »  — '2,  we  ace  that  the  efficiency  Ib  1  together 
with  one-Iinlf  of  tlie  former  efficiency ;  if  n=4,  the  efficiency  is 
I  together  with  one-fourth  of  tl  a  former  efficiency,  and  ao  on  for 
other  Tuluea  of  n.  This  reanlt  holda  for  any  cuae  whaiever  in 
which  the  condition  that  E  ~  B,  ahould  remain  constant  is 
fulfilled  ;  and  hence  it  ia  independent  uf  any  change  that  may 
have  heen  made  in  the  resistancea  of  the  generator  or  motor  in 
order  to  ohtain  tlie  higher  eleclromotive  force  b£.  For  example, 
it  is  plain  that  no  sensihle  change  in  the  actual  rate  of  losti  by 
heating  of  the  conductors  by  the  current  will  be  produced  by 
increasing  the  rcaistancea  of  the  generator  and  mote r,  if  thCM 
he  very  small  in  compnrison  with  theremaindor  of  the  reHiatance 
in  circuit ;  as,  since  E-  £,  remains  constant  and  the  resistance 
ia  practically  the  same  as  before,  the  current  strength  will  not  be 
percoplilily  altered.  The  ratio,  however,  of  the  activity  watted 
in  beating  to  the  total  activity  will  be  only  1/tith  of  what  it  waa 
before.  In  the  opposite  extreme  case,  in  which  the  generator 
and  motor  have  practically  all  the  retHatance  in  circuit,  tli« 
current,  y  ( «(E-£,)/A),  i«  diminished  in  the  ratio  in  which  tlia 
reaiatance  ia  increased;  and  the  actual  rate  of  lose  by  lieat 
according  to  Jiiule'a  law,  (E—  E^*IR,  is  diminished  in  Ihe  same 
ratio,  so  that,  as  in  the  former  easc^,  its  ruLio  to  the  total  activity 
nEy  ia  1/ntli  of  what  it  wiia  for  the  electromotive  force  E.  We 
see,  therefore,  that  here  alio  tlie  efficiency  luiist  be  the  eame  in 
both  cues, 


1 


We  have  called  E■^jE  the  electrical  efficiency  of  the  ' 
arrangement,  but  this  is  uot  to  be  coofomided  with  the  c 
eflScieucy  of  tlie  motor  itself.  The  activity  E^y  in- 
cludes the  wasted  activity,  or  rate  at  which  work  is  ilone 
against  frictional  resistances  in  the  motor  itself,  and  in 
the  gearing  which  connects  it  with  its  load,  as  well  as 
the  useful  activity  or  rate  at  which  it  performs  useful 
■woik.  Hence,  although  the  electrical  efficiency  of  the 
arrangement  be  very  groat,  only  a  small  amount  com- 
paratively of  the  energy  given  to  the  motor  may  be 
usefully  expended,  and  vice  versd ;  and  we  define  there- 
fore the  efficiency  of  a  motor  at  any  given  speed  as  the 
ratio  of  the  useful  activity  to  the  whole  activity,  taking 
as  the  hitter  the  total  rate  at  which  electrical  energy  is 
expended  in  the  motor;  that  is,  E^f^-f-R^,  or,  which 
is  the  same,  F7,  where  V  is  the  difference  of  potential 
between  the  terminals  of  the  motor.  Accordingly,  if  A 
be  the  useful  activity,  we  have  for  the  efficiency  of  the 
motor  the  ratio  Aj  Vy.  We  may  call  this  the  working 
efficiency  of  the  motor. 

any  particular  1 


To  detormino  tliia  ra 
&t  the  required  speed, 
meter,  and  y  with  a  current  gal< 
t&ken,  or  fy  is  determined  with  so 
meter,  while  A  is  determiued  hy  n 


le  the  motor  is  run 
potential  gal  van  o- 
onieler,  end  their  product 
form  of  electrical  aclivily- 
>B  of  a  suitable  ergometer. 
A  very  convenient  ana  accurate  iriction  ergometer  may  be 
formed  by  passing  n  cord  once  completely  round  the  pulley  of 
the  motor,  and  hanging  a  weight  on  the  downward  end,  wiiile 
tlie  other  ia  made  to  pull  on  a  apirnl  spring  fiied  atila  upper 
end  aud  provided  with  an  index  to  show  iu  extern-ion.  The 
weight  is  adjusted  so  thiit  the  motor  raua  at  the  required  ppeed, 
while  wnsCing  all  its  work  in  overcoming  the  friction  of  the 
cord,  and  the  extension  of  tlie  spring  is  noted,  and  the  corre- 
sponding pull  found  in  the  same  units  of  force  as  those  used  in 
estitnating  the  downward  pull  due  to  the  weight   Let  the  weight 


Working 
Efficiency 
of  Motor, 
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ucierl  in  any  experimont  ho  Uken  in  grnnimea,  and  ba  denoted 
hy  <r,  nnd  let  u'  be  tlic  nniiibcr  of  grammeH  required  to  Ktrctch 
tlie  aprinf;  by  grrtvity  to  tlic  «itme  Hinoiint,  tlieti  tlic  tnlnl  force 
overt'OdiB  ia  in  dynuH  (ie~te')g,  wberep  is  tbe  acoelerntion,  in  oeii- 
tinielrea  per  spuond  par  second,  produced  by  gravity  ut  llj«  pluce  of 
experinieiii  (at  London  a  —  981*17  nenrly).  If  n  be  tbo  nunilier 
of  revolutions  per  second,  nnd  c  the  circumference  in  cms.  of  tbe 
pulley  at  the  (mrt  touclied  by  the  rope,  the  veiocitjr  with  which 
this  force  ia  overcome  is  nc,  nnd  therefore  the  activity  in  erga 
per  second  is  nc(i(i  —  ■ti')i}.  U  ^  is  reckoned  in  watts,  we  have 
the  «([ nation, 

-<-0>'("-«Oy («) 

If  If  —  »/  be  taken  in  pounds,  nnd  e  in  feet,  nnii  n  be  the 
number  of  revolutions  pur  mtitvU,  the  activity  in  horse-power  ia 
giveu  by 

^-»"""--^ («> 

uud  in  watts  nppriixinmtely  by 

J  -  ■022e«f(»  -  w') (9') 

We  have  dow  considered  cases  in  wliJch  electrical 
energy  is  transformed  into  meclinnical  work  by  iii(;aiis 
of  motors  working  by  electromagnetic  action,  and  have 
seen  tliat  tlie  whole  electrical  activity  Hy  in  the  circuit 
is  equal  to  the  useful  activity  of  the  motor  together 
with  the  unavailable  part  spent  in  heating  the  cou- 
ductora  in  circuit,  nnd  in  overcoming  the  friclional 
resistances  opposiug  the  motion  of  the  motor.  Part  of 
the  electrical  energy  developed  by  a  generator  may 
however  be  spent  in  effecting  chemical  decompositions 
in  electrolytic  cells  placed  in  tlie  circuit,  as,  for  example, 
in  charging  a  secondary  battery  or  "accumulator." 
Each  cell  in  which  electrolytic  action  takes  place,  so 
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that  the  result  is  chemical  separation  at  the  plates  of  the 
conatitueuia  of  the  solution  acted  on,  opposes  a.  counter 
electromotive  force  to  that  causing  the  current,  and  the 
work  done  per  second  in  each  cell  over  and  above  that 
spent  in  heat  according  to  Joule's  law  (p.  75),  is  equal 
to  the  product  of  this  counter  electromotive  force  into 
the  strength  of  the  current.  In  most  cases  the  counter 
electromotive  force  exceeds  the  electromotive  force  re- 
quired to  effect  the  chemical  decompositions,  and  the 
energy  corresponding  to  the  difference  of  electromotive 
force  appears  in  the  form  of  what  has  been  called  local 
heat  in  the  electrolytic  cells. 

In  the  case  of  a  secondary  battery  charged  by  the 
current  from  an  electrical  generator,  which  is  the  only 
case  we  shall  here  consider,  the  activity  spent  in  the 
battery  while  it  is  being  charged  is  equal  to  the  product 
of  the  difference  of  potential  existing  between  the 
terminals  of  the  battery  while  the  current  is  flowing, 
multiplied  by  the  strength  of  the  current.  Let  V  be 
this  difference  of  potential  in  volts,  and  7  the  current 
strength  in  amperes,  then  Vy  joules  is  the  whole  work 
per  unit  of  time  spent  in  the  battery.  The  whole 
activity  spent  in  the  circuit  is  Ey,  or  Vy  +  y''E,  where 
£  is  the  total  electromotive  force  of  the  generator,  and 
£  is  the  resistance  of  the  generator  and  the  wires  con- 
necting it  with  the  secondary.  Again,  if  E^^  volts  bo 
the  electromotive  force  of  the  secondary  battery,  which 
may  be  measured  by  removing  the  charging  battery  for 
an  instant  and  applying  a  potential  galvanometer  to 
the  terminals  of  the  secondary,  the  activity  actually 
spent  in  charging  the  battery  may  be  taken  as  E,y. 
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Hence  the  ratio  of  the  activity  spent  in  charging 
the  battery  to  the  whole  activity  in  the  circuit  is 
£J(V  +  By)  or  £JE,  and  the  activity  wasted  in  heat- 
ing the  conductors  in  circuit  is  (£—  £j)y.  This  ratio 
^ifE  is  the  same  as  that  found  above  in  tlic  case  of  a 
generator  and  a  motor,  and  may  be  called  as  before  the 
electrical  efficiency  of  the  arrangement. 

Hence,  in  order  that  as  nearly  as  possible  the 
1  electrical  energy  given  out  in  the  circuit  may  be  s] 
in  charging  the  battery,  as  many  cells  should  be  placed 
in  circuit  as  suffice  to  nearly  balance  the  electromotive 
force  £  of  the  generator,  that  is,  the  charging  should  b« 
made  to  proceed  as  slowly  as  possible.  In  practice, 
however,  a  very  slow  rate  of  charging  is  not  economical, 
as  the  work  spent  in  driving  the  generator,  if  a  dynamo- 
or  magneto-electric  machine,  against  frictionnl  resist- 
ances would  be  greater  than  the  useful  work  done  in 
the  circuit ;  and  if  the  speed  of  the  generator  slacken) 
for  a  little  the  battery  would  tend  to  dischsi 
through  it. 

'  As  in  the  case  of  the  motor  (p.  265),  the  electrical 
n  efficiency  of  the  arrangement  can  be  increased  by  in- 
creasing E  and  £,,  so  that  E  —  E^  is  maintained  con- 
stant E  may,  in  the  present  case,  be  increased  by 
nmning  the  generator  faster,  or  by  using  a  machine 
adapted  to  give  higher  potentials.  As  before,  if  E  be 
increased  to  nE,  while  E^  is  changed  to  ^  so  that 
nE  -  E  =  E~  E^.  the  electrical  efficiency  becomes 
{n  -  l)/?i  H  EJnE  as  in  (7)  above. 
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The  electromotive  force  of  a  Faure  or  Htorage  cell  is  rntlier 
over  2  volts  when  fully  charged,  but  is  cunsiderably  Ichh  wlieii 
nearly  disuliarged.  When  the  cell  is  pluceil  in  the  charging 
circuit,  the  counter  electruniotive  force  wliich  it  oppueen  risejj 
quickly  to  a  little  less  than  this  value,  and  thereafter  gradually 
increosea,  while  the  charging  current  falls  in  etrength.  In  order 
to  measure,  therefore,  the  whole  energy  spent  in  charging  a 
secondary  battery,  we  must  either  use  Eoiiie  form  of  integrating 
energy -meter  wliich  gives  accurate  results,  or  measure,  at  short 
intervals  of  time,  V  with  a  potential  galvanometer,  and  y  vriih  s 
current  galvanometer  placed  pertnanently  m  the  circuit,  After 
the  battery  has  been  charged,  the  total  nunibcr  of  joules  spent 
is  obtained  by  multiplying  each  value  of  Fy  by  the  number  of 
seconds  betveen  the  inataiit  at  which  the  correspondiDg  readings 
were  taken  and  that  at  which  the  next  pair  of  readings  were 
taken,  and  adding  all  the  reuults.  Ur,  more  esactly,  values  V 
and  y  are  obtained  for  each  interval  by  finding  the  arithmetic 
means  of  the  valued  of  V  and  of  y  at  the  beginning  and  end  of 
each  interval,  and  taking  the  product  of  these  two  means  as  the 
value  of  the  activity  for  that  interval.  Each  product  is  multi- 
plied by  the  number  ot  seconds  in  the  corresponding  intervol, 
ruid  the  sum  of  the  products  is  the  whole  energy  spent.  The 
integral  work  in  joules  having  been  thus  estimmed,  the  efSciency 
of  the  battery  may  be  obtained  by  finding  in  the  same  manner 
thetotal  number  of  joules  given  outin  the  external  workingcircuit 
while  the  battery  is  discharging.  The  ratio  of  the  useful  work 
thus  obtained  to  the  whole  work  spent  in  chargini^  is  tlie  efBciency 
of  the  buttery.  In  disciiarging  in  an  electric  light  circuit,  the 
greatest  economy  is  obtained  when  the  resistance  of  the  working 
purt  of  the  circuit  is  very  great  in  coiupDrisou  with  that  of  iba 
[lattery  end  main  conductors.  Neglecting  the  latter  part  of  the 
resistance,  we  see  that,  if  a  large  number  of  lamps  are  arranged 
in  multiple  arc,  a  large  number  of  cells  should  also  be  joined  in 
multiple  lire,  so  that,  while  the  requisite  ditferenee  of  potential  is 
obtained,  the  resistance  of  the  battery  is  still  aniull  in  comparison 
■rith  that  of  the  eilernal  circuit. 


As  regards  the  measurement  of  energy  spent  in  electric  Meajrare- 
I  light  circuits,  in  whicli  continuous  currents  are  flowing,    jJ^'yJiJy 

I  have  alreaily  sufficiently  indicated  above  how  this  Spent  in 
may  be  done.  To  find  the  activity,  or  work  spent  per  Current 
I  nnit  of  time,  in  any  part  of  a  circuit,  we  have  only  to   Cirouite. 
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find  the  dtfTerence  of  potential,  V,  in  volts  between  iu 
extremities  with  a  potontial  galvanometer,  and  the 
current,  y,  in  amperes  flowing  tlirough  it  with  a  enrrent 
iostniment.  If  the  activity  be  constant,  we  have  simply 
to  multiply  Vy  by  the  number  of  seconds  in  any 
interval  of  time,  to  find  the  number  of  joules  spent  in 
that  time  in  ihe  part  of  the  circuit  in  question.  If 
the  activity  ia  variable,  the  whole  enei^  spent  in  any 
time  may  be  estimated  by  finding  Vy  at  short  in- 
tervals of  time,  and  calculating  the  ialegral  as  just 
explained. 

I  Electrical       go  far  we  have  been  considering  only  measurements 
VActititylu  .  , 

n^t«fu«i-  maile  in  the  circuits  of  batteries  or  of  continuous  cur- 

CoMvot  '^"*  generators.  Alternating  machines  in  which  the 
I^^Dlta,  direction  of  the  current  is  reversed  two  or  three  hundred 
times  a  second  are,  however,  frequently  employed, 
especially  in  electric  light  circuits,  and  it  is  necessary 
therefore  to  consider  the  methods  of  electrical  measure- 
ment available  in  such  cases. 

The  only  electromagnetic  instruments  which  can  be 
used  in  alternating  circuits  are  such  as  depend  on  the 
mutual  force  between  two  current-carrying  conductora. 
Electrodynamometers  generally,  and  current  weighers, 
such  as  those  described  in  Chap.  VII.,  are  instruments 
which  act  on  this  principle,  and  cnn  be  used  both  in 
alternating  and  in  continuous  current  circuits.  We 
have  only  to  indicate  here  how  they  can  be  applied  to 
meaauro  currents,  differences  of  potential,  and  activity 
in  constant  or  alternating  current  circuits. 

In  practical  work  the  instruments  on  this  principle 
usually  employed  are  such  as  require  to  have  their  con- 
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I  stants  determined  by  comparison  with  Btandani  in- 
struments, such  as  a  standard  tangent  galvanometer, 
or  a  standard  dynamometer,  and  are  dealt  with  in 
Chap.  VII,  We  may  here  mention,  in  addition, 
Siemens'  electrodynamometer,  in  which  a  suspended 
coil  is  acted  on  by  a  fixed  coil,  and  the  strength  of 
the  current  deduced  by  means  of  a  table  of  values  for 
different  angles,  from  the  torsion  which  must  be  given 
to  a  spiral  spring  to  bring  the  coil  back  to  the  zero 
_    position. 

^B      When  an  instrument  on  this  principle  is  arranged  for  Activi 

^H  nse  as  an  activity-meter,  one  set  of  coils,  the  fixed  or 

the  movable,  is  made  of  thick  wire  so  as  to  carry  the 

whole  current  in  the  circuit,  while  the  other  set  is  made 

of  high  resistance  and  is  connected  to  the  two  ends  of 

Pthe  part  of  the  circuit  in  which  the  electrieal  activity 
is  to  be  measured.  In  this  case  the  force  or  couple 
required  to  restore  the  movable  coils  to  the  zero  posi- 
tion is  proportional  to  the  product  Vf  of  the  difference 
of  potential  and  current,  that  is  to  the  activity,  for  that 
part  of  the  circuit;  and  if  the  instrument  has  been 
properly  graduated  this  can  be  at  once  read  off  in  watts, 
or  in  any  other  chosen  units  of  activity.  Instruments 
of  this  kind  have  been  made  by  Professors  Ayrton  and 
Perry,  Sir  William  Siemens,  and  Lord  Kelvin.  Lord 
Kelvin's  form  •  is  a  modification  of  the  balance 
described  above  (Chap.  VII.),  in  which  the  main  current 
^^u  Bent  through  one  set  of  the  mutually  acting  coils, 

■  '" 

^m    TO 
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vbicti  are  ihettton  of  low  ren«taace ;  while  ihe  c 
Mt  at  eoOM  WW  of  high  retiMance  and  are  af^ 
Um  tsnobtab  of  the  portioD  of  th«  circuit  is  whi 
aetivitf  U  lo  bo  neamred,  and  tbereftve  cany  a  o 
prupnrtioDal  to  tiie  dtffereoce  of  potential  between  tl 
two  [x^nta. 

W«  shall  DOW  consider  the  meamrement  of  cnrrcota 
^^u  and  difTereocet  of  pot«ntial,  aod  therefore  also  of  elec- 
I  Oarmni    trical  energy  in  the  drcnit*  of  altematiog  macbiDea  or 
of  traiiafoniien!.     In  all  nicb  circuita  the  march  of  tl 


FfSfeuiu. 


Fm.  147. 


current  in  oncli  complete  altemaUon  roay  be  i 
roughly  a*  n  riHu  from  xoro  to  maximum  in  one  direc- 
tion, thou  a  diriiinuttou  to  zero,  then  a  change  of  sign 
and  a  ritie  to  maximum  in  the  opposite  direction, 
follovred  hy  a  diminution  again  to  zero.  The  law  ac- 
eorrling  to  which  these  changes  take  place  is  more  or 
Icflt  complex  in  the  various  cases,  and  the  complete 
mathotnatical  repiosentation  of  the  current  strength  at 
any  time  would  ret|Mirc  an  application  of  Fourier's 
mcthnd  of  n^prewinting  any  arbitrary  periodic  I 
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if  an  infinite  series  of  simple  harmonic  terms 
of  the  form  A,  sin  {int  -  e,),  where  n  ia  27r  divided  by 
the  period  7"  of  a  complete  alternation,  Ai  and  £<  con- 
stants and  i  any  integer.  It  has  been  found  experi- 
mentally by  M.  Joubert  that  the  variation  of  electro-  Au^'rnate 
motive  force  in  a  Siemens'  alternating  machine  can  be  Currant 
expressed  by  the  single  harmonic  term  £sia  nt,  where 
we  reckon  (  from  the  instant  at  whinh  the  electromotive 
force  was  zero  when  changing  from  the  direction 
reckoned  as  negative  to  that  reckoned  as  positive. 
The  values  of  i'sin  nt  are  shown  graphically  by  the 
ordinates  of  the  curve  in  Fig.  147,  (  being  measured 
from  A  along  AB,  The  maximum  and  minimum  ordi- 
nates C£!,  DF  are  in  length  numerically  equal  to  the 
electromotive  force  E.  This  law  applies  fairly  to  many 
alternating  machines,  and  we  assume  its  truth  in  most 
of  what  follows  (see  however,  Hopkinson's  experiments 
on  rapid  cycles  of  magnetization,  curves  A,  Chap.  XIII. 
Sect.  III.).  The  more  general  case  can  be  dealt  with, 
when  results  for  it  are  interesting  or  useful.  By  means 
of  a  proper  contact  arrangement,  which  makes  connec- 
tion with  an  electrometer  at  different  instants  during 
an  alternation,  the  values  of  the  difference  of  potential 
between  the  terminals  at  these  instants  can  be  obtained. 
If  the  difference  of  potential  does  not  follow  the  simple 
law  of  Bia;n8,  the  simple  harmonic  constituents  can  be 
deduced  by  the  method  of  Least  Squares  (see  Appendix), 
from  a  sufficient  number  of  such  observations. 

The  current   strength   is  affected   by  the  action  of 
aelf-induction  to  a  greater  or  less  extent  in   all  such 
n  u  2 
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machiaes  iadepcndently  of  the  disposition  of  tfa'i 
external  circuit,  especially  if  the  revolving  armature 
contains  iron;  but,  as  Bhown  below,  it  follows,  with  a 
difference  in  pbrase,  the  same  law  as  does  the  electro- 
iDotive  force.  The  effect  of  variations  in  the  field 
magnets  produced  by  tlie  rotating  armature  has  also  in 
a  rigorous  theory  to  be  taken  into  account,  but  this  effect, 
in  well-designed  machines  without  iron  in  their  arma- 
tures is  not  great,  and  where  experiments  have  been 
made  to  detect  it,  has  been  found  to  be  slight,  and  we 
shall  therefore  neglect  it. 


Current 
in  Alter- 


Writing  then  v  for  the  current,  at  a  time  I,  reckoned  from 
the  instant  at  which  the  current  wbs  zero,  we  h«ve 


a  h«lf  periwl  Tl% 


Hence  if  C  denote  the  mean  current  in  that  time,  we  ha 
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[  MfMuru'        Now  if  an  eleclrodvnamoineter  ho  placed  in  the  circuit  so 
it  of     that  the  name  current  paasea  through  both  itR  6ied  and  movable 
?an       coils,  the  current  in  both  will  be  reversed  at  the  same  instant, 
I   'COrrent.    and  their  mutual  action  will  be  the  same  for  the  same  current 
Btretiglh,  and  will  be  proportional  to  C  that  is  to  A*  sin'nt.     If 
the  period  of  the  alternatioD  be  amall  in   comparison  with  the 
period  o£  free  oscillation  of  the  movable  coil  system  of  the 
dynamometer,  the  mutual  action  of  the  fixed  and  movable  coils 


.   -will  be  tlie  s 
equation 
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e  kupt  flowing  through  them.     But  by  integration 


r 

^K^d  Bubstitutiiig  from  (13)  in  this  equation,  we  get 

^H  y«,  =  —  y  =  '9003  y.  .    .   . 


)     Katio  oF  J 
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Current. 


(16) 


In  order  therefore  to  find  the  actual  mean  current 
strength  in  the  circuit  of  an  alternating  machine  from 
the  value  of  y  given  by  a  current  dynamometer  we 
muBt  multiply  the  latter  by  *9 ;  in  other  words  the  mean 
current  strength  is  9/10  of  the  strength  of  the  contin- 
uous current  which  woutd  give  the  same  deflection. 
The  product,  if  y'  has  been  taken  in  amperes,  multiplied 
by  the  number  of  seconds  in  any  interval  of  time  during 
which  the  machine  has  been  working  uniformly  on 
the  same  circuit,  will  give  the  number  of  coulombs  of 
electricity  which  has  flowed  through  the  circqit  in  that 
time. 

The  measurement  of  differences  of  potential  is  how- 
ever attended  with  more  diflSculty  on  account  pf  the 
effect  of  the  self-induction  of  any  electromagnetic  in- 
strument which  can  be  applied  to  the  circuit  for  this 
purpose.  The  following  method  of  employing  a 
quadrant  electrometer  for  this  pui'pose  has  been  used 


DilTaretice 
of  Eotou- 

Iiliostatic 
Electro- 
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hj  IC  Jonbert*  The  DMdle  of  the  iiutniment  is  left 
uncharged,  and  tlu:  charging  rod  connected  with  it  and 
oaed  aa  a  third  electrode.  If  the  needle  be  connected 
to  a  point  in  Uie  circuit  at  which  the  pouotial  ia  V 
rebtively  to  the  outride  caae,  one  pair  of  i^uadranta  at 
a  point  at  wliich  the  pot«Dtial  is  K,.  and  the  other  pair 
at  a  third  point  where  the  poteatitd  is  V^,  and  if  Z*  be 
the  deflection  of  the  upot  of  light  corresponding  to  the 
I  (tappoved  small)  through  which  the  needle  baa 
turned  against  the  Infilar  suapenston,  then  subject 
e  caution  below  we  have  (Vol  I.  p.  297) 

/J  =  i(r,-  r,)(r-ij-tJj)  .    .    (17) 

where  i  is  a  constant.  M.  Joubert  connected  the 
needle  (and  case)  to  the  pair  of  quadranta  at  potential 
K,,  so  that 

D=  l(V^-  V;f ()8) 


This  equation  in  applicable,  whatever  the  law  of  the 
electrometer,  provided  k  be  determined  by  a  proceaa 
of  calibration  with  known  difTcreuces  of  potential. 

It  haa  been  found  by  Professors  Ayrton  and  Perry 
and  Mr.  Bumpner  f  that  when  a  quadrant  electrometer 
is  used  idiostatically  the  metallic  cheeks  left  where  the 
guard-tube  is  cut  away  for  the  needle  exert  an  intluence 
on   the   needle   in   its   unaymmetrical   position    when 

*  Qomjitt*  SMdut,  Jalj  IMO.     Annalo  dt  Ckimie  et  dt  Fhyiique, 
Mar,  ISS>. 
t  Fhil.  Trant.  B.8.,  A.  ISSl. 


ALTERNATING  CIRCUITS 

I  which  readerg  the  formula  (17)  seriously  in- 
Iccurate.     It  may  be  used  however  without  con-ection 

I  for  values  of  V  up  to  about  100  volta.     In  quadrant 

I  electrometers    now    (1892)   being    manufactured,   the 

tguard-tube  is  dispensed  with." 

A  multicellular   or  vertical   voltmeterf  may  Cpre- 

l/erably)  be  used  instead  of  the  quadrant  electrometer, 
"except  when  three  points  at  different  potentials  are  to 

■  be  connected   to  the  electrometer  at  the  same  time. 

I- Any  doubt  as  to  the  applicability  of  the  expression  on 

I  the  right  of  (18),  with  h  a  constant,  is  avoided,  for  in 

Ithese  instruments  the  vahies  of  different  deflections  on 

f  the  scale  have  been  fixed  by  experiment. 

If  the  terminals  of  the  electrometer  employed  be  con- 

'  nected  to  any  two  points  in  the  circuit  of  a  machine  in 
which  the  period  of  alternation  is  abort  in  comparison 
with  the  free  period  of  the  needle,  the  couple  acting  on 
the  needle  will  be  at  each  instant  proportional  to  the 
second  power  of  the  difference  V^  -  V^  of  potential 
existing  between  these  two  points  at  that  instant. 
Also  as  in  the  similar  case  of  the  dynamometer  above, 
the  deflection  of  the  needle  will  be  the  same  as  that 
which  would  be  produced  by  a  constant  difference  of 
potential  V  given  by  the  equation 

(19) 


»"•-=? fVi-n)vi  • 


*  To  Meaers.  Ayrton  and  Perry's  iDstrament  (18)  whs  applicable 
□uly  wlieu  the  distance  apart  at  the  quadruits  was  3'S  luma.  Tlie 
distance,  U  auy,  ol  the  qaadraots  apart  for  which  the  fonnala  is 
correct,  ahould  be  fguud  by  experiineQl  for  each  electrometer  naed  la 
this  manner. 

t  3«e  SmaUw  Trcaliae  Chap.  Vll.,  and  Vol.  I.,  p.  301. 
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ELECTRICAL  ACTIVITY 

If  we  denote  the  actual  nieaa  ditference  of  pot^ntil 
by  V^ni  thea  since  the  difference  of  potential  foUoi^ 
the  sanie  law  of  variation  as  the  current  we  get  alao 

r,  = -90037' (20) 

If  we  know  the  resiatance  in  the  part  of  the  external 
circuit  between  tho  points  at  which  the  electrometer 
electrodes  are  applied,  then  calling  this  resintance  Ji, 
and  supposing  that  this  part  of  the  circuit  contains  no 
motor  or  other  arrangement  giving  a  back  electro- 
motive force,  and  that  the  ratio  of  its  self-induction  to 
the  period  of  alternation  is  zero  or  negligible  in  com- 
parison with  Ji,  we  have  for  the  mean  value  of  the 
current  Kn/ii,  and  thus  by  means  of  an  electrometer 
alone  we  can  measure  not  only  the  difference  of  poten- 
tial between  the  ends  of,  but  also  the  current  in,  that 
portion  of  the  circuit. 

It  is  to  be  noticed  that  the  resistance  of  the  con- 
ductors in  circuit  is  less  tho  greater  the  frequency  of 
alternation.  This  variation,  as  explained  at  p.  325 
above,  is  due  to  the  fact  that  as  the  alternation  in- 
creases in  rapidity  the  current  is  more  and  more  con- 
fined by  inductive  action  to  the  outer  strata  of  the  con- 
ductor, which  is  therefore  virtually  reduceJ  in  section. 
This  is  not  to  be  confounded  with  the  fictitious  increase 
of  resistance  seen  in  the  expression  ^B'  +  v?L*  (see  p. 
667  below)  which  arises  directly  from  the  electromotive 
force  of  self-induction;  but  is  a  real  increase  of  the 
value  of  Ji  for  the  current  in  question.  (See  table  of  the 
resistances  of  conductors  at  different  periods  of  alterna- 
tion in  Appendix.) 
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Denoting  bj  An  tlie  q 
tliii  part  of  the  uirruit,  a 
part  to  be  negligible,  we 


in       Uwt^l 
i  Uiia    AotiTtW  ^ 


KTJo     ' 


Tttlue  of  tlie  electrical  activily  ii.        _.  ._ 
supposing  the  self-induction  of  lliia    Aotirfty  ■ 
'e  plainly  '"  A'tM- 


Id  the  same  nay,  bie 
any  instiint  ia  ■y'Ji,  ' 
made  by  so  electrody 


i  value  of  the  electrical  activity  at 
ve   from  the  results  of  experiments 


I 

I 


=  ry. 


(23), 


The  true  mean  value  of  tlie  electrical  activity  is  equal  to 
the  product  of  tliu  square  root  of  the  mean  square  of  the  | 
difference  of  potential,  by  the  square  root  of  the  mean 
square  of  the  current  strength.  It  can  therefore  be 
.determiued  by  means  of  an  electrometer  and  an  electro- 
dynamometer  of  negligible  self-induction  without  its 
tteing  necessary  to  know  the  resistance. 

We  Bhall  DOW  coitaider  the  case  in  which  the  self-induction 
eumot  be  neglactud.    Let  R  be  the  total  resistance  in  the 
circuit,  y  the  current  flowing  in  it  at  the  time  I,  B  the  total 
electromotive  force  of  the  machine,  and  L  Uie  inductance  for 
the  whole  circuit,  that  is,  the  number  which  multiplied  into 
dyjdl  gives   the  electromotive  force  uppoaiug  the  increase  or 
diminution   of  the  current.     We  shall   suppose  L   a  constant, 
althoagb  there  can   be  no  doubt  that    in    some  alternating 
machines  its  value  is  different  in  different  positions  of  thu  arma- 
da    ture.     Tha  iron  cores  of  the  Geld  mnguets  act  to  a  greater  or 
^K   leaa  extent  as  cures  for  the  armature  coils,  and  as  the  magnetic 
^B    BUBceptibility  of  iron  is  a  funclion  of  the  strength  of  the  miig- 
^H  netising  current,  X,  which  is  the  magnetic  induciion  througli 
^B  the  armature  produced  per  unit  of  its  own  current,  must  vary 
^K  ■ccordingty. 


ELECTRICAL  ACTIVITY 

f  !rb«0T7  of  Still  for  certain  nitemators  which  have  no  iron  in  their  urmo- 

Cirottit  ttires  tlte  VBriation  of  L  with  tha  posititin  of  the  nniialiire  is 

Can-  slight.*     It  wili  dui  be  asHumed  thftt  ihere  are  no  maaHes  of 

^'"'".B  nielal  in  whicli  locul  currents  cuii  be  genernted  moving  in  the 

Hnmo^c  ticld.     On  these  rvssuuijitionB  the  eijuation  of  the  current  is 
E.M.F, 

Ry^E-l'g W4} 

But  by  the  law  which  we  have  aBSumed  fur  the  machine,        ^^| 

JF  =  Bij  ein  nl  -  JS^  ain  m< (2S^9 

where  ij  ia  a  constant  eucli  that  En  \»  the  maximum  vulue  of  E 
fur  the  given  Bpeed.    Substituting  lu  (24)  we  get 

L'f^  +  Ily.E,.m,U (2«) 

which  integrated  becomea 

where 

8i„  e  =  '^  COB  » =  ^  .     .      (28) 

•J  IP  +  n»i»  -JS?  +  n»£' 

The  terra  At  ~  l'  ia  only  important  Iinmeditttely  after  the  rarcuit 
u  closed,  and  will  tlierofore  bo  neglected. 

We  may  remark  that  if  L  were  equal  to  zero    (27)  would 
reduce  to  y  =  EJR.  sin  nl,  which  corresponds  to  (12)  above. 
Hun  From  (S7)  we  get  for  the  mean  current 

Comut. 


•  See  the  discuwion  on  Mr.  W,  M  Mordey's  paper  on  "  Alttmating 
Current  Working"  Inat.  uf  Elect.  Eng.  May,  1889  (TAn  EUetritian, 
May  2*,  31,  June  7,  Aug.  2,  18SS). 


J 
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Also  for  the  mean  square  of  the  current  strength  as  given      Mean 
directly    by  an    electrodynamometer  we    have    by  (27)    the  Square  of 

F2  rr  1        r2  Strength, 

and  we  have  therefore  as  before,  the  relation 

ym  =  -90037'. 

From  (27)  we  see  that  the  effect  of  self-induction  is  to  diminish  Difference 
every  value  of  the  current  in  the  ratio  of  EoKH^  +  n^L^)h  to   of  Phase 
Eq/R,  and  to  produce  a  retardation  of  phase  which  measured  in         of 
time  is  e/n  seconds ;  that  is,  the  resistance  is  virtually  increased     Current 
in  the  ratio  (i?  +  n^L*)^IJiy  and  the  current  in  following  the  law     ^^  r. 
of  sines  passes  through  any  value  e/n  seconds  after  it  would       *    '   ' 
have  passed  through  the  corresponding  value  if  there  had  been 
no  self-induction.    If  in  Fig.  147  above  the  ordinates  of  the  curve 
of  sines  represent  the  values  of  the  current  at  different  instants 
of  time,  when  L  is  zero,  the  current  would  be  represented  for 
any  given  value  of  L  by  diminishing  the  ordinates  of  the  curve 
all  in  the  proportion  ot  Rio  lt^  +  n^L^^  and  shifting  the  curve 
along  AB  from  left  to  right  through  a  distance  equal  to  17.     It 
is  plain  also  that,  for  any  finite  resistance  R^  by  diminishing  1\ 
that  is,  by  increasing  the  speed  of  the  machine,  the  current 
can,  by  (27),  be  made  to  approach  the  limiting  value 


y  =  |sin(„/-^) (31) 


which  is  independent  of  the  resistance,  and  has  a  retardation  of  Maximum 
phase  of  TjA  seconds,  a  quarter  period  of  a  complete  alternation.       Mean 
Hence  integrating  over  a  half  period  from  zero  current  to  zero     Current 
current  again,  and  dividing  by  TI2  we  get  for  the  maximum    for  Given 
mean  current  Resist- 

9-  ance. 

y«  =  3: (32) 

To  find  the  mean  value  Am  of  the  total  electrical  activity  in      Mean 
the  circuit,  we  have  by  (26),  and  (27)  Electrical 

Activity 

^m  =  jj    Eydi  =  ^      ^,^,   J    sm  (nt  -  e)  sin  ntdt 


(72*  +  nn^)i.  0 

.......     (33) 


1       Eo^R 


2  R^  +  n^L^ 


MaiimiiTD 

Activitj. 

1.   For 

Oivon 

I'Smed  «nd 

f    luduct- 

S.  For 
Given 
Euut- 


I    Complex- 

'   Periodic 

E.M.P. 


thftt  IB,  the  true  inetD  value  of  the  total  electrical  activity  is 
equal  to  the  mean  square  of  the  current  atrength  multiplied  by  the 
totnl  re^istancB  in  circuit.    This  also  applies  to  part  of  a  circnU' 

It  may  easily  be  ehuwn,  from  (33),  by  the  ordinary  method 
that  the  total  activity  in  the  circuit  is  greatest  when  fl— n£, 
that  is,  for  a  girfn  speed  atd  a  given  valve  of  L,  the  activity 
is  It  raaiiinum  when  R  =  nL.  It  must  he  obaerved  however  that 
for  a  giren  re»iita»ee  R  the  activity  ie  greater  the  smaller  the 
value  of  7*,  that  is,  the  greater  the  speed.  When  R  hne  the 
value  hL  we  have,  by  (27)  e=irli  ;  that  is,  the  retardation  of 
phase  is  then  one-eighth  of  the  whole  period  ,• 

Supposing  the  electromotive  force  and  current,  though 
periodic,  not  to  follow  the  simple  sine  law,  then  ea  we  have 
seen  ubove  we  may  represent  either  by  n  Fourier  series.    Thus 


E  ^  3Bi  sin  (iiil  -  h) 


(25') 


A'here  i  is  an  integer,  and  tahea  all  the  values  required  for  the 
limple  eompouents  which  make  up  the  periodic  function  which 
t'  is  of  the  time. 
For  oijuation  of  current  we  have  now  instead  of  (26) 

;.'^+  fly  =  2£i  ain  (m(-<0    ....     (26') 


^■+2 


•JjP  +  iWi* 


n  (inl  -  ej  -  0.)  .   (27') 


I'  +  ih.'L' 


*  The  conclugions  as  to  maximum  work  and  retardation  of  phase, 
as  nell  ts  malt  of  the  theoretical  resulta  slated  above  ai  to  the  action 
of  alUniatioR  machinea,  were  first  we  believe  given  by  M.  Jonb»rt, 
CompUs  Keadua,  1880.  The  problems  of  alternating  machines  joined 
in  enries,  or  in  psrsUel,  or  ss  motors,  were  considered  by  Or.  J. 
Hopkinson  in  a  lecture  to  the  lost  of  Civil  Engs.  1883,  sadinHpsner 
'■  On  the  Theory  of  Alternating  Curronti."  Boo.  Tel.  Engs.,  and  Els., 
Nov.  18B1.  The  principal  results  of  this  latter  paper  ars  reproduced 
bnluw.     See  slso  Mr.  Mordej's  jupec  lee.  cil.  p.  606  above. 
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Am  before   we   may   neglect   the    exponential    term    i 
lolutioD, 

If  now  we  wish  to  find  the  mean  square  of  the  current 
strength  we  hnve  only  to  siiuate  the  serips  on  the  ritrht  of  (27') 
and  ialegrale  over  the  whole  componnd  period,  injn,  that  ia, 
over  DO  interval  which  is  the  least  common  multiple  of  the 
periods  of  the  componeats.  Now  it  can  be  easily  shown  that 
'   " "  integral  of  tlie  form 


inishes  when  taken  over  an  interval  2ir/n,  uoless  i  =j.  For 
the  product  uuder  the  integral  si^n  can  by  elementary  trigono- 
metry  be  resolved  into  the  difference   of   two   cosines,  each 

[yielding  a  simple  integral,  which  obviously  vanishes. 

■*     Then  si 
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^t/i  ■^'  +  iVi' 


j       tin  {inl  -  a)  am  {tut  -  ei  -  0()( 


-i-. 


•JR'  +  .Vi-         Jl"  +  '•••" 


I 


J^ 


"  2  ^JP  +  1% 


<»n»Z« 


that  is,  the  mean  nctivity  is  the  BUin  o£  the  meal 
the  compojienl  currents  would  give  aopnrotely. 
Al»o  by  {30')  and  (33') 

Jm-r'Ji    .   .   . 


(33-) 

which 


I  pnctini       '^>e  practical  importance  of  this  result  lies  in  this,  that  it 
Applica-    prores  that  any  method  of  meaBurin^  power  which  ia  deraoa- 
tfott  of     Htrsted  for  a  current  followiog  tbe  eimple  eine  law  of  variation 
BflBult,      with  the  time,  is  also  tnio  for  any  periudio  current  whatever,  iti- 
osmuch  as  such  a  current  can  bo  TBgarded  as  made  up  of  Rimpl* 
sine  ourretits  uf  different  periods.     For  example,  the  generality 
of  the  method,  given  helow,  of  measurinft  power  in  the  circuit 
of  a  transfornier  can   he  inferred  from   tins   result,  as  has  been 
remarked  by  Prof.  Perry.* 
Circuit  "^'"  the  circuit  there  be  two  sources  of  electromotive  force  of 

with  two    the  same  period  T,  but  of  different  phases  ;  for  example,  two 
E.M.F.iof  machines  driven  ao  as  to  kavo  the  same  period  of  alteroation, 
same       the   solution   here   given   applies.     For  the   two  electromotive 
Period,     forces  combine  to  give  a  single  electromotive  force  of  the  same 
period  as  the  components,  but  differing  in  phase  from  either;  ao 
that,  to  use  the  solution  it  is  only  necessary  to  take  this  resultant 
electromotive  force  as  EoBiniil,  reckoning  the   time   from   an 
instant  at  which  sin  »l  is  zero  and  increasing.     If  the  difference 
of  phases  be  2i^  reckoned  in  angle,  the  interval  between  the  suc- 
cessive instants  at  which  a  component  is  increasing  through  zero 
is  2^/n.     Hence  taking  the  zero  of  reckoning  of  tinje  midway 
between   these   two   instants  we  may  denote   the  two  compo- 


*  Phil,  ifag.,  Aug.  I8BI. 
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wnts  by  f,9ir[(n(  +  i()),  £'aBin(n(-0).     Calling  their  resultant 
E:,Bin(ii(-^),  wehave 

E,  Bin  {nt  -'/')-£,  sin  (nt  +  *)  +  E,  sin  (n(  -  i^)     (35) 

By  elementary  trigonometry  we  get 

Eo"  =  £^i'  +  E*  +  2EiEj  COB  20  "v 


.  E^_-^ 


-  Et 


When  0  =  0,  ^  =.  0,  and  Eo  =  £,  +  E^,  as  ie  evident  wilhoiit 

I  ioalculation.  aince  the  macLiaeB  are  then  in  the  same  phase.     If 

El  =  E^.  that  h  if  the  machinee  are  equal,  the  resahant  ia  in 

I   phase  halfway  between  ita  components.     Wlien  this  is  the  case 

0  have  also 

£o  =  2£,  cos  * (37) 

which  when  0  =  o  gives,  na  it  ought,  £„  —  2E,. 

Considering  still  two  unequal  maohines,  and  remembering  that       '^^o 
■when  the  value  of  the  resuitant  electromotive  force  ia  increas-     pIS^lp"' 
ing   through   zero,  the  vnlue  of  the  current  ia  given  by^  (27),     ^'M.F-b 
that  then  the  eleotroinotive  force    of  the   leading   machine   ia    ^.~ 
£1  sin  (n(  +  <p  +  ^),    and    that    of    the     following    machine      p^ 
£,  ein  {nt  -  0  -j-  i|»),  we  have  for  the  mean  activity  Ai„  of  the 
leading  machine 

1  /T 
^1,  =  7,/     Eydt 


n(>.l-«)8in(n(+0  +  ^)rf( 


o-wxJy-. '^ •'"' ^* +  '*''- "-^ '■"'*  + '''^f 


>  only  to  change  the  sign  of  0  in  this 


following  machine  w 
expresBioD.     We  gel 


-  {R  coe  (0  -  +)  +  nL  ain  (0  -  '^)}  (39) 


ELECTRICAL  ACTIVITY 
If  the  macliiDea  be  equal  £,  =  £„  and  ^  n  0,  ro  t 


•fff^.i""^  *  +  "■•''*>■  ■  ■  ^< 


7  Since  0  is  lesa  than  n-/3,  liotli  caa^  and  ein0  ft...  ,,ud.,,.,..uuxi 
therefore  the  following  niiicliine  does  inore  work  than  the  lead- 
ing machine.     Hence,  unless  each  is  completely  controlled  by 

i    the  prime-mover,  the  leading  machine  will  increase  its  tead,  and 

i-  this  will  go  on  until  Sc^  -  ir,  when  the  two  machines  will  be  in 
exHctly  oppoaile  phases,  and  will  exactly  neutralise  one  anotlier- 
This  tendency  to  Bssiime  opposition  of  pliase  dcpendi  on  tho 
difference  A^  -  ^,«.  and  this  having  the  factor  ni/{ff'  +  n*L*), 
has  A  maximum  value,  for  a  given  resistance  and  a  given  period 
of  alternation,  when  nL  =  R. 

The  machines  thns  arrange  themselves  ao  that  no  current 
passes  in  the  wires  joining  their  terminals,  and  these  wires 
alternate  in  relntlve  potential  with  the  period  of  tho  machinei, 
und  each  is  at  any  instant  very  approximately  at  one  potential 
throughout  It  might  therefore  be  inferred  that  if  a  working 
circuit  be  joined  from  one  wire  to  the  other,  a  current  will  pass 
through  that  circuit,  and  that  the  two  machines  will  control  one 
another  so  as  to  keep  in  the  same  phase  in  supplying  it.  We 
shiill  consider  this  case  us  n  further  example  of  the  theory. 

,1  Iiet  Si^  be  the  difference  of  phase  with  reference  to  the 
external  circuit,  so  that  at  time  (,£  sin  (nt  +  0),  E  sin  (■(-*) 

I  are  the  electromotive  Torces  of  the  two  machines,  y,,y,  the 
currents,  £  the  coefficient  (supposed  constant)  of  self-induction 
fur  each,  r  the  resisUnce  of  each  machine  from  one  point  of 
attachment  to  the  other  point,  and  A  the  resistnnca  of  the 
exlernal  circuit.  We  shall  suppose  that  the  external  circuit  has 
no  sensible  self-induction,  and  that  the  whole  work  there 
developed  is  spent  in  overcoming  resistance,  for  example,  in 
lighting  glow-lamps.  By  considering  the  circuit  through  each 
machine  and  the  eiternal  resistance,*  remembering  tliat  the 
current  in  the  latter  is  ^y^  -f-  yg,  and  therefore  the  difference  of 
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potential  betwocn  the  terraitiBlB  i((y,  +  y,),  u- 
nbove,  tlie  equations 

e  find,  as 

at  p.  489                  j 

..«) 

.   .     {«) 

1-*)    j 

Adding  nnd  Hiibtracling  we  j;;et 

i  ,^  (r,  +  rJ  +  s«  +  ')  (y.  +  r.)  -  2  E  o-^ 

i*..innl 

) 

'•  ^  !y,  -  y,)  +  --{y,  -  yj  -  !r.in  * .  »,>  «i 

>      («) 

SJving  thase  we  find  hb  in  (E7) 

L                                           !5.1n« 

(n'-O. 

.     (44) 

H                 '^i  ^  "      PJ!  +  ')■  +  "'«! 

^^                                                    2f  Bin  ^ 

where 

-  0  .    . 

.     (45) 

/, 

■     (411) 

Hence  if  ^,.1  be  tlie  activity  of  tlie  lending 

machine 

'■"  "  iiSl'-''^  +  y.  +  y,  -  y,)  Bin  (»i  +  ♦)■« 

«'  r        c""  ♦        f '  ■  ,  ,     - 

2'\Kii!  +  r)'  +  .'i,1lJ.""*"'      ■' 

Bin(.l  +  4,)dl                     ^H 

+  (,,  +  ,ti„//«-(-'      <>in(» 

1  +  «a) 

I 

-»(S«  +  r^+»..i«^''+"~'*- 

niBin* 

-            ■ 

+  i,j~;ij,('>in'*+«lBi«*. 

:nB«      . 

m         H 
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Activity 
MkcblnA 


ELECTBICAL  ACTIVITY 

The  mean  sctivity  A^  of  the  following  mncliinu  may  be  ^ 
rroin  A^m  by  altering  tlie  sign  of  ^  tliroughout  the  expreMlon 
on  the  righL     Hence 


2(aJ?  +  r)»  +  ««i« 


i(2^  +  r)coB"*  +  niBm.^c< 


Thwry  of 
Bynchro- 
miingof 

Two 
Pirmllel 
Alter- 

Alter- 

Motor. 


A.'a.—A^  u  positive,  that  is  more  work  i«  done  by  tli« 
leading  tlinn  liy  the  following  machine.  The  lend  will 
therefore  tend  to  zero,  and  the  machines  to  settle  down  iatu 
coincidence  of  phase  with  referenoe  to  the  external  circuit,  th»t 
is,  into  opposite  phases  with  reference  to  their  own  circuit, 
which  asrees  with  the  result  already  ohtained. 

We  shall  consider  only  one  more  case  of  this  theory,  that  of 
sn  alternating  mnlor  cunnecled  by  its  tertiiinnlB  to  two 
conductors  upon  which  an  alternating  difference  of  potential  is 
impressed  by  other  :iiacliinea.  Let  the  motor  be  ctarled  so  as 
to  have  '.he  snnie  period  of  alternation.  Then  denoting  by  R  the 
reaistance  of  the  motor-armature  and  the  leads,  up  to  the  point 
at  which  the  difference  of  potential  is  impressed,  by  L  the  self- 
inductnnce  for  the  same  part  of  the  circuit,  by  £,  sin  (nt  +  0), 
the  impressed  difference  of  potential  at  time  t,  by  A,  sin  (n(  —  ^), 
the  bocli  electromolive  force  of  the  motor  at  the  same  instant, 
wc  have  for  the  eiiualion  of  the  current 


j  +  «»- 


n(.l  +  «-S,i,in(«l-«    .     («) 


Theory  of  This  equation  differs  only  in  the  sign  of  S,  from  that  from 

Alter,  which  (38)  and  (39)  above  are  dedueed.     Hence  taking  th« 

nathig  value   of  i,m  in  (41)  we  have  for  the  mean   electric  aoUvity 

Motor,  received  by  tha  motor 


-  2ff,ff,c 


ALTERNATE-CURRENT  MOTOR 
Tlie  Bssond  of  (51)  gives 

i  these  values  substituteil 


la<j,/E„, 


^  I E^ 


rn'.^.(^- 


(50)  yield 

3a2<t,  +  rtZsinS^)  -  E^Ri     (52) 


Now  2ib  being  tlia  (iifference  of  pliseo  cannot  be 
greater  tliun  jr,  and  therefore  the  wo;k  receii'ol  bj  tlie 
le»s  wlien  '2^  is  negative  than  wlien  it  is  positive,  tho 
when  the  motor  is  Iciding  tlian  when  it  is  following.  Hence 
the  motor  will  [end  to  run  slower  when  lending  and  f.ixter  when 
following ;  or  the  difference  of  phase  will  te&d  towards  zero. 
Also  BO  long  ns  20  is  not  fur  from  zero  A^  is  less  tlie  (greater 
the  lend,  ana  fcreuter  the  greater  the  lag,  and  in  nearly  the  same 
proportion.  Hence  when  the  machines  are  once  in  phase  any 
rttaall  deviation  is  opposed  by  a  proponionul  corrective  tendency. 
.  This  depemla  almost  entirely  on  tlie  term  involving  the  factor 
JiLl{Rr--\-  H^L')  in  the  value  of  ^ ,•  given  in  (52),  and  therefore 
for  a  given  resistance  R,  and  period  of  alternation  T,  has  its 
greatest  value  when  nL-R,  or  L I  R=  Tj  'in. 
Writing  in  (52) 


Value  of 
Activity 
of  Motor. 


8in24.'  =  iE/(^  +  n=i')!, 
eget 
1 


i-  =  nlliR^  +  ,fil?)\   (53) 


I 


{ff,(iE"  -}-  «'i')*  sin  -li^  +  >/>')  -  E^R)      (54)   1 
r/4.    Wo  have  J 
\E^(,R^  +  n'i*)l  -  E^R)  .    .    (66) 


2ip  +  «»i» 

^  which  is  obviously  a  maximum  when  ^  +  ift'  •= 


The  value  of  J^„  is  positive  if 


I  which  may  be  tlie  case  even  if  E^>Ey  Hence  we  have  the 
piflurions  result  that  an  alternating  niachme  may  act  as  a  motor 
I)  if  its  electromotive  force  be  greater  than  the  impressed  or 
R  driving  electromotive  force. 

X  X  2 


ELECTRICAL  ACTIVITY 

A  qiialilalive  eiplanation  of  the  reaulfs  given  ubovi 
Blternalora  cun  be  ^ven  grapliically  hy  taking-  the  areas  of  curreii 
drawn  to  represent  the  activity  at  each  tDstaat,  From  IheM  it 
will  at  once  appear  which  machine  ia  doing  llie  greater  amount 
o£  u-orb.  The  reader  may  easily  conatmct  these  curves  by 
drawing  for  each  niuchinc,  from  the  curvce  ginng  the  current 
and  electromotive  force  at  eaoti  instant  a  new  curve,  the 
ordinates  of  which  are  the  producta  of  the  corresponding 
ordinat«B  of  the  former. 
The  theory  just  given  of  the  working  of  altoruating  machine* 
r  in  the  same  ciruiiit  is  (apart  from  notation  and  mode  of  state- 
..  „  ment)  subatantially  that  due  to  l>r.  J.  Hopkinson*  Ita 
d  Ex-  concluaiona  were  verified  liy  him  in  1BS4,  in  ezperimeDts  made 
msnt.  vi-iih  two  De  Menten's  machinea  made  for  the  lighthouae  at  Tino. 
Sume  very  striking  experiments  are  described  by  Mr.  Mordeyt 
ia  a  paper  on  alternate  current  working,  which  contaim 
moreover  much  interesting  practical  information  on  this  aubject. 
Some  difference  of  opinion  has  been  expressed  as  to  whether 
Mr.  Mordey's  results  are  in  accordance  with  the  mathematical 
theory.  It  is  to  be  rememborod  however  that  the  theory  does 
not  take  into  account  the  action  of  the  armature  cunents  in  the 
field-magnets,  nor  of  the  variation  of  self -induction.  The  subject 
requires  further  iavestigatiun. 

We  may  apply,  as  we  have  already  done  repeatedly 
above  (see  for  example  p.  186),  the  mode  of  treatment 
adopted  for  the  whole  circuit  to  a  part  of  it,  taking  for 
.Sthe  impressed  electromotive  force  on  the  part  of  the 
circuit  considered,  and  for  Jt  and  L  the  proper  values 
for  that  part  only.  We  find  that  the  effect  of  self- 
induction  ia  virtually  to  iucrease  the  resiatance  from  R 
..  to  v'-fl*  +  ""-^'i  that  is  to  substitute  impedance  for  re- 
l.nBtaace,  and  to  produce  a  difference  of  phase  between 
the  current  and  the  impressed  electromotive  force  given 
also  by  (27)  and  (28).     But  the  resistance  of  a  coa- 

•  Proe.  Soe.   Tel.   £ng.   and  El.  Nov.  1884,  also  sea  ThompMii'* 
Djfuavw-EUdrie  Mnehiiury.  p.  601  <i  ifj. 

t  IntL  El.  Eng.  May  18S9  (TAe  EUctridan,  May  24,  31,   June  7, 

Aug.  a,  lase). 


^ 


ALTERNATE-CURHEMT  METERS 

I  dactor  is  the  activity  spent  in  it  by  unit  current  in  pro- 
I  dueing  heat;  hence  by  (22)  and  (Si)  the  resistance  in 
I  this  sense  is  not  increased. 

The  impedance  of  a  current  electrodynomometer  or 
I  current  balance,  through  both  coil  systems  of  which 
I  flows  the  whole  current  in  the  main  circuit,  cannot,  if  it  > 

be  low  (as  it  generally  is)  in  comparison  with  that  of 
[  the  rest  of  the  circuit,  affect  appreciably  the  strength 
j  of  the  current  by  its  introduction ;  and  since  the  whole 
r  current  passes  throu;;h  both  sets  of  coils,  the  inatru- 
I  ment  will  give  the  mean  square  of  the  current  passing. 
It  may  be  otherwise  however  with  a  fine  wire  inatru-  : 
ment  used  as  a  shunt  to  measure  the  difference  of  j- 
potentinl  between  two  points  of  the  circuit.  The  in-  ' 
ductance  of  such  an  instrument  may  be  considerable,  and 
if  it  be  used  alone  its  impedance  will  seriously  affect  the 
result.  Since  the  value  of  the  impedance  depends  on 
the  period  of  alternation,  it  will  have  different  values 
when  connected  to  circuits  in  which  the  periods  are 
different.  To  obviate  the  uncertainty  and  inconvenience 
arising  from  this  cause,  the  instrument  is  made  sensitive 
enough  to  allow  a  considerable  non-inductive  resistance 
to  be  joined  in  series  with  its  own  coils.  This  makes 
the  value  of  Jif  JJ{^  +  n*L^  approximately  unity.  Some 
calculations  made  by  Prof.  T,  Gray,  for  Lord  Kelvin's 
vertical  scale  voltmeter,  give  for  this  ratio  with  only  the 
resistance  of  the  instrument  (640  ohms)  included,  and 
a  period  of  alternation  of  t^^  of  a  second,  the  value 
"9976,  which  is  within  J  per  cent,  of  unity.  Plainly  the 
error  caused  by  the  impedance  in  this  case  is  small  with 
any  period  commonly  employed,  and  can  be  made  still 


ment  of 

Corrent 
iu  Alter- 


Alter- 
u  a  tine 


ELECTRICAL  ACTIVITY 

smaller  by  the  introductioD  of  noa-inductive  resistance. 
The  difference  of  phase  between  the  currenU  through 
the  coils  of  the  instrumeDt,  and  the  difference  of  poten- 
tial [given  hy  (28)  above]  is  therefore  Binall.  This 
differeoce  of  phase,  it  is  to  he  remembered,  does  not 
affect  the  value  of  the  mean  squnre  of  the  difference  of 
potential,  provided  the  amplitude  be  corrected  for  the 
effect  of  inductance. 


r  of  importance  in  the  action  of  ■  wattmeter,  of 
wliicli  one  coil  is  placed  in  the  main  circoit,  and  the  other  as  • 
■  Ant'iiit  sliuni  between  the  extremities  of  the  portion  of  tlie  circuit  in 
fh  Alter  "*''*'''  ^^  activity  ia  to  be  ertimated.  For  let  tbe  circuit  divide 
^^^jjji_'  into  two  parte,  each  fotminif  a  derived  current  with  the  other, 
[  Clrcnit.  """^  ^'  ^  *i;  ^t>  "Ti-  "T"  ^  ^^  inductancea,  the  refiistAHcea 
and  the  maximum  currenla  in  the  two  parta,  my  the  maximum 
total  current  in  the  circuit,  and  «',.  e',,  the  difference  of  phaae 
between  ^  and  Hy,,  nv,  reKpectively,  then  the  general  formula 
(91),  p.  187,  above  for  the  difference  of  pliaae  9  between  tlie  total 
current  in  tlie  circuit  and  the  applied  electromotive  force  at  the 
Common  terminals  uf  a  multiple  arc  ^ives  in  this  case 


Und= 


(66) 


between  tbe 
)  given  bj  JM 


and   by    (811),  p.  186,   the  difference  of  ph 
impressed  etectroruolive  force  and  tlio  curre 


>'l.. 


—S)  of  the  currenty I  behind 


tano',i"tan{e,-  6)- 


«i(Ai  +  /'i)+''''is(A  +  tO  ' 


An  interchanj^e  of  suffixes  in  this  result  of  course  give*  tan  t\. 

A  method  of  deiemiining  the  difference  of  phase  between 
tlie  currents  in  two  brunches  of  tbe  aauie  circuit,  or  between  two 
currents  of  the  same  period,  will  presently  be  explained. 


M 


^■nn: 


WATTMETER  ON  ALTEKN ATE- CURRENT  CIRCUIT 


By  (90),  p.  186,  thavalu 
[nurreiit  is  eiuily  found  la  I 


of  tlie  square  of  tlte 


(58)  Differoncc 
of  Plioau 
bulween 


le^'+s-L'' 


,'  +  n'V      (.li  +  f^'- 


>'(/-. +  i«)= 


(GO) 


Hence  if  eitLsr  Zj,  Zj,  be  both  small  or  L-ilL^=RjR^  Condition 
the  difference  of  phase  between  the  two  currents  ^7^,  „7j,  jjjffej^^jj 
will  be  ioseusible.  If  the  first  condition  is  fulfilled  of  Phatnj 
both  parts  of  the  circuit  will  have  currents  agreeing  in  insenailjle 
phase  with  the  difference  of  potential  between  the 
terminals,  and  on  the  usually  allowable  supposition  of 
negligible  mutual  inductance,  a  wattmeter  whose  coils 
are  included  in  them  will  measure  accurately  the 
power  expended.  It  will,  on  the  same  supposition, 
also  measure  accurately  the  power  expended  ivhih  the 
wattmeter  is  on  cirevit,  if  the  mtio  Ej^-^W^i^L^  be 
approximately  unity  for  the  fine  wire  circuit,  since  the 
main  current  passes  through  the  other  coil,  and  it  can 
be  shown  that  the  deflection  will  be  the  same  as  would 
be  produced  by  a  constant  activity  A^  given  by  the 
equation 

A^  =  ^jWydt.     .      .     .     (61) 

where  V,  y,  are  the  values  of  the  difference  of  potential 
and  the  current  at  time  (.     If  also  \/S'  +  n'Z*  for  the 


0  ELECTBICAL  ACTIVITV 

thick  wire  coil  he  fimall  ici  comparison  with  the 
•ame  quantity  for  the  part  of  the  main  circuit  io  wbicti 
the  activity  ib  beiog  measured,  the  iaclusioD  of  the 
wattmet«r  will  not  affect  the  circuit,  and  the  activity 
showD  hy  the  inatrument  may  be  taken  as  that  existing 
when  it  is  not  applied. 

\  JlmMrent       The  general  problem  of  GniJin);  tfae  ratio  of  the  apparent 
I  and  Tnia   to  the   tni»  mean  activity  u  shown  by  tlie  wattmeter  can 
MO       now  ba  eolvwl  with  great  ouae.    Fur  let  J,  B,  be  the  pointe 
l»ily-    at  which  the  tenuiiialH  of  tlin  fine  wire  coil  ■)'Htem  are  attached 
to  the  main  circuit ;  lot  A,,  R,,  £.,,  L^,  be  tlie  resistancea  and  in- 
ductanouH  of  'Jie  fine  wire  and  think  wire  circiiiis  between  A,  B, 
and  y„  7p  the  cnrrcota  iii  them ;  then  by  (27)  if  the  differenovi 
potentials  between  the  teimiiialg  AB  ia  E^  ain  nt, 


E„ 


,  {nt  -  f,) 


.'  +  «»L,')t, 

—  sin  {nt  -  tt) 


1 


The  current  throngh  ihe  fine  wire  coil  is  therefore  the  Boiiie 
•a  if  the  renirtanco  in  its  circuit  between  the  points  A,  B,  were 
witliont  inductnnce,  and  the  difference  of  potential  hnd  the 
vidua  obtained  by  multiplying  the  above  vuliie  of  yj  by  VI^. 
Hence  if  ^„  be  the  apparent  uclivity 


E*Jt, 

fp'g,  COB  {. 


~f\iu(nt-f,)sin{f>C-t^yi 


Aotivily 

ai  ihown  ,    ,   , 

by  Watt-  '  (A,«  +  »>ii*)i  (ii,"  +  s« VJ* 


L 


that  is  tiia  apparent  activity  is  i  the  product  of  llie 
value*  of  the  two  ciirreuls  by  the  reaiatance  R,  it  ilv 
branch,  and  by  the  cosine  of  tlie  pLaae-aiigle  hn 
ourrenta. 


PHASE  DIFFERENCE  OF  PARALLEL  CCBEENTS 


'he  true 
'   through   thi 
that  CQHC  til 


lean  activity  Jm  would  be  obtained  if  the  imrren 
Hne  wire  branch  liud   the  value  Efpi-a  nljR^.     li 
phaBe-angle  between  the  two  currentu  would  be  i-, 
before 


+  Mfli  TO 


I   we  may  calculate  uuh  e^coa  (e,  —  (J  ii 


{G4)  True  Mean 

Activity. 

Ratio  of 

-,  /(-t,    Afparent 

— — ,■     •     -     ■     '"^J     to  True 

*'J  Meau 


ternm  of  Z^,  Lt,  H^,  k^. 


J'. 


(G5') 


where  r,,  i-j,  are   written    for   i,/fli,   L^Ri,   resjiectively   the 
I    BO-oalled  time  constaiits  of  the  two  parlB  uf  the  circuit. 

low  in  general  ti<t„  hence  as   u   rule  the  wuttuieter  will 
\  give  a  too  high  result.* 

Mr.  Btakeiilejt  ^^^  siiown  how  the  angle  0  of  difference  of 
ibuse     between     the   currents    in    two    such    brandiea    may 
ie    measured.      We    have  seen    that  a  current   dynamometer  I 
I  Id  any  branch  ineaaurea  the  mean  square  of  the  current  in  that    ' 
'  branch.     This  has  the  value  ny'/2,  where  «>  denotes  the  muzi- 
in  value  of  the  current  in  the  branch.    Now  let  iiy,,  nyj  be  f 
the  maximum  currents  in  the  two  branches,  and  let  two  djna- 
mumeters  be  arranged   one  to  measure  Myi'/S,   and  the  other 
myii%  and  let  a  third  be  placed,  with  one  coil  in  one,  und  the 
Other  coil  in  tlie  other  of  the  two  branches  in  question.    The 
action  on  the  third  dynamometer  at  any  instant  will  be  propor- 
tional to  yiyj  COB  0.     Hence  the  inetmrnent  will  give  a  reading 
roportiuiial   to  i«yii.y,C0Bip.      If   then    /)„  D^   D^,   be   the 
:ading>t  of  the  d^nuuio meters.  A,B,C,  thu'ir  constants,  so  tliat 


•Jo^Dt'     G 


This  result  was  first  etsled  (without  proof)  hy  Prof,  Ayrton  Proe. 
I   Soc.  Tel.  Enij.  and  El  Feb.  1888. 

t  EUdTuian,  Oct.  2,  1885,  Bnd  Phil.  Afag.  April  1888. 


wading  BO  that  j<-tf=C-l, 


If  the  dyn»ini>mBter8  are 
the  f»ctf>r  •JlfflCis  unity. 

Of  courae  if  tliroe  dynamometerg  nro  not  ftvnilnhle  a  ningU 
dynamometer  may  be  used  to  take  the  tliree  rendiiigs  in  sucoes 
sion  (or  to  eliminate  error  several  sets  of  readings  may  be  laker 
nnd  combined).    In  tbut  cosu  J=-S=  C  and 


^A^i" 


{6C') 


Mr.  Blakeiiley*  has  alio  Kiven  an  exce«dingly  Rimple  and 
ia^enious  method  of  mea«unng  the  total  nelivity  apent  in  (he 
primary  circuit  of  a  trsnaformar,  that  is  of  fiiidiiiK  the  wboic 
electrical  work  dune  per  unit  of  time  in  feeding  the  secondary, 
and  directly  or  indirectly  in  disaipalion. 

A  trunaformor  consists,  as  ih  well  known,  of  a  primary  and 
secondary  circuit  wound  round  a  core  of  laminated  iron,  in 
general  in  such  a  manner  that  as  Dearly  as  possible  all  lines  of 
mucnetio  induction,  wliicb  pass  tliroJ)(h  any  spire  of  one  of  tlie 
coils,  also  pass  throngli  every  other  spire  of  the  same  or  the 
other  coil.  It  is  not  however  safe  to  assume  that  this  is  always 
the  case,  and,  as  has  been  pointed  out  by  Prof.  I'errj',  eorioua 
a  niny  arise  through  making  the  aasumption  in  all  circum- 

Blakes-  Now  let  a  current  dynamometer  be  placed  in  the  primary 

ley's  circuit,  and  another  be  arranged  with  one  coil  in  the  primno' 

Method  of  end  the  otticr  coil  in  the  secondary  circuit.    Then  if  J},  be  the 

MMStiring  defleclion-readiug   of  the   tirst   instrument,  A   the  constant  uf 

Afitivity  reduction    of  the   readings   to   (current)*,  1)^  and   if   ihe  cor- 

m"  '  responding  qnanlities  for  the  other  instrument  {both  deHectiona 

jbrmer  ^^''"H  •*'<«''  positive), /T,,  A'„ 'he  number  of  turns  in  ihc  primary 

'  and  secondary  respectively.  Si.  B^,  iheir  resistsnces,  and  J^  the 

mean  activity  to  be  uieasured 


=  ii, 


+  Jl, 


A\  D„ 


(67) 


under  certain  assumptions. 
This  metliod  is  applicable  wha 


r   may   be   the    law   of 


I   Theory  of       The  equutiuns 
Method.    (77),  p.  183,  may 


of  a  primary  and  secondary  circuit  given  ill 
'  be  used,  and  may  bomoditied  by  writing  Xtor 


•  Phil,  Mag.  ISei  or  Pne.  Pkyt.  Sot.  11,  pt.  2,  ISfll. 
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we  make  here  no  assamptioD  as  to  the  mode 
I  of  the  current  or  electromotive  force.  Tliese 
equations  hold  for  any  primary  or  serondsry  whether  or  not 
containing  iron.  We  shall  first  also  write  Bi,  Bj.  f<"  'he  total 
inductions  through  a  single  turn  of  the  primary  and  the 
■ocondury  respectively,  and  jV,,  Nt,  for  the  number  of  turns  in 
I  the  coils.  Thus  wo  can  write  the  equation  referred  to  in  the 
[  form 


I 


^/>  =  ^*  +  ^/>^"-  ■  .  « 

by  the  first  of  <68). 

If  D,  be,  in  the  aame  way,  the  roading  of  the  second  inatrn- 
ment,  taking  account  of  the  sign  of  the  deflection,  and  B  its 
constant, 

by  the  second  of  (G8). 

If    now    we   BBsuiufl   that    Bi  -^ 
oqualion 

Substituting  from  this  in  (69)  we  find 


(70) 
gut  from   the   last 


?/; 


Ey,dt  = 


1  the  left  is  the  r 


I  valne  of  the  total 


activity.     Thus  the  total  activity  is  given  by  the  eipressioi 
tthe  right  in  terms  of  the  reading  of  the  dy 
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Signs  of       It  is  to  be  noticed  that  since  y^  y^j  are  on  the  whole  in 

Dynamo-    opposite  directions,  the  sign  of  D^  must  be  opposite  to  that  of 

meter       j)^^    Thus  the  second  term  of  the  expression  on  the  right  of 

Baadmgs.  ^yjj  jg  really  negative,  and  the  total  rate  of  working  is  greater 

than  the  first  term,  which  represents  the  activity  spent  in  heat 

in  the  circuit.    Hence  if  we  agree  to  take  the  positive  numerical 

value  of  the  reading  of  the  second  instrument  for  7>|2t  we  ntay, 

putting  JiM  for  the  mean  activity  on  the  primary,  write  (70)  in 

the  form 

^-  =  ^'Z  +  ^^1^' ("'> 

This  method  and  result  were  given  by  Mr.  T.  H.  Blakesley  for 
a  transformer  on  the  assumption  that  the  currents  followed  the 
simple  sine   law   of    variation :    in    the  demonstration  given 
above  no  assumption  at  all  is  made  except  that  Bi^Bi>     "^be 
method  is  therefore  so  far  applicable  to  any  transformer  what- 
ever the  law  of  variation  followed  by  the  current  provided  Bj 
may  be  taken  as  equal  to  Q^*      '^'bis  was  first  pointed  out    by 
Prof.  Ayrton  and  Mr.  J.  F.  Taylor*,  whose  metliod  of  proof  is 
similar  to  that  here  given. 
Proof  on        It  has  been  shown  also  by  Prof.  Perry  f  that  this  method  holds 
Assumn-    even  if  Bi  be  not  equal  to  B2»  provided  wf;  suppose  the  perme- 
tion  of      ability  constant  during  a  cycle.     In  this  case  tlie  equations  of 

Constant    current  may  be  written  in  the  form, 
Permea- 

''^  '^^  V    •    •    •    •     (72) 

^'>«+^«'|*  +  ^t  =  « 

since  Z„  L^,  3/,  do  not  vary  in  a  cycle  if  the  permenbility  does 
not.  Hence  multiplying  the  first  of  those  by  y^,  and  calculating 
the  mean  value  of  each  quantity  by  integrating  over  a  whole 
period,  we  get 

since  the  integral  of  yidy^jdt  .dt  over  a  period  is  zero. 


•  Proe,  Phya  Soc.  D.ic.  1891. 
+  Pliil  Mag,  Aug.  1891. 
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But  if  we  multiply  llie  Bccoiid  of  (72)  by  "x,  ntid  take  menn  J 

values  as  before,  we  lind  I 

T  Jo  TJ  0      dl  I 

sincQ  the  lost  integml  vaiiiBhea  as  before.    Tliim  1 

I    Substituting  in  (73)  we  get  I 

or  putting  in  tlie  readings  of  the  dynnmometers  (tnking  D^^  I 

pOflitive  as  before)  I 

I  ^„  =  iE,_+JJ,__   _J?,_+J;,j^,^^-   .     06) 

since   approximataly    M^N^N^,   L^  =  N^.      This   is   the   same  1 

result  aa  before,  but  obtFiineil  under  a  ditferent  aMumption,  not  I 

however  involving  any  hypotlieBis  as  to  tlie  mode  of  variation  ' 

of  the  current. 

It  is  to  bo  observed  that  this  supposition  of  do  variation  of  Coiiatant 
/-I,  ij.  or  M,  is  equivalent  to  supposing  that  all  the  Mctivity  is  PerniBa. 
employed  in  generating  heat  in  the  two  circuits.  For  if  the  hility 
second  of  (72)  be  multiplied  by  y,,  and  then  integrated  for  mean  injo'^" 
values,  it  gives  ^^^_ 

Thia  added  to  (73)  gives  h 

and  the  last  term  vanishes  bIecb  the  integration  is  round  a  closed  I 

cyule.     Thus 

^,. -*f_r.w<+'if  r,V(.   .   .   .   (75-) 
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or  the  total  moan  activity  is  equnl  to  (he  mtc  of  generation  of  hei>^ 
ill  the  sccondury  (iliis  thut  iu  the  secondary.  The  activity  could 
in  Ihia  ease  be  equHlly  well  ine«Bured  by  placing  a  current 
dynamo  meter  in  the  primary,  tind  another  in  the  eceondary,  as 
by  Mr.  Blahesley'B  method. 
lis  The  supposition  thus  made  by  Prof.  Perry  therefore  exclude! 
all  diasipation  of  energy  otherwise  thuii  by  direct  heating  uf  the 
circuits  by  the  currents.  It  has  been  urged  by  liim  thut  on  the 
analogy  of  the  bel;aviour  of  ordinary  bodies  under  strain 
produced  by  stress  varied  in  rapid  cycles,  there  ought  to  he  no 
disslpatioo  of  energy  due  to  lagging  of  tlio  iiisgnetizalion 
behind  the  magnetic  force  in  the  cycle,  as  explained  at  p.  812 
above  or,  as  it  is  now  callpd.  hytleretit  action,  in  iron 
subjected  to  rapid  cycles  of  tnaguetic  stress.  On  this  view 
majgnetic  like  olaHtic  hysteresis  is  only  itnportunt  in  slow  cycles. 
This  analogy  appears  a  reasonable  one,  but  any  opinion  founded 
on  it  luust  be  tested  by  direct  experiment.  Now  it  has  been 
is  given  as  the  result  of  experiment  by  several  olittervera*  that 
1  thereiainrapidcyclesdissipati'inof  energy  in  the  core  of  the  same 
order  of  magnitude  as  in  slow  cycles  ;  but  that  there  Is  much 
less  when  the  transformer  is  loaded  hy  closing  the  secondary 
circuit  through  a  low  resistance,  than  when  the  secondary  circuit 

This  result  is  questioned  '.ly  Prof.  Rwing,  who  gives  ns  the 
result  of  experiments  <>n  a  transformer  core,  an  anchor  ring 
mode  of  iron  wire  insulated  to  prevent  eddy  ciirrentB,  that,  for 
the  Biime  frequency  of  reversal  and  limits  of  mngnetieation,  the 
loss  hy  niiignetic  hysteresis  is  just  as  great  when  the 
transformer  is  heavily  loaded,  as  when  its  secondary  circuit  H 

The  rate  of  loss  by  hysteresis  is  however  in  all  cbbbs  small 
in  comparison  with  the  whole  activity.     [See  also  Cliap.  XIIl.j* 

Assuming  the  truth  of  Mr.  Biakesley  s  formida  as  deduced 
from  the  hypothesis  uf  no  magnetic  leakage,  we  can  find  the 
amount  cf  energy  spent  in  eddy  currents  and  magnetic 
hysteresis  in  the  iron-  "" 

Assuming  for  simplicity  that  the  dynninornelers  are  direct 
reading  instrumenta,  or  if  not  that  J),,  /)^„  are  reduced  readings 
expressing  each  a  mean  square  of  current  measured  iu  amperes, 
so  that  the  constantii  A,  B=  1,  then  R^,  £„  being  taken  in  ohms, 

•  Worbarg  anil  Hiinig.      U'itd  Ann.  20,  1883. 

f  Taiiakailalc,  FMl.  Mag.  Sept.  ]»Se.  See  also  Ewing,  MagiKtinn 
in  Iron  and  other  MeCala,  g^  83,  180.  See  also  below,  Chap.  XIII,, 
Section  111. 
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A,M    tvill  be  given  in 

ilynHinorneter  placed  ii 
manner  be  its  reading,  t 


watts.  If  now 
the  eecondury  cL 
e  eliall  Imve 


a  SDppoBe  a  tbird 
uit,  and  D^  in  like 


EnerET 
Spentm 
HyjteresiiL 


=  fl,0,  +  Jf^P^  +  ^j  ( '^'  Al  -  A) 


¥ 


The  two  first  terms 
in  healing  the  wires 
term  that  spent  ii 

^If  R^he  tlie  resii 
and  the  work  done 
there  spent  is  R'^U^ 
transformer 


)n  the  riglit  express  the  whole  work  done 

of  the  primary  and  secondary,  the  third 

heating  the  iron    by    eddy    currents    and 

once  of  the  external  pnrt  of  the  secondary, 
I  that  bo  wholly  spent  in  heat,  the  energy 
Thua  if  e  be  the  electrical  efficieney  of  the 


Trom   the   eipreaaion   for   J^m   can    be   found    at    once   the  Diffen 

difference   of  potential  between  the  terminals  of  the  primary,  of  Pota 

For  if   Jl\  be  the  external  resistance  of  the  primary  circuit  '■"'  *" 
between  its  tenninala,  we  have  instead  of  (68) 


[uaring  the  first  of  tbei 


eget 


..''B,. 


)   the    mean    square   of    the    difference 


rt'iB, 


*+ 


2fl'ii\' 


/> 


dl 


nxcixic&L  ACRTirr 


r'.a',*A+  = 


A +  ««■.«.  V'^  -  •   P») 


The  ahoTe  r«raha  «i«  all  xaitfatAvmt  of  tte  Uw  vT  ruulioB 
of  the  current  and  mvolreaaljr  lite  iMMMptidB  Bi"  Br  '^^7 
ue  due  U>  Xr.  BUmIcj,  bat  wm  lint  prorM  bv  mrtltoili 
■imilar  to  thoM  ued  above,  bj  Pto£  Afitoa  and  Mr.  Ttylor  in 
Ihcir  paper  afcere  referred  to. 

In  aaj  practical  caae  of  in«a«iTeiiit9t  of  power  in  which  a 
wattmettr  ii  mapplieable,  if  the  actoa!  Kainlaac*  of  the  portion 
ot  the  eirEint  coniidcivd  is  knovB  and  the  mean  aqcare  of  the 
cancnt  can  be  ntcanued  with  accarac;,  die  product  of  the  two 
will  sa  diown  above  (p.  668)  be  the  true  mean  Talu«  of  ihe 
activity  if  that  is  spent  in  heat.  This  of  cooTse  will  be  giv*n 
in  watta,  if  the  resuta-ice  ii  taken  iu  ohms  and  the  ciiirent  in 
amperca. 

A«  we  have  Keen  above,  the  proper  mean  value  of  the  current, 
and  of  the  difference  of  potential,  Bnd  therefore  also  of  the 
activity,  can  be  found  for  any  p^rt  of  a  circuit  in  ttie  case  of 
neKligible  self-induction,  either  by  means  of  an  elei'Irodyna- 
mometer,  or  by  ineana  of  an  elect romeler,  wlien  the  reaislanca 
of  oue  part  of  the  circuit  is  known.  When  the  resialaiioe  ia 
unknown  or  uncertain,  as  for  example  in  the  case  of  incanilei- 
cence  lamps,  the  current  and  difference  of  potential  may  be 
measured  for  the  lump  circuit  in  Uie  following  manner.  A  coil 
of  germau  ailver  wire,  having  a  resiElance  considerably  greater 
than  that  of  the  Inmjm  nn  arranged,  constnicted  so  as  Iu  have 
no  self-inductance,  is  connected  in  seriea  with  a  current- meter 
between  Ihe  terminals  of  the  machine  so  ns  to  be  a  sliimt  on  Ihe 
lamps.  Tlio  Innips  are  brought  to  their  normal  brilliuncy,  and 
tlie  mean  aiiuarey"  of  the  current  Ihrongh  the  german  silver 
wire  ineannrcd.  If  R  be  Ihe  resistance  of  this  wire,  including, 
if  appreciable,  the  resistanccH  of  the  current-meter  and  ita 
oonneotions,  and  R  be  great  in  comparison  with  the  self-induc- 
tance of  the  current-meter  divided  by  T,  we  have  for  the  muti 
square  F^,  of  the  diSeronce  of  potential  between  the  tenninals 
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of  tiie  lamp  gyatem,  the  v»lue  y'/P.  The  current-meter  is  now 
employed  to  measure  tlie  whole  current  eowing  to  the  lamps 
while  their  brilliancy  is  kept  the  samo.  Denoting  the  maan 
square  of  this  current  hy  y\',  we  have  for  the  value  J^  of  the 
mean  activity  spent  in  the  lamp  ayatem 


./» 


=  F'y'  =  y'y[S 


(80) 


t  Messrs.  J,  and  E.  Hopkinson*  have  employed  the  Teaiing  j 
following  method  of  testing  the  efficiency  of  dynamo- 
machines,  which  obviates  the  difiGcuIty  of  measuring  (,"m^ 
accurately  the  mechanical  power  transmitted  to  the  Hop' ' 
driving  shaft  of  a  dynamo  by  a  steam  engine  or  other 
motor.  Two  equal  dynamos  of  the  type  to  be  tested 
are  used,  and  one  of  these  is  run  as  a  motor  at  the 
required  speed  and  with  the  proper  amount  of  electrical 
activity  in  the  circuit  This  can  be  adjusted  by  suit- 
ably varying  the  magnet  resistances  of  one  of  the 
machines.  The  motor  is  made  to  spend  the  available 
activity  which  it  gives  out  in  driving  the  generator, 
and  the  difference  in  power  required  is  supplied  by  a 
steam-  or  other  engine,  and  measured  by  a  Hefner- 
Alteneck  dynamometer,  or  by  any  other  similar  method 
by  which  the  difference  of  tensions  of  the  two  parla  of 
the  belt  is  determined.  This  latter  amount  of  power 
represents  the  losses  in  transmission,  and  added  to  the 
power  returned  to  the  generator  by  the  motor  gives  the 
mechanical  power  required  to  drive  the  generator. 
The  errors  inherent  in  the  determination  of  mechanical 
power  transmitted  to  a  driven  shaft  are  thus  made  to 
affect  only  the  comparatively  small  balance  of  power 
■  Phil.  Tram.  R.S.     Parti.  1S86, 
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and  the  efficiency  is  obtained  to  a  much  higlier  per- 
eentage  of  accuracy. 

The  whole  electrical  power  ^y  developed  by  the 
generator  ia  then  found  by  calculating  that  speDt  on 
each  part  of  the  circuit  from  the  observed  differences 
of  potential  between  the  terminals  of  the  generator 
and  motor,  the  current  in  the  circuit,  and  the  known 
resistances  of  the  different  parts  of  the  machines.  By 
adding  to  this  the  power  v.;  in  watts,  wasted  in  the 
machine,  the  power  spent  in  driving  it  ia  obtained  &nd 
hence  at  once  the  gross  efBciency  JiyKEy  +  w). 

Th«n  the  sum  of  the  powerH  developed  ialhearmBture  and  mng- 
neta  of  escli  machine,  and  in  the  leads  and  other  reaiaUnuea  in  the 
circuit,  subtracted  frcm  the  power  tranemilted  frcm  the  engine 
and  iDeosured  by  the  dynamometer,  gives  a  balance  wliiuh  re- 
presents the  total  loBB  in  the  circuit  over  and  above  those  here 
DDumerated.  This  is  made  up  uf  power  wasted  in  the  ircn  cores 
of  the  armatures  and  in  tfie  pole  pieces  in  consequenoe  of 
hysteresis  or  eddy  currents,  in  reversals  of  the  currents  in  the 
seclioas  of  the  armatures,  in  connexions,  in  Bparking  if  any, and 
in  the  IiictioD  of  the  bearings  and  brushes.  Half  of  this  balance 
GroM      may  be  taken  as  spent  in  each  machine.    The  whole  power 


[  Sfficienoy  spent  in  driving  the  generator  is  therefore  tlie  Hiiin  of  the  wl. . 
of         electrical  power  Ey  given  not  in  the  circuit,  and  half  the  balmi 
Dynamo    u  say.    Thns  the  elficieney  is 


-  Sy" 


I 

y  B^ 


flwin-  Mr.  Swinburne  measures  eloctricallytho  loss  of  power  to 
bome's  described,  and  requires  only  one  machine  of  the  type  t_ 
Uethod.    tested.     The  magnets  of  the  machine  are  excited  separutely 

that  the  armature  is  under  the  induction  which  would  exiat  If 
the  mBchino  were  working  under  the  load  specified  for  It. 
The  machine  is  then  driven  by  a  small  dynamo  which  fttr- 
nisbes  current  at  the  electromotive  force  of  the  machine  just 
suflicieul  to  drive  it  at  the  requJHite  speed,  witliout  any  load 
beyond  that  involved  in  u>,  namely  the  losses  in  eddy  current*, 
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hyBteroBis,  and  fricliun  in  the  mttchine  being  tesled.  The  speed 
OHn  be  adjusted  as  in  the  tests  above  described  by  suitubly 
varying  the  resistance  of  the  magnet  circuit.  The  power  speot 
on  the  machine  by  the  small  dynamo  is  deterinined  electrically 
in  the  ordinary  way  by  measuring  the  number  of  volts  difference 
of  potential  between  the  terminals  and  the  current  in  amperes. 
The  former  will  of  course  he  approximntely  tlie  full  electro- 
motive force  of  the  machine  when  working  under  the  prescribed 
load.  The  power  thus  determined,  diminished  by  that  spent  in 
heat  in  the  armature  (which  is  generally  negligible),  is  the  waslo 
power  w  required. 

The  efficiency  can  then  be  found  bv  calculating  the  total 
eteciiic'il  Bctiviiy  in  the  circuit  when  the  machine  is  nmning 
under  the  prescribed  load,  by  lidding  to  the  activity  in  the 
estemni  circuit  the  electrical  activities  in  the  armature  and 
magnets,  found  in  watts  by  multiplying  the  resistance  of  euch 
part  in  olims  by  ihe  square  of  the  current  in  amperes.  Call  this 
electiical  activity  Ey,  as  above,  p,  645.  Then  I  he  mechanical 
power  spent  in  driving  is  iy  +  w.     The  gross  efficiency  of  the  .     j^ 

machine  is  tlios  £7/(^7+  10).     The  electrical  efficiency  of  the  Efficwndl 
arrangement   is   £,ylfiy,    if   E,  be   the   difference  of   potential 
between  the  terminals  of  the  external  circuit.     Finally  the  net 
efficiency  is  E,yHEy  + 1"). 

On  the  analogy  of  the  Messrs.  Hopkinson's  method  of  testing   Snmpner'a 
dynamos  just  described,  Dr.  Sumpner  has  based  the  following  Method  of 
method  of  testing  power  supplied  to  transformers.     Two  equal     Testing 
transformers  have   their  primary   coils  c,Cj  joined  in   paralJel       Trans- 
across   the   terminals   of  an  alternating  dynamo  as  shown   in     ''■""-— 
Fig.  148,  and  their  secondaries  (7^(?,  also  joined  in  parallel  between 
the  points  JB.     Non-inductive  resistances  r  and  M  aie  included 
in  the  primary  and  secondary  circuits  as  shown. 

Supposing  the  transformers  to  be  alike,  and  the  primary 
circuits  to  have  the  same  resistance,  the  magnetising  currents 
will  be  the  same  in  both,  and  there  will  ba  equal  electromotive 
forces  at  any  instant  in  the  secondaries.  Thus  no  current  will 
flow  in  the  secondary  circuit  whatever  tlio  resistance  R.  A 
noD-ioducli'e  resistance  r  in  the  primary  of  either  will  cause  the 
currents  in  the  primaries  to  be  difEerent,  and  if  r  is  in  the  circuit 
of  Cf  a  current  will  flow  in  the  secondary  which  will  load  the 
transformer  c,C„  and  help  to  magnetize  tlie  core  of  c^C,, 
thus  raising  the  electromotive  force  in  the  primary  of  tJiut 
transformer. 

If   however   the  transformers     be  somewhat    different,   for 
example,  so  that  (to  take  Dr.  SunipneHe  example)  No.  1  converts 
from   100  to   2100  volts,  and  the  other  from  100  to  2000  volls, 
T    Y    2 
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^^m   CM 

^^M  then  there  will  b«  an  electromutire  force  of  100  Tolta  in  Um 

^^1  circuit  of  the  second aries  which  will  produce  uif  desired  current 

^^K  if  A  be  properly  adjuEted. 

^^r  Detcrmi-         If  then  with  two  imeqaat  transfonners  the  current  flowing 
nation  of    throa|^  the  secondaries  be  of  the  proper  amount,  each  trans- 
Waste      forrtier  will  be  fully  loadeil,  but  one,  the  more  powerful.  No.  1 
Power,      aay,  will  traDsform  up,  and  the  other  down.     That  is  the  former 
will  take  eaersy  from  the  mains,  the  other  will  return  energy  to 
the  mains.     The   power-losaea  oeciirrirg  in  the  doubia   trana- 
fonnatioD  kk  then,  in   the  aggregate,  tbe  difference    between 
the  power  lakeo  by  No.   1,  and  that  given  back  by  No.  2, 


Fir..   148. 


diminished  by  the  amount  abnorbed  in  the  reaistanee  R,  nnd  by 
the  amount  spent  in  heating  the  connecting  wires  and  instru- 
ments applied. 

It  is  only  necessary  therefore,  in  order  to  obtnin  ip.to  measure 
tbe  balance  of  power  supplied  to  the  system  at  ai,  and  correct 
it  08  described.  This  may  be  done  with  a  wattmeter,  the  fine 
wire  coil  of  which  is  placed  across  the  terminals  ai,  and  the 
cnrrent  coil  in  one  of  tlie  mains,  or  by  the  electro  meter-method 
described  below.  To  calculate  the  effloiency  we  have  then  only 
to  find  the  powor  W,  say,  supplied  to  No,  1  transformer.  This 
can  bo  dona  neariy  enough  by  measuring  the  load  on  either 
transformer,  sny  by  placing  a  wattmeter  with  its  fine  wire  coils 
across  ah,  and  its  curreolcoilinr,  or  by  measuring  the  difference 
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of  potential  and  current  of  any  coil  of  either  transformer.     Tlieo     Calcol*- ■ 
tlie  ufGc'ieDcy  of  ti)e  double  tranafonuation,  e'  say,  is  given  by  tion  of  fl 

EBJcienef^ 


The  efficiency  of  each  transformer  i 
root  of  this,  or 


1  K 


approximately  the  equurc 


(81) 


•2  r    a  r>  ■    ' 

One  gr^nt  advantage  of  tliia  method  lies  in  the  fact  that  a 
c'oneiderable  error  in  the  estimatioD  of  a>  can  only  slightly  aSect 
that  of  «^  or  e,  if  e  he  not  very  different  from  unity.  Thia  method 
as  it  stands  ia  only  applicable  to  two  transformers  Ibe  electro- 
motive forces  of  the  secondarinK  of  which  differ  by  at  least 
twice  the  '■  drop  "  in  differeuce  of  potential  between  the  terminala 
of  the  secondary  of  eitlier,  when  its  load  ia  raised  from  zero  to 
the  prescribed  value.  In  the  caae  of  two  similar  tranaforniers 
Vi.  Suiiipner  used  a  small  additionut  transformer  which  is  able 
to  supply  the  waste  lo  for  the  two  large  Iranafonners  to  be 
tested.  The  primary  of  this  ia  connected  in  series  witli  bii 
adjuBtable  non-inductive  resistance,  x,  across  the  main  terminals 
a6,  and  the  secondary  is  placed  in,  say.  No.  2  transformer,  in 
series    with    cither   rj   or    Cj,    in   place   of    the    non-inductive 

This  small  transformer  will  supply  an  amount  of  energy, 
depending  on  the  value  to  which  x  is  adjusted.  sufBcient  to 
cause  any  required  current  to  flow  in  tbe  secondaries  of  the 
large  transformers.  It  is  only  necessary  then  to  measure  the 
energy  given  out  by  the  small  transformer  by  measuring  tlie 
current  and  difference  of  potential  on  its  primary  and  secondary, 
and  further  to  measure  as  before  the  power  supplied  by  the 
mains.  The  sum  of  these  corrected  na  before  will  be  to.  Then 
ir  ia  measured  aa  before  for  either  of  the  largo  transformers  and 
tbe  efficiency  is  determined  by  (81)  above. 

Different  arrangements  will  suggest  Uiemaelves  to  the 
engineer  carrying  out  theae  testa  aa  suitable  in  the  varying 
'  I  which  he  may  be  placed  by  his  instruments. 


Two 
E<iiial   I 
Trout-  1 
formDn,  1 


*  See  s  paper  by  Prof.  Ayrton  and  Dr.  Sumpnar,  ElcctrlciaTi,  Out. 


.  e»i  ELECTRICAL  ACTIVITY 

ThrM  Prof,  Ayrton  and  Dr.  Sumpaer"  have  given  the  fol- 

Voltmater   ,       .  '        ,  ,      ,      ,.  .  , 

Uithod.  iowing  very  elcjjant  method  ot  meosuriDg  the  power 
given  out  in  any  portion  of  a  circuit.  It  will  be  seen 
tliat  it  is  intimately  related  to  the  electrometer  method 
described  below.  Three  points  on  the  circuit  are  taken, 
two  (Fig.  149)  All  between  which  is  the  portion  of  the 
current  in  which  the  activity  is  to  be  found,  while  the 
portion  BO  consists  of  a  non-inductive  resistance  of  li 
ohms.  Three  alternate  current  volt  meters  of  proper 
construction  are  used  to  give  the  mean  squares  of  the 
differences  between  A  and  £,  B  and  C,  and  A  and  C 


If  /),,  i)j,  I)  be  the  readings  of  these  voltmeters  ea(di 
in  volts,  and  Ain  the  mean  activity  in  watts 


^"  =  A(J^'- A'-A") 


-4// 


(82) 


itmP 


Tlicory  of  if  J',  be  the  difference  of  potential  between  A  and  5  it  1 
Method,     inetant.     But  if   V^  be  tbo  difCereoce   of  potential  eiiatiog  at 

■  Btik.  S.3.  April  9,  ISSl  or  EUelriciait,  April  17,  1891, 
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the  same  instant  between  £  and  C  we  iiuve  y=  fJR,     Hence 

The  difference  of  potential  between  A  and  C  is  at  the  same 
instant  r,  +  r„  and  wa  have 


2A; 


It  can  be  ahown  by  the  Theory  of  Errora  iif  Obsetvi 
'  n  01  equal  proportional 


D  the  aasumptio 


that 
the  qimntities 
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^L^ti 

^K  observed  the  best  arraagement  for  this  meaaurement  is  one  in 

^K^  which  the  mean  square  of  the  difference  of  potential  between 

A  and  B  is  equal  to  that  between  B  and  C.    This  however  is  an 

■rrangenient  in  which  the  power  con  a  am  ed  inlhenon-inductivo 

reaiatauce  ia  equal  to  the  power  measured. 

A  modification  of  this  method   has  been  propoaed  by  Prof. 

AyrtoD  and  Dr.  Sumpner  in  which  two  umrent-ineters  ^„  .^j,  with  Two 
and  a  Toitmeter  V  are  arranged  b»  shown  in  Fig.  160.  ab  is  the  Current- 
portion  of  the  circuit  in  which  the  power  ia  to  be  meaaured,  ed  niet«r8Biid 
a  non-inductive   resislance  placed   acrose  its  terminals,  K  is  a       Volt- 

»  voltmeter  placed  parallel  to  AB  and  CD,  and  measuring  the  *~~ 

meao  square  of  the  difference  of  potential  between  ac  and  bd. 
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If  V  be  the  difference  of  potential  between  a  and  b  at  any 
ioBtunt,  and  y  the  current  at  that  instant,  the  activity  is 


im 


=  i />., 


or  if  y'  bo  the  current  in  cd  ut  the  same  instant, 

-tn~j,j   yy'Ji.    .    . 


(83) 


Electro- 
meter 
Method 
Measure- 
ment 
Mean 
S<(uare  of 
Current 


since  y  <=  F/R.  But  if  2>^  be  the  reading  of  the  current-meter 
^p  J)^  that  of  ^2  (oach  giving  the  mean  square  of  the  current  in 
amperes),  we  have 

A  =  y  >/. 

and 

A  =  y (r  +  y')W  =»  i  f  V  +  y'  +  Syy V^ 
=  A  +  ^,,  +  |/„ryV//. 

if  D  bo  tho  reading  of  tho  voltmeter  expressed  in  volts.  Hence 
by  (83) 

^»=f/V'/<  =  j(/^.-A+^;:,)     .     .     (84) 

This  was  givoii''^  as  an  in)[)roveiiiciit  upon  a  method  proposed 
by  Dr.  J.  A.  Fleming  in  whicli  a  current-meter  is  plaoed  in  cd, 
and  Jm  is  given  by  (84),  with  U^  put  for  tho  reading  of  this 
current-meter,  and  used  instead  of  the  term  JJJH'.  Tho  current- 
motor  introduces  a  certain  amount  of  inductance  into  r//,  although 
this  might  be  made  negligible  by  taking  cd  large  enough. 

An  electrometer  may  be  used  in  the  following  manner 
to  give  the  mean  square  of  the  current,  and  of  the 
difference  of  potential  for  any  part  of  a  circuit,  whether 
containing  motors  or  arc  lamps  or  any  arrangement 
with   or  without  counter-electromotive   force   or   self- 

*  "Alternate  Current  and  Potential  Difference  Analogies,"  Phil. 
Mag.  Aug.  1801. 
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iuductance.  A  coil  of  thick  German  silver  wii^e  (or  to 
prevent  sensible  heating  &  set  of  two  or  more  coils 
arranged  in  multiple  arc)  having  no  self-inductance  is 
included  in  the  part  of  the  circuit  considered,  so  that  the 
current  to  be  measured  also  flows  through  the  wire. 
The  mean  square  of  the  difference  of  potential  between  g°„^*'" 
the  ends  of  this  resistance  is  measured  as  described  DilTerenco 
above  (p.  279)  by  connecting  one  pair  of  quadrants  of  ^^^ 
the  electrometer  to  one  end,  and  the  needle  aud  the 
other  pair  of  quadrants  to  the  other  end,  and  the  mean 
square  7'-  of  the  current  by  dividing  by  the  square  of 
the  resistance  of  the  wire.  The  mean  square  of  the 
difference  of  potential  between  the  terminals  of  the 
part  of  the  circuit  considered  is  then  found  in 
the  same  manner.  A  multicellular  electrostatic 
voltmeter  is  very  convenient  for  such  measurements 
on  account  of  its  great  range  of  sensibility  (see  Vol.  I. 
Chap.  v.). 

The  product  is  not  generally  to  be  taken  as  the  mean 
square  of  the  activity  in  the  part  of  the  circuit  con- 
sidered, for  it  is  evident  that  in  this  case  what  is 
obtained  is  the  value  of 


I 


1  (^  ("'' 


where  V  and  7  are  the  diSerence  of  potential  and  the  Squw, 
current  at  any  instant.  The  square  root  of  this  quan-  prodacto 
tity  ia  not  generally  the  same  thing  as  M'"^ 
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the  true  mean  value  of  the  activity.     This  is,  however," 
given  indirectly  by  the  following  method.* 
I  Slwtio-        Let   the   two   ends   of  the   rosistance   coil   of   zero 
K«thod"of  Belf-inductance  and  known  resistance  R  be  called  A  and 
I  Deter-     B,  and  lot  the  extremities  of  the  portion  of  the  circuit 
[y,    for  which  the  raeasiirementa  are  to  be  made,  be  called 
Cand  D.     One  of  the  pairs  of  quadrants  is  connected 
to  A,  the  other  pair  to  B,  and  the  needle  to  C,  and 
the  reading,  d  say,  taken.     The  quadrants  remaining  as 
they  were,  the  needle  is  connected  to  0,  and  the  reading 
d'  taken.     Now  if  at  any  instant  V^  be  the  potential  of 
A.    V^  of  B,   Y\  of  C.  and    F,  of  D,  we  get  if  (17) 
above   is   applicable    to   the   instrument   (see  ] 
above) 

d'  -  ~j\ V,  -n){v;-  ^^^i^) dt  I 


and  by  subtraction  and  division  by  kR 


otential  of 
;et  if  (17) 

3e  p.  66ia 

i 


d-d' 

kR    '' 


BTJ 


( r,  -  fs)  ( V\  -  V'^dt  .    (86) 


But  it  is  clear  that  the  espression  on  the  right  hand 
side  of  (86)  is  the  true  mean  value  of  the  activity 
required. 

*  This  method  U  deieribed  by  A.  Potier,  Journal  de  Fhytique,  t.  ix. 
p.  227,  I8S1,  but  vraa  iDdei>eii(icDtly  iiiTBiitBiJ  aUa  by  Prof.  W.  E. 
Ayrton,  wid  Prof.  G.  F.  Fitigersld  (see  Prof.  Ayrton  on  "  Teating  Iha 
Power  »nd  Efficiency  ofTramforniBra,"  Proc.  Soe.  Tel.  Kngt.  and  EU., 
Feb.  138S). 


USB  OF  QUADRANT  ELECTROMETER 


"  fH'-^'  -  ^"^  ^■''" 


If  A  anil  D  coincide  F\+F,,  an'l  the  activity  in  the  part  of  the 
circuit  hetween  C'and  Z)is,  by  (61),  given  by  (62)  alone  when 
put  in  the  furm 


kJ{      RT. 


1     /-r 


rj  v\,n 


(88) 


This  observBtion  is  due  to  Mr,  Snyera,  a  pupil  of  Prof.  Ayrton. 
It  is  thus  poasible  in  the  case  supposed  to  use  an  electrometer 
aa  a  direct  rending  wattmeter. 

If  a   quailrnnt  electrometer  ia  used   as  here  explained,  cnre        Pre- 
mu8t  be  taken  to  «ee  that  the  equation  (IT)  holds  for  the  instru-    cautiona 
nient  (see  p.  633  above).   Dr.  Hopkinson  found  {Phil.  Mag.  Ap,    in  \Jae  oF 
1885)  that  tlw  ijidicatiuns  of  his  iobtrument  were  very  CKBclly  Quadrant 
eipre*Bed  by  the  eijuation  Electro- 


^-r+ii^c.-^^C'- 


y\±F^' 


)    ■    .     (89) 


where  »  is  a  email  constant.  Hence  for  high  values  of  V  it  is 
neceaaary  to  know  and  uaa  thin  aecond  constant  if  its  value  ia 
aensible.  The  deviation  from  fullilmKtit  of  the  ordinary  equa- 
tion here  shown  wna  found  to  be  in  great  part  duo  to  downward 
electrical  force  on  the  needle  caused  by  its  hanging  a  little  too 
low  in  the  quadrants. 


CHAPTER  XIII 
MAONETIC  MEASUREMENTS 

Section  I 
MEASUREMENT  OF  INTENSE  MAGNETIC  FIELDS 

We  have  seen  (p.  118  above)  that  every  element  of  a 
conductor  carrying  a  current  in  a  magnetic  field  is  acted 
on  by  a  force  tending  to  move  it  in  a  direction  at  right 
angles  to  its  length  and  to  the  direction  of  the  magnetic 
induction  at  the  element,  and  have  stated  how  the 
magnitude  of  the  force  may  be  calculated  in  terms  of 
the  induction,  the  strength  of  the   current  and    the 

Measure-  position  of  the  element.  Hence,  if  we  know  the  strength 
Field      ^f  ^^^  current  flowing  in  a  conductor  placed  in  a  mag- 

Inteiwity   ^etic  field,  and  measure  the  force  exerted  in  virtue  of 

by 

Electro-  electromagnetic  action  on  any  element  of  the  conductor, 
"fofm  *^  we  can  find  the  induction,  that  is,  in  air,  the  intensity 
of  the  field  at  the  element.  On  this  principle  are 
founded  the  following  simple  methods,  mainly  sug- 
gested by  L(ird  Kelvin,  of  determining  in  absolute 
measure  the  intensity  of  magnetic  fields  in  dynamo 
machines  or  other  electromagnetic  apparatus. 

We  Hhall  take  iirst  the  case  of  two  lon^  straight  polo  faces 
o[)poHitoly  magnetized  and  placed  at  a  short  diHtanco  apart 
facing  ODO  anothori  with  their  lengths  vertical.    In  the  miadle 
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^  MEASC 

^p   of  tbe  space  between  Uie  poles  a  Btoiit  wire,»(Fig.  151),  Bnmewhat  Fidi'B 

H      longer  thao  t)ie  poles,  so  as  to  extend  a  liltle  above  aod  below  betwees  J 

them,  ia  hung  vertically   by   a   cord   four   or  five   feet  long,  '^"'^  J'J'B 

attached  nesritfi  upper  end  to  a  fixed  peg  above,  and  is  etretolied  ™',? 
by  the  weight,  W,  attached  near  its  lower  end.   Two  pendnliir 
made  of  weights  P„  P^,  carried  by  fiue  tbreada,  are  bung  from 


Facei. 


two  sliding  pieceK  which  can  be  moved  along  a  groduated  croBS-  Panduiuni 
bar  3i  above,  so  placed  that  the  ends  are  as  nearly  as  possible  Methi>d  of 
in  a  plane  parallel  to  the  pole  faces  and  passing  through  the  Measnring 
middle  of  the  spaca  between  tbem.     The  two  pendulum  threads      ^'"'" 
and  the  wire,  w,  are  thus  nearly  in  one  plane.   One  of  these  pen-      '"««■■ 
38  is  made  eo  long  as  to  have  its  bob  below  the  level  of  the 
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lowest  part  of  1lie  pole  faces,  wliile  the  other  has  its  bob  a  littl 
below  llie  IbvbI  of  the  top  of  the  pole  faces,  and  the  former  is 
placed  ut  the  greater  diatnnce  from  the  Huapended  wire.  A  thin 
thread  ntt&uhed  to  the  upper  end  of  theeuspeiided  wire  is  carried 
out  lioriKontally  and  made  fuBt  at  its  other  end  to  the  auapension 
thread  of  tlie  neurer  pendulum. 

A  Bimilur  thread  is  attached  at  one  end  to  a  point  of  tlie  wire 
□eiir  the  buttoin  of  the  pole  fucea,  and  carried  out  fliniilariy  and 
made  fast  at  the  other  end  to  a  point  nearly  on  tlio  same  level 
in  the  Huspermiuo  thread  of  the  further  pendulum.  The  upper 
aod  lower  ends  of  ihe  wire,  w,  are  placed,  aa  shown,  in  mercury 
cups,  to  which  are  ulio  connected  tlie  electrodes  of  a  buttery,  by 
means  of  wliich  a  current  can  he  sent  through  the  wire  w,  and 
moBBured  bv  meana  of  a  galvanometer  in  the  circuit  A  scale, 
Sf,  i»  placed  a  little  behind  the  plane  of  tlie  threads,  bo  that  the 
poaition  of  a  point  in  encli,  on  the  same  level  near  their  lower 
endB.  eon  be  easily  read  off, 

Wlien  an  experiment  is  made,  the  aliding  pieces,  j7,,^p  are 
moved  towards  the  left  until  the  threads,  t^,  („  nrc  quile  slack, 
and  the  positions  of  each  thread  on  the  upper  and  lower  scslea 
are  read  off  aod  noted.  The  position  of  the  wire,  to,  when  I„  1^ 
ure  quite  slack  in  also  marked  at  the  upper  tind  lower  ends  of 
the  pole  feccB  or  elsewhere.  A  current  is  then  sent  through  the 
wire,  a,  in  such  a  direction  that  tlie  eleclromagnetic  force  acting 
on  it  moTBB  it  towards  the  left.  The  sliding  pieces,  o„p,,  are 
then  moved  towards  the  right  so  ns  tu  cause  ihe  peniiuliiiiia  to 
pull  the  wire  by  moans  of  the  thresda  t■^,  (g,  back  again  to  its 
Caloula-  initial  position.  When  the  upper  and  lower  ends  have  come 
tloD  of  hack  to  their  former  positiona,  the  electromagnetic  force  on  the 
Xlsctro-  wire  is  balanced  by  the  pulls  eierted  by  the  pendulunia.  Tha 
magnetlo  poaitjons  of  the  pendulum  threads  are  again  read  off  on  the 
Force.  upper  and  lower  bcbIob  and  noted,  with  the  strength  of  tli« 
current  flowing  in  in.  From  these  results  we  can  easily  calculate 
the  average  intensity  of  ibe  tield  at  the  place  ocoupied  by  the  wire, 
to.  For  let  W  be  the  moss  of  each  of  the  pendulum  bobs  in 
grammes,  d  the  distance  through  which  the  top  of  the  pendulum 
thread  has  been  carried  by  p|  to  the  riglit  of  the  point  of  the 
thread  opposite  to  the  lower  scale  Sj,  rf,  the  corresponding  dis- 
tance for  the  other  pendulum,/ the  vertical  diatance  between  the 
levels  of  the  lops  of  the  pendulum  threads  and  the  lower  scale 
measured  in  the  same  unite  as  d,,  r/,,  L  the  length  of  the 
opposed  pole  faces,  and  y  the  strength  at  the  current  in  CO, 8, 
units  (one-tenth  the  number  of  amperes).  The  downward  force 
in  dynee  on  each  of  the  msBBca  in  Wg,  where  g  ia  the  accelera- 
tion in  centimetres  per  second  per  second  (=981'4  in  latitude  of 
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pull  towards  the  left  o 

If  y  be  Uie  average  iuletiHit;  uf  llie  tielil  aloi 


I 


C.0.8. 1 
ire  get  the  equatiu 


e  I'ur  thia  pull  in  dynes  llg.    Hence 


+  dj  26'84     Experi- 


Jn  an  eipertmeiit  made  on  September  16, 1882,  with  a  sir 
arrangement,  /*'  waa  100  gramniBB,  i  100  centimetree,  C  li 
C.a.8.  uniu  of  current,  L  30  centimetrec    --^  -/  J- -»    -J 

_.  100x981-4    25-84 

W  ■  ■*"  30x188    •    100  ^**^^- 

Tlie  wire,  w,  should  not  be  bo  fleiible  ae  to  bend  perceptibly 
under  the  influence  of  the  forces  to  which  it  ia  subjected,  so 
that  the  value  of  /  found  may  be  nearly  enough  the  average 
value  of  the  intensity  along  a  atraight  line  in  the  space  between 
the  pole  tttceH. 

In'cuBea  in  which,  as  in  many  dynamo  inFichinea,  tiie  oppoaile 
pole  faces  uf  the  electromagnets  are  at  a  conaiderable  distance 
upnrt,  with  or  without  pieeea  of  aoft  iron  in  the  intennediate 
BpacCj.  it  ia  practically  useful  to  find  aimullaneously  the  magnetic 
lield  mteneity  along  two  lines  in  the  same  plane,  one  in  the 
vicinity  of  each  pole  face.  This  may  be  done  by  so  placing  the 
electromagneta  that  the  two  lines  along  which  the  field  is 
nieasared  are  in  a  horizontal  plane,  and  using,  instead  of  thu 
eiugle  wire  carrying  the  current,  a  rectangle  of  copper  wire  or 
strip,  of  which  the  opposite  sides  are  in  these  lines,  supported 
on  knife-edges  in  the  biaecting  line  parallel  to  the  pole  face  so 
that  it  can  turn  round  that  line  as  axis.  The  frame  should  be 
weighted  symmetrically  on  the  two  sides  of  the  line  of  knife- 
edges,  so  that  it  teats  with  just  enough  of  stability  in  the  huri- 
zoutal  position.  The  ends  of  the  wire  or  strip  forming  the 
rectangle  are  brought  out  one  above  the  other  at  one  of  the 
fcnife-edgea  willi  a  piece  of  insulating  material  between  them, 
^  and  bent  over  so  that  the  end  of  each  dips  into  a  mercury-cup 
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in  line  with  tho  knife-edges.  Tlio  electrodes  of  a  bntteiy  K 
coDtiBcted  to  tlie  mercury -cups  and  a  mensured  current  ie  Bent 
round  the  rectangle.  Since  the  pok'S  huve  oppunile  mugnetiima, 
the  electro msj^netio  action  cauaea  one  side  of  the  reciangle  to 
moTB  upwards,  the  other  Bide  to  more  downwards,  nnd  tliua 
turns  the  rectangle  round  the  knife-edgeB. 

Tho  moment  of  the  electromagnetic  forces  is  bnlanced  by  tlie 
action  of  weights,  which  maybe  riders  of  known  weight  made 
of  wire,  placed  on  the  sidaa  of  the  rectnngle,  which  is  thua 
brought  back  to  its  initial  ponition,  If  we  call  I  the  avera|;e 
intensity  of  Hie  tieldfl  along  the  two  sides  of  the  rectangle  in 
the  equilibrium  position,  and  G  the  current  strength,  both  ae 
before  measured  in  C.G-S.  units,  L  the  length  of  each  side,  and 
d  the  distance  between  them  in  centimetres,  the  moment  of  the 
electromagnetic  forces  round  the  knife-edges  is  ICLii.  The 
opposite  moment  resisting  the  motion  is,  if  only  one  weight  of 
V'  grammes  at  a  distance  of  d'  cms,  from  the  line  of  knife- 
edges  is  used,  ffffd'.     Bonce,  equating  these  moments,  we  get  ^ 

^     CLd <V 

from  wliioh  I  can  be  calculated.  If  more  than  one  weight,  IF, 
is  UBed,eacli  must  be  mnltinlied  by  its  distance  from  ihe  line  of 
knife-edges,  and  the  sum  of  the  products  multiplied  by  g  for  the 
equilibrating  moment. 

In  some  cases  it  may  be  convenient  to  use  more  than  one  turn 
of  wire  in  the  rectangle.  If  there  be  ft  turns,  each  of  length 
L,  nh  is  to  be  used  instead  of  L  in  the  formula  above. 

An  obvious  modificalion  of  this  arrangement,  which  may  be 
useful  in  some  cases,  is  a  rectangle  suspended  in  a  vertical 
plane,  and  kept  in  equilibrium  in  the  proper  position  when  no 
current  is  flowing  through  it,  by  means  of  a  bifilar  suspension, 
or  a  single  thread  or  thin  wire  under  torsion.  When  a  current 
is  sent  tlirough  the  frame,  it  is  deflected  round  a  vertical  axis 
by  tho  electromagnetic  action,  and  is  brought  hack  to  the  initial 
position  of  oquilibrium  by  means  of  two  pendulums^  tho  points 
of  suspension  ef  which  are  on  sliding  pieces  whith  can  ba 
moved  ulong  horizantal  pnrnllel  bars  hxed  above  at  right  nanglo 
to  the  plane  of  tlie  rectangle  when  in  the  equilibrium  position, 
and  in  the  same  vertical  planes  as  its  sides.  Each  pendulum 
cord  has  attached  to  it  a  thread  which  pulls  horiitontaily  at  the 
middle  of  one  aide  of  the  rectangle.  When  the  rectangle  ia 
deflected,  the  sliding  pieces  are  moved  in  opposite  directions,  ao 
that,  in  consequence  of  the  opposite  inclinations  of  the  pendu* 
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liims  to  the  vortical,  forces  reBtoring  eqiiilibriiiin  ate  npplieii  lo 
tlie  rectangle.  As  before,  we  Ijave  for  the  electromHgnelic 
couple  lyLd,  Supposing  the  two  points  of  euspeneion  of  the 
pendulnniB  to  be  on  one  level,  Rnd  tlie  points  of  ftttachnient  of 
the  pulling  threads  to  the  pendulum  cords  to  be  on  n  level  lower 
by  a  distance  of  /  cms.,  the  diatanceH  of  the  verticals  through  the 
points  of  suspension  from  the  correaponding  verticala  throiiph 
the  attaohmenta  of  the  tbrenda  to  the  pendulum  cords  to  be 
d-i,  dj  cms.  for  tliia  respective  pendulums,  and  9^  grammes  the 
mass  of  eaoh  hob,  we  have,  for  tlio  moment  of  the  equilibrating 
forces,  the  valua  ^^./(rf,  +  d^/l. 


Hence,  equoling  a 


e  get 


-yL- 


If  IL  is  the  same  for  both  sides  of  the  rectangle,  if,  and  i/^ 
will  be  eqiinl  ;  iiut  in  general  there  will  he  a  small  difference 
between  the  two  values. 

la  some  important  practical  cases  the  pole  faces  are  of  amall    McMore- 
urea  and  are  at  only  a  small  distnoee  apart.     If  there  is  room,  a     „„„[  of 
nmalt  rectangular  coil,  similar  to  lliat  of  a  siphon  recorder  (bcb    ElBctro- 
Fig.  152),  but  of  comparatifely  fow  turnaof  wire,  and  without  an    magTiBtic 
iron  core,  may  be  hung,  as  described  above,  between  the  polcp,   Couple  on 
with  its  plane  parnllel   to  the  lines  of  force,  by  a  hifilar  or  a     Coil  by 
tursion  thread  or  wire,  and  a  meuaured  current  sent  through  it.  ren.lulum, 
A  rigid  projecting  arm  fired  to  the  coil  at  the  middle  of  its 
upper  end  and  at  right  angles  to  tlie  plane  of  the  coil,  haa  rest- 
ing against  it  the  suspension  thread  of  a  pendulum,  attached  at 
its  upper  end  lo  a  nliaing  piece  movable  along  a  horizontal  bar 
carrying  a  millimetre  scale,  above  and  at  right  angles  to  Ihe 
projecting  arm  ;  and  by  this  means  the  coil  ia  brought  h»ck  to 
the  initial  position.     When  no  current  is  flowing  tJirongh  the 
coil,  the  thread  is  allowed  to  hang  vertically  just  touching  the 
bar  and  the  reading  on  the  scale  above  noted.   Let  the  diFFerence 
between  this  reading  and  that  obtained  when  the  pendulum  is 
deflected  be  ri,  and  let  I  be  the  vertical  heij^ht  of  the  point  of 
suspension   above   the  projecting   arm.     The  horiioiital   force 
exerted   by  the  pendulum  ia  Wf-'IJI,  and   the  moment   of  this 
round  the  vertical  axis  about  which  the  coil  turns  JF^JIl,  where 
r  is  the  distance  of  the  pendulum  thread  from  tlie  central  plane 
of  the  coil.     If  II  be  the  number  of  turns  in  the  coil,  b  cms.  its 
mean  breadth,  and  L  cms.  the  mean  length  of  eacb  side,  the 
VOL.  II.  Z  Z 
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moment   of  tlio  ulcctromngtictio   forces   is   nblLy.      We   hare, 
therefore, 


-nLyhl   ■ 


(4) 


This  method  h>a  frequently  been  used  for  the  deleniiinatian 
of  the  lUBKnotic  tietd-inteoslty  uf  tlie  inagneta  of  siphon  re- 
corders. Tlie  coil  hanging  in  its  place 
was  used  as  the  inenBuring  coil,  nnd 
when  no  current  was  flowing  through 
it,  was  kejit  hanging  vertically  in 
BtAblo     equilihrium     with     ite     plane 

SarHllol  to  the  lines  of  force  by  the 
ililar  throftds  attached  beneath  it. 
These  threads  were  kbpt  taut  and  hear- 
ing agninst  the  bridge  B  bv  the 
weights  W,  resting  an  a  plane  slightly 
inclined  to  the  vcrticol.  A  current 
from  one  or  two  cells  wns  then  sent 
ttirough  Lhe  coil,  and  the  difference  of 
potential  between  the  lerniinals  of  the 
coil  meoitured  by  means  of  a  potential 
galvuQometer.  The  thread  of  the  pen- 
dulum was  made  to  pull  against  the 
projecting  aluminium  arm  to  which 
the  siphon  is  attaclierl  as  shown  in 
the  figure,  HO  as  to  bring  the  coil  back 
to  the  initial  position.  The  value  of 
d  was  then  read  off,  and  that  of  C 
deduced  from  the  known  resistance  of 
the  coil  and  the  result  of  the  measure- 
ment with  the  galvanometer,  and  being 
substituted  with  the  valueR  of  the  other 
quantities  W,  h,  b,  &c.  in  (i),  gave  the 
value  of  /. 
Molhodby  I'''"  •i^'''  intensities  of  siphon  re- 
Damping  corders  have  sometimes  been  deter- 
of  Gail  mined  by  the  following  method,  which 
Oscillating  is  interesting  tlieoretically. 
'  in  Field.  Advantage  is  taiien  of  the  signal- 
coil,  which  constHta  of  a  rectangular 
coil  a  little  more  than  5  cms,  long  and 
2  cms.  broad,  made  of  thin  wire  and 
supported  by  a  silk  thread  above,  so 
us  to  hang  in  a  vertical  plane  round 
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a  rectangiilar  core  of  iron,  whicb  nearly  fills,  but  nowLere 
touchea,  tlie  coil.  To  the  lower  end  of  the  coil  two  aiik 
tlirends  are  ntl ached,  as  shown  in  Fig.  152,  and  lire  stretched 
aicaintit  a  briil^  J9  by  two  weights  reating  on  tlie  iiiclined 
plane  JF.  This  bifikr  arrangement  gives  a  directive  force, 
tending    to    bring    the   plane    of   the    coi!    into  "  '' 

with  that  of  the  biSlar  threada ;  bo  that  when 
liisturbed  from  that  position,  which  is  one  of  stable  equi- 
librioni,  and  then  left  to  itself,  it  will,  if  the  circuit  be  not 
cloned,  vibrate  about  the  position  of  equilibrium  with  a  determi- 
nate period  of  oscillation,  with  slowly  diminishing  range  until 
at  last  it  comes  to  rest.  But  if  the  circuit  be  closed  through  a 
high  resistance,  the  coil  will  oonie  more  rapidly  to  rest :  and  if 
we  gradually  diminish  this  resiatance,  deflecting  the  coil 
through  the  same  angle  and  noting  its  subsidence  at  each  diini- 
nutioD,  wo  shall  find  it  come  more  and  more  quickly  to  rest, 
Qntil  a  resistance  is  obtained  with  which  in  circuit  it  just  returns 
to  the  position  of  eauilibrium  without  passing  that  position. 
When  ihiB  resistance  nas  been  determined,  the  strength  of  the 
Seld  can  be  calculated. 

Let  6  be  the  deflection  of  the  coil  from  the  position  of  equi- 
librium Bt  time  /.  and  T  its  period  of  OBcillation  when  tiie  circuit 
ia  notcloi^ed.  We  have  then,  neglecting  the  rtiaistance  of  the 
air  and  other  disturbances,  for  the  equation  of  motion. 


Critical 
Resistance 
of  Coil 


d^d      4n-»  ^ 


dfl 


+  ^c=o. 


(5) 


I 


Let  now  the  circuit  of  the  coil  be  closed ;  a  retarding  force   Theory  of 

e  partly  to  air-resistance,  but  in  the  main  to  the  current    Method 

'  induced  in  the  wire,  and,  if  the  eSect  of  self-induction  be 

neglected,   proportional  to  the  angular   velocity,  will    act   on 

the  coil;  and  the  equation  of  motion  for  this  case  will  he  of 

the  form 


do 


de  ,   4ir\ 


+  *.7  + 


di^  y 


6=0  . 


(6} 


For  let  /  he  the  mean  intensity  of  tlie  magnetic  field  over  the 
space  occupied  bj  the  coil  at  time  t,  L  the  inductance  of  the 

lit  for  that  position  of  the  coil,  R  the  total  resiBtance  in  the 

a  vertical  axis 


circuit  for 


n  of  the  coil,  R  the  total  n 
a  of  the  coil  rr 
passing  through  its  centre,  I  the  effective  length  of  v 
coil  (that  is,  the  lengtL  of  wire  in  its  two  vertical  sides),  and  b 
n  half-breadth  of  the  coil.  If  we  call  N  the  number  of 
z  z  2 


lines  fit  tone 
strength  of  tin 
linve  plainly 
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vhicli  pass  tlirotigh  lbs  coil  at  titno  (,  nod  y  tlie 
induceil  current  ia  tlie  coil  at  Hint  instnnt,  we 


The  rate  at  whicli  N  incrcaaaa  per  unit  of  time  is  therefore 


aad  if  S  be  amall,  end  /  be  therefore  auppasei]  the  gome 
every  position  of  the  coil,  we  have  approximately 


1 


:ive  force  dut 
by  Ohm'a 


to  the  inductive 
law  given  by  the 


V= 


H  di' 


Hdt 


(h)- 


tt  was  naaiimed  that  the  serond  term  of  thin  expression  fory 
would  prove  negligible  in  comparison  with  the  tiral ;  and  this 
assumption  was  ao  far  justified  by  the  reeulta  of  the  esperi- 
mentH,  which  agreed  fairly  well  with  resulto  obtained,  fur  other 
instruments  of  tlie  aame  pattern,  by  a  modification  of  the  second 
method  described  balow. 

The  couple  due  to  the  action  of  the  field  on  the  current 
ia  blly;  and  therefore,  on  the  aiipposition  of  negligible  self- 
induction,  the  retardation  of  the  angular  velocity  of  the  coil  kt 
time  ( ia 

'dt"   fiR   dt' 


Hence  (6)beooi 


iiU    dt  ^ 


5  =  0. 


The  motion  represented  by  this  differential  eijuation  will  ,. 
oscillatory  or  non-oscillatory,  accordinfc  as  the  roots  of  thi 
auxiliiry  quadratic  are  imaginary  or  real — that  ia,  according  as 
AirIT  >  or  <4'  /'  PlfiR.  Hence,  if  R  be  the  critical  resistance 
St  wbich  the  motion  just  ceases  to  be  oscillatory,  we  hava 


I 


i'  = 
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When  I  and  b  fire  oipresaed  in  ceotimelreB,  ^  in  grBinines 
and  centime trea,  T  in  seconds,  and  R  in  cmH.  per  second,  7  is 
f^iven  by  tliia  equation  ill  abeolute  C.U.S.  nnita  of  magnetic  fiold 
intensity. 

Tbe  method  of  experimenting  consisted  in  first  finding  the 
valoe  of  T,  tbe  free  period  of  vibration  of  the  coil  with  ita 
circuit  uncompleted,  than  finding  the  resistance  wbicli,  being 
placed  in  circuit  with  the  coil,  jnst  brought  tlie  needle  to  rest 
.  without  oscillation.  This  resistance  was  conveniently  obtained 
by  means  of  a  resisUnce-box  included  in  the  circuit,  and  therefore 
lidded  no  a  elf- inductance  to  that  in  tlie  coil.  An  aluminium  nrra 
attached  to  the  coil,  and  carrying  the  siphon,  served  dh  an  index 
to  render  tiie  motions  of  the  coil  visible.  The  resistance  if  was 
first  made  much  too  great,  so  as  to  give  a  slow  subsidence,  then 
gradually  diminished  until  tbe  ralue  which  just  prevented  oscil- 
ralion  was  reuched;  and  it  was  found  that  this  value  could  he 
determined  easily  within  50  ohms,  and  with  great  care,  to  20 
ohms,  As  the  experiments  on  the  recorders  had  to  be  made 
somewhat  hurriedly,  and  disturbances  generally  were  neg- 
lected, and,  further,  as  ft  was  tnken  us  equal  to  If^,  where  W  is 
the  moss  of  tbe  coil,  tbe  results  could  not  be  taken  as  giving 
more  than  a  rough  approximation  to/:  but  those  for  two  in- 
struments are  given  below  in  illnstralion  of  the  method.  For 
both  instruments  the  values  of  W,  i,  and  6  were  the  same,  and 
were  respectively  taken  as  3'343  grammes,  3338  cms.,  and  '95  cm. 
Each  coll  had  a  mean  vertical  length  of  5-3  cm.,  a  mean  breadth 
of  1'9  cm.,  and  contained  4572  metres  of  fine  wire  arranged  in 
290  turns,  end  bad  a  resistance  of  about  501}  obma. 


Mode  of 
menting. 


T. 


0) 
(2) 


R 
3330  X  10^  c: 
3S30  X  10" 


;.  5150  C.G.S. 
6120     „ 


Resnlte  of 

ActUHl 

Ex  peri - 


This  method  is  obviously  applicable 
1   be  suspended  by  o 


arrangement  so  as  ti 


,bie  free  period  of  vibration.* 


'  Tbe  method  Junt  described  E'ves  (theoretii^ally)  n  means  of  deter- 
mining the  ohm.  For  Buppose  the  coil  hung  in  a  sufBoiently  iotenae 
and  unirorm  field,  the  intensity  of  which  has  been  meaaured  by 
anothel  method,  aud  the  decrement  of  the  uacillatary  motion  produced 
by  the  induction  obserred.    Then  the  redstenco  could  be  calculated. 


Uethod  b; 
Induced 
Carrenta, 
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The  following  method,  which  has  been  frequently 
used  in  the  Physical  Laboratory  of  the  University  of 
Glasgow,  is  very  convenient  and  useful  in  many  cases. 
It  consists  in  exploring  the  magnetic  field  by  meaDS  of 
the  induced  current  in  a  wire  moved  quickly  across  the 
lines  of  force  over  a  definite  area  in  the  field.  The  wire 
is  in  circuit  with  a  reflecting  "  ballistic  "  galvanometer 
— that  is,  a  galvanometer  the  system  of  needles  of 
which  has  so  great  a  moment  of  inertia  that  the  whole 
induced  current  due  to  the  motion  of  the  wire  has 
passed  through  the  coil  before  the  needle  has  been 
sensibly  deflected,  The  deflection  thus  obtained  is 
noted,  and  compared  vfith  the  deflection  obtained  when, 
with  the  same  or  a  smaller  resistance  in  circuit,  a 
portion  of  the  conductor  is  made  to  sweep  across  the 
lines  of  force  over  a  definite  area  of  a  uniform  field  of 
known  intensity,  such  as  that  of  the  earth  or  its  hori- 
zontal or  vertical  component. 

In  performing  the  experiments,  it  is  necessary  to  take 
precautious  to  prevent  any  action  except  that  between 
the  definite  area  of  the  field  selected  and  the  wire 
cutting  its  lines  of  force.  For  this  purpose  the  conduct- 
ing-wire,  which  is  covered  with  insulating  material,  is 
bent  so  as  to  form  three  sides  of  a  rectangle,  the  middle 
one  of  which  is  of  the  length  of  the  portion  of  field  to 
be  swept  over.  This  side  is  placed  along  one  side  of 
the  space  over  which  it  is  about  to  be  moved  so  that 
the  connecting  wires  lie  along  the  ends  of  the  space; 
and  the  open  rectangle  is  then  moved  in  the  direction 
of  its  two  sides  until  the  opposite  side  of  the  space  is 
reached.     The  connecting  wires  thus  do  not  cut  the 


I 
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I  lines  of  force,  and  the  induced  current  is  wholly  due  to 
the  closed  end  of  the  rectangle. 

Instead  of  a  single  wire  cutting  the  lines  of  force,  a  s 
coil  of  proper  dimensions  (for  many  purposes  conveni- 
ently of  rectangular  shape),  the  mean  area  of  which  is 
exactly  known,  rany  be  suspended  in  the  field  with  its 
plane  parallel  to  the  lines  of  force,  and  turned  quickly 
round  through  a  measured  angle  of  convenient  amount 
not  exceeding  90° ;  or  it  may  be  suspended  with  its 
plane  at  right  angles  to  the  lines  of  force  and  turned 
through  an  angle  of  180°.  If  n  be  the  numher  of 
turns,  A  their  mean  area,  and  /  the  mean  intensity  of 
the  field  over  the  area  swept  over  in  each  case,  then,  in 
the  first  case,  if  0  be  the  angle  turned  through,  the 
area  swept  over  is  nAsiaS  and  the  number  of  lines 
cut  is  nlABiud;  ia  the  second,  the  area  is  2nA, 
and  the  number  of  lines  cut  is  InlA. 


In  order  that  with  the  feeble  intensity  of  the  enrth's  field  a 
salliciently  great  deflection  for  comparison  ni:iy  be  obtained,  it 
in  necessiiry  thnt  n.  relatively  large  Hren  of  the  field  ahould  be 
awept  over  hy  the  conduotor.  One  convenient  way  ia  to  mount 
on  tninniona  a  coil  of  moricrfttely  fine  wire  of  a,  conBiderahle 
number  of  turns  wound  round  a  ring  of  large  radiua,  like  iho 
coil  of  a  stntirlard  tangent  galvanometer,  and  arrnnged  with 
■tops  so  that  it  can  bo  turned  quickly  round  a  horizontal  axis 
through  an  exact  half-turn,  from  s  poaition  in  which  its  plane 
is  eaactly  at  r'yg'ai  angflea  to  the  dip.  Tliia  coil,  if  the  balliatic 
galvanometer  is  aensitive  enough,  may  alwayi 
circuit.  The  change  in  the  number  of  lines  of  force  pasaio^ 
through  the  coil  in  the  aame  direction  relatively  to  the  coil, 
produced  by  the  half-tum,  ia  plainly  equal  to  twice  as  many 
times  the  area  of  the  turn  of  mean  area  us  there  are  turns  in 
the  coil  (the  effective  area  swept  over}  multiplied  by  tlie  total 
intensity  of  the  earth's  magnetic  force  at  the  place  of  esperi- 
menl.  Or,  ami  preferably  when  the  horiiontal  conipo  '  ' 
the   earth's   magnetic   force    has    been   delermined  by 


"Ttnnejre" 

Earlli 
luducUrr. 


taent,  the  coil  may  be  pkced  in  an  east  and  w««t  (iiii^etie) 
vertical  plane,  and  turned  tlirnuKli  an  eiact  lialf-tuni.  Tbo 
inai^netic  field  intenaltj'  by  which  the  cSective  awn  is  to  be 
multiplied  U  in  this  c^ua  the  value  ol  H* 

A  aufficiently  large  area  of  tlie  earth's  field  for  cunipariaon 
may,  in  acme  CBHOa,  be  ohtained  very  readily  by  carrying  the 
wire  along  a  rod  of  wood,  any  two  or  three  metres  IoHk,  and 
RUitpeniling  tliia  rml  in  a  horizontal  position  by  tbu  continua- 
tinna  of  the  conductor  at  its  enda  from  two  fixed  BUp|iarta  in  n 
lioriKontal  line  at  n  distuncn  apart  equal  to  the  length  of  the 
rtnl,  and  securing  the  rcmuining  wlrea  in  circuit  su  that  tliey 
may  not  cause  iliaturhanco  by  thoir  uccidontal  motion.  Tho 
rod  will  thua  be  free  to  awing  lik'i  a  pendulum  bv  the  two 
aunpending  wires.  The  pendulum  Ilius  made  is  xfowly  de< 
tli'cleil  from  the  vertical  until  it  rests  against  stops  arranged 
to  limit  iu  motion.  When  tho  needin  is  at  xoro,  tlic  rod  ia 
rjiiickly  thrown  to  the  other  side  against  similar  etopa  there, 
and  caught.  The  straight  conductor  thus  sweeps  over  an  area 
of  the  vertical  coinpuiient  of  the  earth's  field  equal  to  the 
product  uf  the  length  uf  the  rod  into  the  horizontal  dietance 
hRtween  tho  two  pusitiuus  uf  the  conductor  at  tlie  citretnities 
of  its  swing.  Tht)  rod  may  be  placed  at  any  aziuiutb,  aa  the 
suspending  purlioUH  uf  tliu  conductiir  in  circuit,  moving  in 
vertical  planes,  can  cut  only  the  horizontal  lines  of  force  ;  and 
thp  Induced  currents  thuH  produced  huve  oj'poslte  directiona 
and  neulraliiie  one  another. 


uiSf  ■  "^''^  calculation  of  the  results  is  very  simple.  By 
Induced  the  theory  of  the  ballistic  galvanometer.-f  if  j  be  the 
»**"*"  whole  quantity  of  electricity  which  passes  through  the 
circuit,  and  if  d  be  tlie  angle  through  which  the  needle 
lias  been  deflected,  or  the  "  throw,"  we  have,  neglecting 
air  resistance,  &c.. 


■-J' 


/«ff  .  e 


(9) 


*  The  method  ofredufiingreaultaafohscrvatiaQS  toabiolalei 
by  mean*  of  an  earth  inductor  was  used  by  I'rofcwor  H.   A.   l{ow]uid__ 
in  his  eiprimfutt  on  the  innKni>tia  pertDcabilily  of  iroii,  ateel,  H 
nickol.— PftiJ.  il/iV:  vol,  48,  1873. 

i  Seep,  aul  above. 


^-hJ 


>^, 


(10) 


BALLISTIC  METHOD  FOK  FIELD-INTENSITY 

PVtere  /*  is  the  moment  of  inertia  of  the  needle  and 
attachments,  m  tlie  magnetic  nioinent  of  the  needle,  H 
the  earth's  horizontal  magnetic  force,  aad  G  the  constant 
of  the  galvanometer.     If  9  be  small,  as  it  generally  has 

(been  in  these  experiments,  we  have 
&nd  the  quantities  of  electricity  produced  by  sweeping 
over    two    areas,    A    and    A',    are    directly    as    the 
de  Sec  lions. 

Let  A  be  the  total  area  swept  over  in  the  field  or 
portion  of  field  the  mean  intensity  /  of  which  is  being 
measured.  A'  and  J'  the  same  quantities  for  the  known 
field,  Ji,  R'  the  respective  total  resistances  in  circuit, 
q,  q'  the  quantifies  of  electricity  generated  in  the  two 
cases,  0,  d'  the  corresponding  deflections  supposed  both 

tamall ;  we  have 
Al      1      l~ijiU. 


and  therefore 


'  i! 


■3V" 


■itK, 


(11) 


If  convenient,  B  and  Q'  may  be  taken  as  proportional 
to  the  number  of  divisions  of  the  scale  traversed  by  the 
spot  of  light  in  the  two  cases. 

r 
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resistance,  &o.,  in  diminishing  the  deflection  will  be 
nearly  eliminated  if  E  and  R  be  chosen  so  that  0  and 
0'  are  nearly  equal. 
5k>lenoid        The  following  method  of  reducing  ballistic  observa- 
Re^dnff  ^^^^^  ^^  absolute  measure  is  very  convenient  when  an 
Bmlliatic    earth  inductor  is  not  available.     A  short  induction  coil 
Absolute    wound  round  the  centre  of  an   ordinary  magnetizing 
Measure.    jj^Ux,    whose    length    is    great    compared    with     its 
diameter,  is  kept  in  circuit  with  the  galvanometer.     A 
measured  current  is  sent  through  the  wire  of  the  helix, 
and  when  the  needle  is  at  rest  the  circuit  of  the  helix 
is  broken,  and  the  galvanometer  deflection  read  off.     If 
iV  be  the  number  of  turns  of  wire  per  cm.  on  the  helix, 
7   the   current   in   electromagnetic   C.G.S.   units,  the 
magnetic    force    within   it    is    4t7rXy    parallel  to  the 
axis ;  and  if  A'  be  the  proper  mean  area  of  the  cross- 
section  of  the  helix,  and  n  the  number  of  turns  in  the 
induction  coil,  the  number  of  lines    (unit   tubes)    of 
force  passing  out  of  the  galvanometer  circuit  when  the 
current   is   stopped  is   4nrNriA*y,     [See  (75)  p.   284, 
above.]      Hence    i?   denoting   the  total  resistance   in 
circuit,  the  total  quantity  q   of  electricity  generated  is 
4iTrNn'A'yjR'  and  instead  of  (11)  we  get 

/  =  47rAV7  -jj^    ....     (12) 


IDEAL  MAGNETIC  DISTBIBUTION 


The  ballistic  method  of  investigation  was  also  iiaeil 
I  by  Prof.  H.  A.  Rowland*  for  the  determination  of  that 
I  ideal  surface  distribution  of  magnetism  on  magnets 
t  which,  as  shown  by  Gauss,  may  be  supposed  to  replace 
I  the  actual  distribution  so  far  as  the  production  of  the 
f  external  field  is  concerned. 


DUtri- 
bation. 
BalltBlic 
Methnd  of 


¥ 


That  such  n  djalributioii  ia  possible  And  detemiimte  is  oLvioiiB 
from  tlie  elnctric  analogue.  Consiiler  a  distTibution  of  electric 
potential  corresponding  precisely  to  the  given  one  of  magnetic 
potential,  and  produced  by  a  volume  diHtribution  of  equal 
qnantilies  of  positive  and  negative  electricity,  corresponding 
in  position  to  Ibe  magnet.  Tliis  is  obviously  possible.  Then 
suppose  a  tliin  conducting  surfsce  to  be  placed  round  the 
electric  distribution,  corresponding  exactly  to  the  surface  of 
the  magnet,  and  connected  to  the  earth.  The  patential  at 
Mternnj  points  is  thereby  reduced  to  zero.  Thus  the  induced 
distribution  produces  a  distribution  of  potential  equal  and 
opposite  to  that  due  to  the  electric  system  within  the  shell,  and 
therefore  if  reversed  would  produce  preclpely  tlie  same  distri- 
bution of  potential  as  the  latter  does.  The  total  amount  of 
this  induced  distribution  is  equal  and  opposite  to  that  in  tbe 
internal  syatein,  and  the  distribution  is,  as  we  have  seen  in  vol.  J., 
uniquely  determinate.  Hence  translating  back  to  tlie  magnetic 
case,  it  is  clear  that  a  distribution  of  magnetism  over  the 
surface  of  the  magnet  may  lie  supposed  (o  exiNt  and  produce 
the  externa]  field,  and  may  be  made  the  subJecC  of  experi- 
mental researeh. 

When  found  it  expresses  the  mode  in  which  the  lines  of  in- 
duction enter  or  leave  the  surface  of  the  magnet ;  but  it  is  not 
to  be  taken  aa  having  a  real  existence. 


Ideal     ■ 

Surface 

Distri- 
bution on 
a  Magnet. 


•  FMI.  Mng.  vol.  i.,  18J5. 
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RowlAnd*8 

Method  of 

Expori- 

menting. 


Dotermi- 

iiation 

of  Pole- 

Strength 
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Theory  of 
Method. 


Rowland  used  a  thin  ring  of  wire  made  just  large 
enough  to  pass  round  the  magnet  experimented  on, 
and  placed  in  circuit  with  a  ballistic  galvanometer.  It 
was  then,  while  encircling  the  magnet  and  held  with 
its  plane  at  right  angles  to  the  axis  of  the  magnet, 
slided  quickly  along  the  magnet  through  each  of  a 
succession  of  equal  short  distances,  and  the  deflection 
of  the  needle  noted  for  each  motion.  The  deflections 
thus  obtained  gave  for  their  magnets  an  approximate 
estimate  of  the  density  at  diflerent  points  along  the 
magnet,  of  the  ideal  surface  distribution,  and  the  results 
were  reduced  to  absolute  measure  by  means  oi  an 
earth  inductor. 

This  method  with  any  convenient  method  of  reduc- 
tion of  results  to  absolute  measure  (for  example,  the 
helix  arrangement  just  described)  gives  a  very  ready 
means  of  estimating  with  much  exactness  the  total 
quantity  of  magnetism  according  to  the  ideal  distribu- 
tion in  one  pole  or  one  end  of  a  magnet,  whether  of 
bar,  horse-shoe,  or  other  shape.  The  ring,  which  for 
the  present  purpose  may  be  larger,  and  thick  enough 
to  contain  any  convenient  number  of  turns,  is  placed 
at  the  central  or  nearly  neutral  region  of  the  magnet 
and  then  quickly  pulled  off  and  away  from  the  magnet, 
and  the  galvanometer  deflection,  0,  noted.  A  measured 
current  is  then  sent  through  the  helix,  and  the  de- 
flection 6\  produced  by  suddenly  opening  the  circuit 
of  the  helix,  also  observed. 

Let  n  be  the  number  of  turns  in  the  ring  of  wire,  ^ 
the  total  quantity  in  C.G.S.  units  of  magnetism  in  the 
portion  of  the  magnet  swept  over,  then  the  number  of 
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lines  of  induction  cut  through  by  each  turn  of  wire  in 
the  ring  is  i-n-if),  and  if  li  be  the  total  resistance  in 
circuit,  the  total  quantity  of  electricity  generated  is 
iirn^jR.     We  have  therefore 


and  for  the  helix  we  get  from  the  calculation  above 


I  By  division  we  find 


l>  =  NA'y  - 


(13) 


L  and  if  the  deflections  are  small  angles 


(13') 


This  equation  is  of  course  also  applicable  to  the  re-     Caleu- 
duction  to  absolute  measure  of  the  results  of  deter-  D'|,rity'*ot 
minations  of  magnetic  distribution  made  by  the  ballistic  '''"1  Pi»- 
method.     The  value  of  <p  deduced  for  each  deflection 
divided  by  the  area  of  the  correspondingly  small  portion 
of  the  magnet  is  approximately  the  surface   density 
of  the  ideal  distribution,  the  distribution  on  the  end 

V 


If  Total 
JIngautic 
Indoetioti. 


KIAGNETIO  MBASUBEMENTS 

The  ballistic  method  has  been  used  by  Bowlu 
Thoraaon,  Hopkinsoii,  Ewiiig,  and  others  for  the  in- 
vestigation of  the  magnetic  properties  of  iron.  We 
give  here  some  examples  of  its  use  for  the  determina- 
tion of  total  magnetic  induction  in  a  specimen  of  iron. 
Let  for  example  the  specimen  tested  be  an  iron  rod  or 
wire  magnetized  by  a  helix  of  wire  in  which  a  current 
flows.  An  induction  coil  of  a  suitable  number  of  turns 
encircles  the  magnetizing  coil  midway  between  the 
ends,  and  is  in  circuit  with  a  ballistic  galvanometer. 
If  tbe  magnetizing  current  be  altered  there  will  in 
general  be  a  change  of  magnetic  induction.  An  in- 
duced current  is  thereby  made  to  flow  in  the  ballistic 
galvanometer  circuit,  the  corresponding  deflection  is 
observed,  and  the  change  of  induction  calculated  from 
its  amount.  Thus  if  B  be  the  angular  deflection  cor- 
rected if  necessary  for  damping  (see  pp,  394,  486  above) 
and  n  he  the  number  of  turns  in  tbe  induction  coil, 
the  total  induction  through  each  turn  is  given  by  the 
equation 

ST  .    0 


'U^- 


It 


TTff" 


dB  =  '- 


The  determination  of  If,  T,  and  G  may  be  avoided 
by  the  use  of  an  earth-inductor  or  belix  as  already 
described :  so  that 


_4TrNn'A'y_HT  .    ff 
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'/B  =  47riV^'7- 


By  beginLine  from  zero  current  and  increasing  the  .?"  ''^'"', 
,  T.  .  ■  1      ■  ,^      .-  Wsttod  of 

current  by  small  steps  observing  the  increment  tiQ  ot     DoUr- 

induction  at  each,  the  total  induction  at  any  stage  can   jJJ^°fj 

be   obtained  by  addition  of  the  previous  increments,  Itiductioa. 
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from  zero.  The  results  can  be  represented  in  a  curve, 
.  with  inductions  as  ordinates  and  strengths  of  magnet- 
,  izing  current  as  abscissie.  The  abscissa  will  thus 
f  (with  a  certain  correction  specified  below)  be  propor- 
[  tional  to  the  values  of  H,  the  intensity  of  the  magnet- 
L  iaing  field  at  any  point,  for  the  different  strengths  of 
,  current.     Such  a  curve  is  shown  in  Fig,  153, 
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Amngs-  Tl)e  (general  arrangement  of  appnratuB  for  bKllintio  expcri* 

mant  of  ments  is  stioun  in  Fip,  164,  which  in  taken  from  a  paper  by  Dr. 

Appantna  j  Hopkinaon  on  the  Magnetization  of  Iron.*   A  magnotixing  coil 

-  ,,*?'.  0,  C,  HUrroundB  a  rod  of  iron  shown  as  B,  Ii\  in  Fig.   156.     In 

&tii«ri°  «'■■«"'*  w'">  CC  is  a  battery  ff  the  current  from  which  can  he 

DiBUta.*  ^*''*i  ^7  tl**  liquid  rheostat,  F,  and  measured  by  tlio  cnrrenl- 
meter  O.    Tlie  magnetizing  coil  is  in  two  halves  and  between 


them  surrounding  the  hnr  ih  n  Bmall  indnction  coil  D,  which  is 
in  circuit  with  the  batliHtic  gnlvanomctcr  <•',  through  a  proper 
key.  }[  is  a  simple  make  and  break  arrangoment,  K  a  current 
reverser.  At  M  additional  resiiitBiice  can  he  placed  in  the  bal- 
listic circuit,  and  at  N  the  galvanometer  can  bo  shunted. 


•  Phil.  Tratu.  li.  S.,  Part  II.,  183S. 


(fpoaitive  value,  perimeiits. 


INDUCTION 

By  Buoh  Rn  ftrrnngement  it  is  poasible  to  put  the  magnetiziiiff    Hopkii 

eurrent  through  any  aeriea  of  change b,  for  examp]-  "-  ' ''    '"-'"' 

by  aid  of  the  rheostat  from  zero  to  ntiy  requireff  ] 
graiiuftUy  diminish  it  again  to  zero,  then  reverse  xne  current, 
(gradually  increaee  its  negative  valuo  and  finally  diminisli  it 
again  to  zero. 

The  arranKBment  Ijere  figured  rn:iy  of  eouree  be  varied  lu 
Buit  as V  particular  uaoe.  In  l)r.  HopkiDHOo'B  experimentfl  the 
bar  B,  'B",  was  in  two  halves,  of  which  one  B  could  be  suddenly 
withdrawn  by  the  handle  shown  in  Fig,  165.  Wlien  this  was 
[  done  the  current  in  the  magnetizing  circuit  was  aimuitaneously 
I  broken  and  the  coil  D,  which  was  iitliiched  to  a  spring,  was 
pulled  suddenly  out  of  the  field.    Thus  at  any  time  a  reading 


I 


Fio,  15G, 


Ieould  be  obtained  for  the  whole  induction  in  the  cull ;  and  the 
procedure  adopted  was  to  subject  the  bur  to  successive  a peoified 
eories  of  changes  of  magnetizing  force,  and  test  the  final  state 
of  the  bar  in  the  manner  just  indicated.  A  correction  was  made 
for  the  escess  of  induction  due  to  the  fact  that  the  area  of  the 
induction  coil  was  greater  than  that  of  cross'section  of  the  bar. 
This  correction  was  found  by  subatituting  a  rod  of  copper  and 
I  ft  rod  of  wood  for  the  iron,  and  meaanring  the  induction  with  a 

■] .  nijig  magnetizing  force  applied. 

ar  had  its  ends  embedded  in  a  mass  of  soft  iron,  A,  A, 
in  of  which  will  be  diacusaed  presently.  Some  of  the 
II.  3  A 
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Srincipal  rsBulU  of  lli 
,.  731). 

In  genera)  tliere  ia  mcliided 
duction  coil  u  certain  purt  uve 
iron,  namely,  the  part  of  tlie 
the  iron  iind  the  coil,_  or  in  the 
wire.  Ab  a  rule  this  will  he 
the  magnetizing  coil,  and  i 
coil   undi 


experiments  will   bo   fonnd    below 


n  the  induction  ihruiiKh  the  iu- 
nrd  above  the  induction  in  thy 
nduotion  whii.'h  passes  hetwveo 

Sace  occupied  by  llie  laycrn  of 
iftht  if  the   iron   nonrly    filN 
might  he  nvoided  by   winding 
the    magnetizing    coil,    ond  cIob« 


tbiHi 


rSamag- 

F  MtiziDg 

J   Prolate 
KjnilpBoid 


round  the  iro 
at  any  time  to  v 

or  suddenly  to  slip  the  msgnetizing  coil  co 
renders  the  outside  position  of  the  indue 
more  convenient.  The  correction  amounls  to  (A'  ~  A)B,  if  A' 
be  the  mean  areii  of  cross-section  of  the  magnetizing  cuil.  .if  thnt 
of  the  iron,  and  H  tlie  field  intensity  produced  within  tlie  coil 
by  the  current.  Thus  if  B  denote  the  integral  indnctioii 
fBiiS]  through  ench  turn  of  the   induction  coil,  the   pnrt  of 

I  which  exisU  in  the  iron  is  B  -  M'  -  J)K. 
We  linve  here  supposed  H  to  be  constant,  but  this  will  not  be 

Enictically  the  case  unless  the  specimen  be  a  very  long  straight 
ar  magnetized  hy  a  long  helix.  In  this  cuse  at  points  within 
the  helix  at  n  considerable  distance  from  the  endii,  the  vftlne  of 
tlie  part  of  H  due  to  the  current  inny,  as  we  have  seen  abovo 
(p.  x61),  be  taken  as  constant  and  equal  lo  4irny,  wlieri*  n  in 
the  number  of  turns  of  wire  pet  unit  of  length  on  the  helix. 
If  necessary  the  eniln  of  the  helix  can  be  taken  into  ai^couui  as 
shown  at  p.  260-  There  remains  however  even  when  this  part 
of  H  >B  constant  from  point  to  point  an  allowance  lo  be  made 
for  the  magnetic  force  pioduced  by  the  magnetization  of  th« 
iron  itself.  This  amounts  in  a  long  bur  unifunnly  miignetiKed 
simply  to  a  correction  for  the  ends,  and  is  a  demagnetizing 
force,  or  forae  opposed  to  the  other  part  of  H.  In  short  we 
have  if  H  be  the  field  intensity  el  any  point 

H  =  H,  +  H, 
where  Hj  is  due  to  the  current  and  S.-  to  the  mngnetiziition  of 
the  iron.    Also 

H  =  4,r"y  +  H',  +  Hj (!«) 

where  H*!  denotes  the  elTect  of  the  ends  of  the  helix,  and  ie 
very  small  in  general, 

To  finda  superior  limit  for  H,  lor  a  long  hnr  wo  may  coDsider 
the   hnr   as  a  very   prolate  el lipsuid.     Then  by  (100),  (i,  64,  wft 


INDUCTtON 

!  for  llie   field    intensity   witbin   the   bar   due   i 
L  miignetiziitiuii  suppnsed  unifann  and  of  intensity  I 


1  wbera  L  hfts  the  value  given  in  (101),  p.  54.     If  (B  -H)/4ir  b 
I  pat  for  I, 


I 


-i.» 


(18-) 


Viilnes  of  I  am)  L/iir  calculated  from  the  expreesion  (lOl)  Tabic 

have  been  given  bj  Prof.  Ewing  for  different  ratios  of  length  forCalcu- 

of  bar  to  diameter  of  oro 8a -section,  that  is  differeot  values  of  l*'i<""  °l 

1/ Vl-9»,  wbereaia  the  eccentricity  of  the  ellipHoid.     These  are  n^tj^g 

given  in  the  following  table,  with  an  additional  number  for  the  pgrce  m 

nitio  1000,  Ellipwid. 


netumg 

Sphere  oc 
Disk. 


50 

■01817 

■001  «6 

100 

•00540 

■000430 

200 

■00157 

■000125 

300 

■00075 

■000060 

400 

■00045 

■000037 

600 

■00030 

■000024 

lOOO 

■000089 

■000007 

0  compare  these  values  of  the  coefGcient  L 
■with  tlie  correBpondiog  quantities  for  a  uniformly  ningnelized 
■   sphere  or  ii  very  oblate  ellipsoid  of  revolution,  n  disk  in  fact. 
-^     ■■  e  sphere  the  value  {p.  55)  ia  J?r,  for  tiie  disk  4n-. 


Rulio  ol 

nctuing 

ProUte 
Ellipsoid : 
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Tbe  ratio  of  tlic  iiingnelizing  force  H  actiiallj 
point  where  the  magnetization  io  of  intensity 
netizing  fori-e  H|  applied  by  tlie  cnil  is 


if  n  be  (he  ningnetic  BUsceptiWIily,     Thii 


exialin^  at  •i^™' 


If  It  be,  aBy,S00and  the  length  be  100  times  t)ie  diameter,  the 
'alue  '09540  nf  I,  derived  from  the  above  tiible  gives 


or  the  demBgnetizing  foroe  ia  about  ^  that  applied  by  the 
coil. 

For  tiie  ratio  500  and  1000  of  length  to  diameter  the  values 

of  H/Hj  are  respectively  1-314,  l-044fi.    The  Uemagnetizing 

force  in  in  the  former  caHe  equal  to  about  §,  andlin  tlio  latter 

uboiit  "046  of  the  magnetizing  force  actually  operative. 

ihiosl        The  values  of  the  induction  thus  found   for   different  field 

tiioi      intenaities   applied   by    the   current    therefore    correspond ,  to 

if  amaller  magnetizing  forces  than  those  directly  calculated  from 

I  *^"S?'">8  the  uurrent,  in  tlie  ratio  of  H,/(H,+Hj)-     In  the  graphical 

1    V»  ?***    rcpreaenlation  of  the  reaulta  of  experimentH  this  can  be  corrected 

cf  Enda  of  f^^  ^^^y  ^^ly  hy  tUamug  a  line  OJ"  (Fig.  Ifi7)  inclined  to  the 

I   J*)ng  Bar,  i^jj  ^j  ^^^^   ^^j^  ^j  qjt  ^^    ^^  ^^^j^  rOP^Un-'  [L/iir)  and 

meaauring  the  vnltiea  of  Hi  from  tliia  line,  instead  of  form   OF. 


Forv, 


=  H, 


/.I  =  I 


''^ 


(20) 


nearly,  that  ia  any  induction  B  currespouda  to  an  operative 
magne  tiding  force  less  than  Hi  by  the  fraction  /./4n'  of  S,  By 
the  conatruction  given  therefore  the  points  in  the  curve  are  laid 
down  at  onue  in  their  correct  poaitiona. 

The  condition  of  endlesanesa  may  he  attained  by  the  nse  of 
an  anchor  ring  o£  the  material  and  wrapping  it  round  uniformly 
witli  wire ,-  but  in  thia  caae  the  field,  as  abown  at  p.  279  above, 
is  not  the  same  at  nil  diatances  from  the  axis.     In  fact  if  Jf  be 


^ 


INDUCTION 


tLe  total  numbers  of  turntt  in  tlie  magnetizing  hnUx,  y  t  he  Field 
current  in  each,  H  the  force  nt  ii  point  within  the  r-— -  -'  W'lihir 
distance  r  from  the  centre,  2n'rH  =  4iriVy  that  ia 


Within 
Atllhor 
Ring. 


of  turns  per  unit  length  of  the  liircular 
H  =  4niiy''" (-22) 


and   fa   may   be   made   as   nearly   equal   to  t'  as  we  please  by 
diminishing  the  diineDgiong  of  uross-Bection  relatively    to  ro. 


-  tl 1      .      ' ■ j-r-l 

1,=.™.  K.J 

i        w 

i 

i  „,m     .'i  ■'■'                                                                                      i 

.Wt-....-, .,.,.,.n± 

Via.  156. 

Experiments  on  anchor  rings  have  been  made  by  Rowland*, 
Bosunquet  f,  Ew-ing  %  and  othera.  Of  course  in  such  esperi- 
ments  the  ballistic  method  is  the  only  one  that  can  be  followed. 

Practically,  endleasnesa  may  be  attained  by  placing  the  bar  Baiwith 
to  be  experimented  on  in  a  space  cut  in  a  block  of  as  permeable  Soft  Iron 
iron  as  pogaible,  bo  that  the  ends  of  the  bar  lit  deeply  and  closely       »  "'o. 


•  Phil.  Mag.  Aug.  1873,  and  Nov.  l&H. 

t  Ibid.,  Feb.  ami  May  1885. 

;  Phil.  Tra^n.  n.  S.,  1885,  or  Magntlie  h 
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I  liaea  of 
ipe  into  Ibe  luedium  outsida  the  iron.   This  motliod 
J.  Hopkinsoii,  who  has  employed  it  ia   lialliBtic 
>D  the  magnetic  properties  oi  iron  rode, 
far   endlewnees  can  he  attained  i 


Principle  sftimstsd    very    conveniently    by 

of  Mw-  'nngnetic   circuit   referred   to    at   j 

nvtlc  shown  that  tlie  integral  induction   < 

Circuit,  t'ls  tubes  of  induction  h 


of  the  ides  of  the 
281  abore.  It  has  been 
rosB  a  surface  cutting  all 


where  <li  is  the  area  of  a  tube  of  induction  at  any  point  where 
the  permeability  is  ft,  da  an  element  of  distance  niong  tlie  tube, 
jV  the  number  of  tuma  of  wire  carrying  current  y,  and  traverfoJ 
by  each  line,  and  U  the  ratio  of  Brf»  to  B.  The  numerator  on 
the  right  of  (23)  is  what  Boannquet*  hni)  called  the  magneto- 
motive  force  of  the  magnetic  circuit,  liie  denominator  the 
magnetic  resistance  (or  rtluctatice,  ab  propOHcd   by  HeaTialde).'!' 


In  the  apecimei 
have  from  (23) 


■^^:ifit 


S,  and  length  /  wa 


where  the  integral  in  the  denominator  refers  only  to  the  portion 
of  the  circuit  formed  by  the  yoke;  the  lirst  term  is  ohvjoasly 
the  value  of  the  integral  for  the  appcimen.  If  we  conGider  the 
iron  yoke  as  throughout  of  uniform  cross-Beclion  S',  length  /' 
and  uniform  permeability  /x'  we  get 

B—r^ (M) 


id  in  practi- 
aberofttinui^^ 
is  thus  "^H 


EFFECT  OF  AIK-GAP 


or  H  in  the  iron  is  less  tlion  AnNyjl,  which  would  be  the  vulue 
if  the  rod  were  infinitely  lung,  hy  the  amount  'hrfiyl'it  S/n'S: 
Thus  if  ;i'  is  great  in  comparison  witli  ^,  the  correction  uan  be 
made  very  small, 

Thero  ia  u  further  correction  for  the  paaaage  of  the  lines  of 
induction  to  the  iron  yoke.  For  one  thiui;  the  effective  aize  of 
the  iron  at  the  junction  ia  cot  equal  to  the  croHB-sBctioii  of 
the  iron  yoke,  though  this  may  be  taken  account  of  by  an 
addition  to  i'.  If  the  bar  were  welded  to  the  yoke,  or  formed 
one  piece  with  it,  the  proper  correction  would  be  tliat  applic- 
able to  d  conducting  wire  joining  two  Inrge  maBses  of  metal. 
The  joint  liowever  between  the  specimen  und  the  yoke  has 
quite  a  perceptible  effect  and  is  in  fact  equivalent  to  a  narrow 
«ir-gap. 

Tile  effect  of  nn  air-gap  in  b  magnetic  circuit  may  he  Aiv.gap  in 
I  studied  by  calculatiDg  it  for  the  ciise  of  a  riug  split  by  a  nMagaetio 
'  nitrrow  gap.  There  is  continuity  of  the  induction  in  the  iron  Circuit, 
•nil  in  the  air  on  the  two  sides  of  t)ie  surface  o£  aepur  '"  "  "  ' 
if  the  gap  he  narrow  very  few  even  of  the  lines  near 
-will  spread  out  laterally  before  f^sin  entering  the  i 
may  take    therefore   the  total  cross-aection  of    the  indue 


tubes  i 


I  the 


gap  I 


equal  to  thatof  the  iron  rin^.     Thus  taking 


the  total  induction   and  putting  r  for  the  width  of  the  gap  n 


s(^-) 


if  the  indDction  B  he  takco  us  having  the 


B-i^ 
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Iron 

Equivii- 

lent  of 

Air-gap. 


Tlio  width  T  of  tho  air-gap  is  tlius  equivalent  to  a  length  iir 
of  iron,  and  therefore  cutting  out  a  bIIco  of  thickoesH  x  from  un 
iron  circuit  is  equivalent  to  increa6in(];  the  length  of  tho  iron 
circuit  by  an  amount  (fi-  1)t, 

If  ///i  may  be  taken  us  buiall  in  comparison  with  jr,  as  in  tb  e 
case  of  some  forms  of  electromagnet,  notably  certain  'Marge 
surfoco  "  horso-shocs  made  by  Dr.  Joule,  (27)  becomes 


B 


(27') 


Maximum 

Field 

producible 

between 

Olose  Pole 

Faces  by 

Given 

Current. 


This  by  the  continuity  of  induction  is  the  iield  intensity 
between  the  poles,  and  gives  a  convenient  rule  for  ca  Iculating 
the  field  intensity  between  the  poles  of  a  horse-sho  e  electro- 
magnet with  close  polo  faces  of  considerable  surface,  and  a 
short  iron  circuit.  It  shows  that  even  if  the  iro  n  were  of 
infinite  permeability  the  field  intensity  due  to  a  curre  nt  y  could 
not  exceed  AfirNyjx,  The  iron  should  in  such  u  case  as  this  be 
considerably  below  saturation,  othftrwiso  the  pernieahi  lity  would 
be  low,  and  the  rosistanco  of  the  iron  part  of  the  circui  t  sonsiblc. 
l)n  Bois  {Phil.  Matj.  Nov.  1890)  has  compared  th  e  effect  of 
an  air-gap  with  that  of  the  ends  of  an  ellipsoid.  Tho  force 
operative  in  the  iron  is  nearly  uniform,  and  lias  the  value 

H  =  B  ^   47r.Vy 

Effect  fj,     ■  /  -f  y,,v 

of  Air-gap 

^™P*J"®*^  But  tho  force  applied  by  the  current  is 

of  Ends  of  ^        47rAv 

Ellipsoid.  Hi=   — ^ 

and  therefore 


ix.r 


ti.r 


/-  -f-  /iA'  /  -+-  yL.r 

Hut  ^  =  1  -f  4ir*c,  if  K  be  tin*  susceptibility.     IIoikc- 


(1  +  AiTKlr     )  _ 


H=H,;i   ,j.\77r,  ;  =  H,(i 


4ir<./"     \ 

4-    AT7K.r) 


I   -f    477 


approximately.     But  this  given 

H  =  H,  -  '^'■-  kH 


H. 


A-nx 


r28) 


EFFECT  OF  JOINT  Olt  AIR-GAP 


4 

0  tht        ^B 


Cojujmring  this  with  tbc  case  of  an  ellipBoiil  discuBBed  above 
we  see  that  iirxjl  liikee  the  place  of  L,  and  thiil  lliereforo  the 
rine-  with  air-gnp  \a  equivalent  to  an  ellipBoid  with  thia  value 

it  is  clear  tliat  wlien  an  nir-gnp  ie  made  in  a  riop  the  residual  Effect  of 

mngnetism  must  be  much  less  than  when  the    ring  is  whole,  ^i'""?"^  i" 

For  if  Ir  be  the  intensity  of  the    residual  tnagnetiaiu   at  any  -  °"^^" 

iiistanC,  a  dfemagnetiKing  force  ia  operative  of  amount  irxlrll.  ""§„]' 

The  effect  of  a  joint  on  lengthening  the  magnetic  circuit  is  y  * 

easily  est! mated.     The  induction  produced  by  a  succeBsion  of  Qetun 

different  values  of  H  is  first  observed  so  that  a  curve  showing  Effect  of 

the  results  can  be  drawn,  then  a  joint  is  made,  and   the  forces  Joint  on 

again   applied    and    the   induction   observed.       Then   for    the  Magnetic 

uncat  bar  Resistance 
B  _  4,^, 


I 

I 


when  the  bar  i^ 


i  cut  we  have 

vidth  of  the  equivalent  uir-gap      Thus 


Width  of 
Air-gap 
eqtlivaUilt 
to  Joint. 


:  is  espruHsecJ  in  terras  of  the  inductions  prnduoed  by 
...u  on.uc  niagnetiaing  force  Hi  applied  by  the  current.  This 
formula  la  well  adapted  for  finding  x  from  tables  uf  results. 

An  equivalent  expression  in  terms  of  the  forces  applied  by 
the  coil  to  produce  the  aamf  induction,  when  the  bar  is  cut  and 
nncut,  is  more  convenient  when  the  value  of  x  is  to  be  obtained 
graphically.     When  the  liar  is  uiiciit 
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After  the  bar  is  cut 

B 


Hence 


X 


mHx  B 


.     (30) 


Thus  the  value  of  x  is  to  be  found  by  laying  down  for  the 
two  cases  curves  with  inductions  as  ordinntes  and  the  values  of 
the  magnetizing  forces  applied  by  the  coil  as  abscissad,  and 
measuring  the  difference  between  the  abscissae  for  which  the 


16000 


24 


23  X 


8  12  16  20 

Ma^'iJctizinK  Force,  Uj,  due  to  Coil. 

Fig.  167. 


inductions  are  tlio  same.     This  gives  (H, -Hi)/B:  and  so  x  can 

be  uulcubited  at  once. 

Observed        The  following  are  resultH  obtained  by  Ewing  for  an  iron  bar 

Kffect  of    tested  lirst  solid,  then  after  having  been  cut  into  parts  tlie 

Joint  on     adjacent  ends  of  which  are  worked  into  tiue  planes  and  placed 

Iron.       in  contact.     Fig.  157  shows  ihe  induction  curves  in  the  two 

cases,  and  by  the  dotted  curve  in  the  left  values  of  H— H  for 

different  values   of  B.     The  values  of  x  nre   given    in   the 
following  tabic : — 


EFFKCT  OF  JOINT  OH  AIR-GAP 


IixtucUon  B. 

4000 

■0026 

6000 

■0030 

8000 

0031 

10000 

■0031 

12000 

■0036 

14000 

■0037 

It  will  be  Doticed  Uiut  tliu  dotlcd  curve  is  somewhat 
towards  tbe  axis  OY.    In  another  of  Ewing's  espcriments,  Iiow- 
er,  tills  curve  was  eiightly  conciive  to  OY,  sa  ihul  it 


Preuing 


likely  that  the  width  oftTiegapia  in  general  nearly  independent    ',?^""' 

Iteaist- 


of  the  value  of  the  indngtioi  . 

,8  found  in  tbese  ezperiments,  that  the  applici 


Flu.  \h». 


P 


irce  of  SS6  kilo  grammea  weight 

ftcee  of  the  bar  at 

completely  for  a  i 
perfectly  when  the 
Fig.  168  KhowB 
Hopkinson  for  w  i 
which    extended  1 1 


II.,  preFsing  the  end  Hopkifl 

.  lie  Joint  togelfierj  even  animlled  its  effect  son'*' 

Bgneliaing  force  of  6  C.G.S.,  but  not  so  Eiperi- 

nagnetiziag  forces  were  higher,  menWi  on 

Honie  of  the  reeults  obtained  by  Vr.  ''Vf,"e'"t 
iiigbt  iron.      Only  a  part  of  the  enrves, 

magnelizirp  forces   of  over  200  unit*,  if 
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Cvcle  of 

Ikugnet- 

ization. 


given  ;  but  for  the  higlior  forces  the  curves  only  became  more 
nearly  panillel  to  the  axis  of  abscissie.  Tlie  curve  marked  (1) 
shows  the  induction  increasing  from  zero  with  H  ;  that  marked 
(2)  is  the  descending  curve  obtained  with  diminishing  values  of 
the  magnetizing  force.  The  diagram  shows  part  of  the  results 
for  a  cycle  of  changes  of  magnetizing  forces  similar  to  that 
described  at  p.  212  above.  The  curves  below  the  axis  OX 
are  not  given,  as  they  consist  very  nearly  of  a  repetition  of  the 
curves  in  the  diagram,  obtained  by  turning  the  figure  round  the 
axis  0¥  and  then  rotind  OX,  The  magnetizing  force  was 
gradually  increased  from  zero  (the  iron  being  initiullv  without 
magnetization)  to  a  high  positive  value,  then  diminished 
throu^rh  zero  to  a  considerable  negative  value,  and  finally 
increased  by  gradual  steps  to  as  large  a  positive  value  as  before. 
The  ctirve  marked  (3)  is  that  given  after  tlie  second  passage  of 
the  induction  through  zero,  that  is  from  a  negative  to  a  positive 
value.  Curves  (1)  and  (3)  do  not  approach  one  another  quite 
closely  for  the  highest  magnetizing  forces  ;  but  (3)  crosses  (1) 
twice  at  M  and  iV,  which  show  that  the  negative  magnetization 
which  the  bar  had  received  rendered  it  more  difficult  to 
magnetize  poMtively  by  small  or  high  forces,  but  distinctly 
more  easily  magnetized  by  forces  of  intermediate  amount. 
This  haH  frc([uently  been  noticed  both  with  iron  and  steel. 
Curves  (2)  and  (3)  with  the  continuations  below  OX  and  to  the 
left  of  01^  however  form  a  nearly  closed  loop,  the  area  of  which 
is  roughly  4xOAX  maximum  induction.  Areas  -7-47r  of  such 
cycles  for  different  samples  of  iron  and  steel  are  given  in  the 
following  table.  They  represent,  as  we  shall  see  presently,  the 
energy  dissipated  in  heat  in  unit  volume  of  the  iron  during  the 
cycle  of  magnetization. 


Areas  of 

Cycles  for 

Area  from  <Mirvj- 

4  >'  (K\.  X  max.  iiiductinn 

Different 

I)eHcri]ttion  of  Spt'flmun. 

J 

g 

Materials. 

4lT 

4ir 

Wrought  Iron  (annealed) 

17247 

1 .3350 

Grey  Cast  Iron  .... 

1 5 1  :J!) 

130.37 

Whitworth  Mild  Steel- - 

(annealed) 

45903 

40120 

(oil-hardened) 

(11898 

<)578(5 

(annealed) 

5052 1 

42.36(5 

(oil-hardened) 

7437 1 

99401 

r 


BALLISTIC  DETERMINATION  OF  INDUCTION 


re  greater  for  tlie  Iiftrdened 
ii  grefttor  for  Bteel  Ihaii  for 
tlie  Hecond  column  are  all 
he   cafe   of   the 


■urv-e  show  Uint   the  Kelenlive- 
Ds  fined. 


I 


IB  Been  thnt  the  numbers 
tliau  for  tlie  annealed  steel,  and  in 
wrought  iron.  Alao  the  numbers 
greuter  than  those  in  tbe  third, 
hardened  Bteel. 

The  descending  and  aeconJ  aec 
indaotion  is  not  :<ero  when  the  magnptiKing  f( 
has  a  value  OB.  In  the  descending  curve  (S)  a  negtive  mag- 
nctuiing  force  OA  is  required  to  annul  tlie  induction,  and  in  the 
aecond  ascending  curve  a  positive  magnetizing  force  equal  in 
value  to  the  former  is  agsin  necessary  to  reduce  the  induction 
to  zero.  Dr.  Hopkinson  culls  03  (the  induction  whicli  reinnins 
ftfter  gradual  reduction  of  the  magnetizing  force  to  zero  from  a 
large  value)  the  "  retentive ueBS,''  and  the  magnetising  force  OA, 
required  to  annul  the  indnution,  the  "coercive  force"  of  the 
mntarial. 

The  curve  marked  residual  induction  was  obtained  by  apply- 
ing and  removing  the  magnetizing  forces  represented  by  the 
abscisste,  and  measuriDg  the  induction  at  each  removal.  It  is 
supposed  by  Ewing,  chiefly  on  the  ground  of  the  smallnesB  of  the 
residual  magnetiam,  that  the  condition  of  endlessnesH  was  not  per- 
fectly attained.  In  this  case  thu  curves  could  be  corrected  by 
shearing  them  to  the  left,  that  is  by  mesHUring  the  magnetizing 
forces  from  c  line  inclined  to  the  axis  of  OY,  as  described 
above  (p.  724). 

The  following  are  results  of  an  experiineut  of  Swing's*  on  an     £iperi- 
iron  ring,  with  Uie  data  used  in  calculating  the  mugnetizingforce     ment  on 
and   induction  from  the  observations.     The  magnetizing  force  Irou  Ring. 
was  increased  by  steps  from  a  xero  value  up  to  9'14  C.O.S., 
diminished  by  steps,  and  again  applied  in  the  same  way.     The 
ballistic  throw  for  each  step  was  olisorved. 


I 


Data  of  Apparatus. 


JUean   circumference  of    ring 

31  4  cms. 
Area  of  each  turn  of  earth  ii 

ductur  1216  sig.  cms. 
No.  of  turns  in  earth  indiicU 


Deflection  of  battery  galvauo- 
meter  with  3  Daniell's 
cello  and  6-85  ohms  resist- 
ance 362  divs. 


*Fkil.  Trava.  E.S.  1SS5,  or  MiKjiietk  Inditclion  in  Irtm,  ic.  p.  70. 
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MAGNETIC  MEASUREMENTS 

Honce  the  current  through  the  magnetizing  cuil  wua,  taking 
the  electromotive  force  of  a  DanielPs  cell  aH  1*1  volt, 

3  X  11  X  108  _  3-3  ^ 

6-86  X  109     "  68^*  ^•^• 

AIro  the  number  n  of  turns  on  the  ring  per  unit  of  length  of 
its  circumference  was  474/31*4.  Thus  the  magnetizing  force 
per  scale  division  of  the  magnetometer  was 


_.   ^  .    474       3;3   J 
^  31-4  ^68-6  362 


— -  -  -02625. 


The  whole  area  A'  swept  over  by  the  earth  inductor  was 
2x1216x10  in  sq.  cms.,  aud  tho  area  of  section  of  the  wire  was 
IT  X  '124^,  so  that  the  effective  area  of  the  induction  coil  through 
which  the  induction  in  the  iron  passed  was  167  X  w  X  '124*  eq. 
cms.  Thus  by  (11)  above  the  induction  for  one  division  de- 
flection of  tho  ballistic  galvanometer  was 


B 


^    2  X  1216  X  10  X  -34 
'*  *"  1G7  X  TT  X  -124^  X  42-9 


23-89. 


Defect  of  The  table  on  the  next  page  gives  the  obHcrved  results,  and 
Ballistic  tlio  quantities  deduced  from  them.  The  fourth  column  contains 
Method,  for  e^ch  throw  of  the  galvanometer  the  sum  of  that  throw  and 
all  the  throws  that  precede  it.  The  induction  then  existinf;  in 
the  iron  was  taken  as  proportional  to  that  sum,  and  was 
calculated  by  the  formula  just  given.  Any  gradual  change 
taking  place  in  tho  iron  between  the  successive  increments  of 
H  produced  no  eifoct,  and  therefore  does  not  appear  in  the 
account.  The  full  induction  in  the  case  at  any  rate  of  thick 
rods  may  be,  as  wo  shall  see  below,  very  considerably  in  excess 
of  that  calculated  from  the  transient  current  deflections,  in 
conHi'quencc  of  a  gradual  creeping  of  the  magnetization  in  the 
direction  of  the  relatively  much  larger  change  which  takes 
place  when  the  applied  magnetizing  force  is  altered. 


^ 

^^H 

■ 

m 

^B^l 

1 

BALLISTIC  DETERMINATION  OF  INDDCTION 

n 

Table  or  Kksdlts. 

Nule.—^  I.  iitid  jc  li&ve  been  c&lculMed  from  B  aoA  E  by  the 

equations  ^  =  B/H,  «  =  (m"  i)l*^^  I  =  <H. 

Fiml 

a 

B 

Uaalteol 

Throw. 

™-^ 

JtelUrtic 
Ezperi- 

53 

013 

11 

I-l 

26 

21 

lUMta. 

KW 

0-26 

1-1 

a-2 

53 

4-2 

12-0 

0-30 

0-5 

2-7 

65 

6-1 

16-0 

0-40 

0-8 

3-5 

84 

6-7 

21 

0-53 

1 

4-6 

107 

8-G 

■ 

98 

0  71 

21 

R-6 

15B 

12-5 

■ 

37 

0-93 

M-9 

9-5 

227 

180 

^1 

62 

1-31 

3-9 

134 

320 

•I&i 

19 

^1 

67 

1-69 

9a 

23-C 

540 

42-9 

25 

75 

1-89 

6-9 

29-5 

705 

56-0 

30 

110 

2-78 

77-5 

107-0 

2560 

203 

73 

133 

3-3S 

787 

185-7          4440 

353 

105 

169 

4-01 

82 

267-7    !      64«i 

609 

127 

IBfi 

4-96 

91 '5 

359-2 

8680 

683 

138 

232 

5-86 

57 

416-2 

9940 

791 

135 

285 

7-20 

67 

47.12 

11300 

899 

125 

821 

8-10 

23-6 

49fi-a 

11870 

944 

116 

363 

9-4 

24 

520-7 

12440 

989 

108 

310 

7-83 

-  4-4 

516-3 

12330 

9fil 

246 

6-81 

-  6-7 

509-e 

12170 

968 

188 

475 

-  7-1 

502-5 

12000 

956 

107 

2-70 

-14-0 

488-6 

11670 

929 

0 

0 

-33  2 

455-3 

10880 

866 

110 

2-78 

Ifi      !    470-3    1    11240 

894 

196 

4-95 

143       484-5        11570 

921 

246 

6'21 

11-9        49fJ'4         11860 

943 

317 

8'00 

14-6       510-9        12170 

971 

362 

0-14 

111          520-9        12440 

990 

736 


MAGNETIC  MEASUREMENTS 


Disad-  As  jnst  Htated,  the  ballistic  method  from  it«  very  nature,  cud 

^anta^e  of  take  no  account  of  slow  clianges  of  m  agnetization,  such  as^  in  the 
Ballutic    ease  of  rods  of  any  considerable  tlii  ckness,  are  found 


Method 


^i  ULKO  no  accouni  oi  siow  ciianges  oi  m  a^neiizauon,  aucii  b,b,  id  iiie 
c  case  of  rods  of  any  considerable  thi  ckness,  are  found  to  go  on 
'  for  some  time  after  the  magnetizing  force  has  been  changed. 
For  this  reason  the  magnetometer  method  is  to  be  preferred 
in  many  cases,  if  it  is  possible  to  apply  it.  Of  course  for  anchor 
rings  and  specimens  set  in  yokes  of  so  ft  iron  so  as  to  give 
approximate  endlessness  the  balliHtio  method  is  the  only  one 
available 


-IiIiIiIiIk 

B 


it.  Miignetoinctitr. 

('.  MiiKiictizlng  coil. 

IV  Wire. 

(X.  (.'oiiiitonHAting  coil. 

//.  Italt«ry. 


A'. 
fi. 
IK 

It. 


MvvcrHUiii  key. 

Ciirront  ((alvunometer. 

Cell  for  coiii]H*iiMting  earth's 

vortical  forct;. 
HhcoHtnt. 


Fir;.   150. 


Magneto.  ^>*?*  ^^^  hIiowh  tlir  general  arrangement  of  ap))arntuH  for  the 
metric      magnotuiiietrir    method.      The   magnetometer  and  hcuIc,  &c., 

Method.  doHcribed  in  Chap.  III.  above,  arc  here  made  uho  of,  and  for 
detailn  of  setting  up  the  instrumcntH,  taking  rcadingH,  &c.,  the 
reader  is  reforrwl  to  that  Chapter.  Supponing  the  directive 
force  on  the  needle  to  be  the  earth'H  horizontal  magnetic  force 
Hj  the  specimen  with  its  magnetizing  coil  iH  arranp:ed  so  as  to 
give  a  horizontal  magnetic  field  at  the  nocdic  at  right  angles  to 
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ikrlli.  For  tliis  [lurpuse  the  bitr  may  be  tixed  in 
tliB  east  and  uest  direction,  in  a  horizontal  line  llirougli  the 
centre  of  the  needle,  or  jireferubly  in  a  vertical  position  in  the 
vertical  plane  paatiing  throujjb  tlie  centre  of  the  needle,  at  right 
iingles  to  tlie  mugnetio  meridian.  This  position  is  the  more 
convenient  as  it  enables,  if  neceBsary,  stress  of  measured  atnount 
to  he  applied  to  the  bat  os  wire  ;  it  also  renders  the  action  of 
the  farther  ead  of  the  bar  or  rod  relatively  unimportant.  It 
involves  however  the  application  to  the  rod  of  the  earth's 
vertical  magnetic  force,  which  must  be  taken  carefully  into 
account,  or  carefully  compensnted. 

The  coil  itself  produces,  when  a  current  is  flowing  in  it,  u  ComiionBa- 
direct  effect  on  the  needle,  but  this  can  he  neutralized  hy  means  lion  of 
of  a  compensutinK  coil,  in  which  the  same  current  flows,  so  MaRnetic 
placed  that  when  the  needle  is  acted  on  by  the  current  in  the  Action 
two  coils  it  is  not  deflected.  The  compensating  coil  may  be  a  °f  ^■K" 
circlo  of  one  or  more  turns  of  wire  placed  like  a  tangent  galva-  ",*'™^ 
noraeter  coii  in  the  plana  of  the  magnetic  meridian  with  th 
centre  of  the  needle  at  a  point  on  its  axis,  or  it  may  be  a  ho1< 
noid  placed  horizoDtnlly  at  right  angles  to  the  niuguetic  men 
dian,  either  in  a  line  through  the  centre  of  the  needle,  or  in  th 
side-on  position  of  Firr.  13',  p.  74  above. 

The  connections  between  the  coils  und  with   tli 
must  all  be  made  with  well-insuluted  wire,  uloaely  twisted  to- 
gether to  prevent  direct  action  aS  the  connecliuiiHon  the  needle,    Action  of 
iind  fur  this  reason  no  open  loop  must  be  periuittt^d  tuexiat  onihe     Conuec- 
conducting  wires  near  enough  the  needle  to  affect  it.     For  ex- 
ample, if  tlie  current  goes   in  ut  one  end  of  tlie  magnetizing 
solenoid,  the  wire  should  be  led  close  along  the  nolenoid  fronL 
one  end  to  the  other,  then  the  two  wires  Iwisled  together  for  a 
snffii  lent  distance  from  the  magnetometer. 

Wo  shall  suppose  that  B,  the  horizontal  magnetic  force  at  the  „„„,. 
needle,  is  known.  It  can  in  any  case  be  obtained  approximately  m^natiou 
enough  by  experiment  either  in  the  luauner  deacribeii  above,  or  of  Direc- 
if  H  is  known  ut  another  place  it  may  be  obtained  at  the  place  tire  Fdtob 
ixperiment    by    observing    ihe   period    of    free   vibration 


N.'«il«._ 


''.'l"!.?^  *'*■  Preventi™ 


Wiret, 


P 

I 
of 

t 


Deter- 


of  ft  needle  at  the  two  ph 
and  S'  the  known  value  [ 
iug  periods 

I  Or  a  ring  of  one  or  mo 
tgnetic  meridian  with  t 
vol..  n. 


ces.     Thus  if  H  bi:  the  required  value, 
t  the  otlier  place,  T,  P,  the  correspond- 


MACiNKTR'  MEAKUIIKHENTS  ^^H 

and  a  current,  the  absolute  value  of  wljicli  ia  kiiuwD  by  elec> 
trolysis,  or  from  raeasurement  by  un  ibsulute  cuirent  meter, 
Rent  ihroiigli  it,  and  the  ma^^netotiieter  dedection  0  dutermined. 
If  O  be  the  KalvnnoinelerconHtiint  uf  thecoil,  sail  y  the  current, 
we  have  y  =  H  tun  0/0,  ov'i  _^ 

'/-.^. m 


rciilnr  coil  ho  neeii  it  may  he  eriiptoyed 

The  value  nf  0  may  be  obtiiined  bv 

on  GyDB6  for  the  couple  on  the  npodlc 

)iJt  with  that  on  the  right  of  (13)  of  Chap. 


If  a  cciMipenaatiug  c 

for  thia  piirjioae  bTho. 

coraparinK  the  expreat 

produced  by  the  c 

Vl.  above. 

IB-         The  verlicnl  component  of  the  oarth'ii  magnetic  force  may  b« 

]f      allnweil  for  ;  or  it  may  ha  permanenUy  eliminated  by  wiudtnK 

'    Xarth'i     n  layer  of  wire  on  the  solenoid,  and  connecting  it  to  a  cell. 

Vertical    odjunled  by  rciaintanco  in  it*  circuit  so  nn  jiiRt  to  produce  a  Reld 

Force.       eijital  nnd  opposite  to   that  of  the  earth.    The  strength   of  the 

current  neoesaary  for  thiH  purpose  may  be  udjusted  hy  plaoinx 

a  piece  of  soft  iron  wire  within  the  coil,  hanging  n  «ciile-pBn  to 

its  lower  end,  and  applying  and  removing  a  number  "f  times  in 

nupccBtion  a  weight  of  7  or  8  lbs.,  thmt  subjecting  the  wire  to  n 

sericK  of  alternate  elongations  nod  flhortrningR,  until  the  wire 

shown  no  magnetisation.   This  procena  was  followed  by  T.  Gray 

and  the  writer,  when  aaaisting  to  carry  out  Lord   Knh-in'a   re- 

KearchoK  on  the  KfTeotM  of  StreiiH  on  the  Magnetization  of  Iron.* 

Another  procesa,  followed  by  Kwing,  differs  from  this  only  in 

sMbstituting  a  Hucceaaion  of  rtveraale  of  magneiiam  produced 

by  a  aeriea  of  currents  alternately  in  opposite  directions,  nnd 

each  slightly  wepiker  than  the  precedioL*.     Thu*  the  iron  ia  at 

length  completely  domagnetiKed  if  the  earth's  force  is  annulled 

hy  the  currnnt.    If  the  annulment  is  not  complete  a  certain 

amount  of  magnetisation  in  one  direction  or  the  other   will 

ahvays  be  left. 

awry  of  Supiiosing  now  the  effect  of  the  uoil,  and  the  vertical  mag- 
^ito-  netic  lorce  of  the  eatlh  all  carefully  compensated,  iiwl  the  bar 
T  tnetrle  placed  in  position  with  its  upper  nnd  near,  and  due  mngnetic 
I  Method,  east  or  west  of,  the  needle,  the  effect  on  the  needle  will  bo 
mainly  due  to  the  upper  end  of  the  bar.  The  bnr  ia  moved  up 
or  down  in  the  niagnetixing  solenoid  until  for  a  given  current  the 
greatest  deflection  of  the  needle  ia  produced,  and  it  ia  the» 
secured  in  puaitioti.    Tim*  denoting  the  length  of  Ihc  bar  ( 

•  PMl.  Tniu.  ft..'!.  1878. 


INDUCTION  BV  SUGNETOMETSIC  METHOD 

wire  frum  tlie  level  uf  ihe  iieedlo  to  tlie  lower  end  by  i,  tlii' 
dJHtnrice  fit  the  bar  from  the  needle  by  x,  the  intensity  of 
inntcnetixation  (tliitt  iB,lhe  magnetic  tiioment  per  unit  of  volume) 
by  I,  and  the  cro>is-Bectiuii  of  the  bnr  by  a,  the  total  horizontal 
force  at  the  needle  produced  by  the  bar  is 


8  fur  eqiiitibrium  of  the  needle 


Calou- 
Ution  of 

netiXBtion. 


I 
I 

I 


ly      Dst«r- 

,n    miuHtiou 
,h  of  P«n.«. 

bit  I  If. 


From  I  of  coursQ  B  cnn  nt  onov  he  found  by  the  eijunCioD 
B  =  H  +  4^1. 

Of  cr>ur»e  for  H  must  be  token  the  mngaelising  force  applied  by 
the  coil,  together  with  if  necsBaary  n  correction  for  the  effect 
of  the  ends  {see  p.  722  above}. 

The  permeability  of  n  np^cimen  of  iron  ia  obtained  at  once  by 
calculating  the  rutin  B/H.     TbuB  it  is  numerically  equal 
tnngenl  of  the  Inciinalion  of  the  curve  of  induction   a 
point  to  the  axis  of  abscisBie.     Jt  is  clear,   from  the  example 
eiven,  that  for  loir  magnetixinK  forcea  thu  permeability  is  amail 
(if  the  specimen  is  not  subjected  to  vibration] ;  then  us  the  inag- 
netiaing  force   is  increased   the  permeability  at    first   rapidly  „^^_^ 
increaaeB,  then  more    slowly,    then    diminiahcB,    and  finally  i.  ofli 
appronchea  Eero  for  very  high  magnetising  forces. 

That  the  permeability  of  steal,  nickel,  and  cobalt  iadiminiBhtd  ^-  0 
by  lhi>  application  of  elongating  Btress,  and  increased  by  its  ,SIbb! 
withdrawal,  and  is  therefore  increased  by  compreasing  stresB,  '""■'""' 
WHB  I'haervfd  in  Lord  Kelviu'a  eiparimenta  above  referred  to. 
The  pptmeabilily  of  boft  iron  it  wun  found  was  iiicreiiBcd  by  tli 
3  R  2 
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MARNl'ynf  MKASUHEMKNTS 

applioation  nf  oloDgating'  stress  ho  Ioilc  bh  the  iiia^oliEins 
force  was  lielow  a  certain  value.  At  drst  tlie  «ffeut  ot  tliti 
stress  on  the  magjietizatioQ  inrrerieetl  witli  llie  iniignetising 
force  to  a  rnaxiinujii,  then  fell  off,  and  linatl}' became  zero  wilh  a 
certain  magnetising  furce,  depending 
thereafter  ulianging  sign.  This  phe 
been  ubserveil  fur  soft  iron  by  Villar 
liEJnK  force  fur  whicli  tlie  effect  of  stc 
the  Villari  iritieal  value. 

Pressure  applied  to  the  interior  surface  of  an  iron  tube  (an 
iron  gun-barrel),  in  other  words  atrolcliiog  force  ruund  t^very 
cross-aection  of  the  tube,  producoil  the  upposile  effect,  tlmt  is 
diminished  the  magnet l/ation  wliile  the  magnetizing  force  was 
under  a  certain  value  and  increused  it  when  the  magnotixing 
force  was  above  that  value. 

In  oonneotion  tilth  effects  of  stress 
that  mechanicnl  vibration  has  a  no 
magnetic  cbungea  in  soft  iron  and  to 
Dichel,  &c.  A  aucccsslon  of  upplicslion 
were  found  in  Lord  Kelvin's  experin 
bringing  a  wire  o     '  ' 

magnetic  state.      By   t         , 

general  increased  when  the  spooiruen  was  under  tlie  influence 
u£  a  given  magnetic  force.  Stripping  gently  a  wire  of  soft  iron 
through  the  lingers,  for  example,  was  found  greatly  to  aid  iie 
magnetization  or  demagnetization. 

By  aid  of  tapping,  Ewing  was  able  almost  completely  to 
obliterate  tlie  concavity  at  the  beginning  of  the  curve  of 
magnetization  fur  n  soft  iron  wire,  and  to  roach  near  tbe 
beginning  of  tliu  curve  a  permeability  (fi/H)  of  nearly  80000. 

Mognecizution  with  powerful  magnetic  forces  has  been 
studied  by  Bwiiig  and  Low  und  by  Dii  Bois.  The  former  ii8e<l 
what  they  called  the  ialhnius  method,  in  which  a  abort 
cylindrical  piece  of  the  material  forming  a  bobbin  wrapped 
round  with  two  indnelion  cnils  was  placed  as  n  "neck"  of 
^limua  '*  between  two  truncated  conical  pole-pieces,  uttachMl 
I  powerful  electromagnet  and  shaped  so  as  to  produce  as 
great  an  intensity  of  field  as  possible.  The  Danes  were  ptao«d 
with  their  axes  in  line  so  tie  to  form  a  complete  (or  double)  cone 
with  tiie  vertex  at  the  centre  of  th"  neck.  The  bobbin  had  ite 
enda  turned  so  «■  to  fit  in  a  oyiindrjcnl  spacii  the  axes  of  wliioh 
passed  exactly  through  the  common  vertex  of  the  conical  pole- 
pieces  at  right  angles  to  their  iixis,  A  brass  holder,  fitting  in 
this  space,  enabled  the  bobbin  to  be  turned  round  when  required 
■    tiigb   180°,  HO  as  to  be  reversed  in  the  Held.     Que   of  the 


nomenon   hud   pr&viousty 
i,  und  bonce  the  mijgnp- 


uay  be  noticed  hero 
!  effect  in  aiding 
SKS  degree  in  steel, 
d  removals  of  stress 
be  very  effectual  in 
bar  of  magnetic  materinl  to  a  permanent 
'      this  process  the  magnetization 
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Tfl,'H 


'  induntiiin  coils  consiBled  of  one  or  two  layers  and  wub  wr»ppe 
round  Uio  tieek,  tlnj  olher  wub  aepanited  from  tlie  funner  by  a 
inular  epsQe  wLich  eoabled  the  intenBit]'  uf  the  lield  close  !o 
le  neck  to  be  eBiiuisted  from  the  difference  between  the 
ducrions  througli  tiie  two  coils.  ™.  . 

To  And  the  action  of  the  conical  pole-fucea  consider  a  ring  of    4"f?„7  °f 


-either  pole-fiiue  nt  distance  ^  from  the  vertex,  of  ra<]i 
breadth  dr  parnllel  to  the  radiuB.  The  Tiiugnotic  diBtribiition  In 
the  ring  is  2itlrJr.  The  force  which  this  produces  parallel  to 
the  axis  is  _2n-Ir*ir  /(r"+i^t.  If  we  call  this  dF,  weltoow  thnt 
it  is  a  inaxiinum  when  B{dir)/dx  is  zero,  r  being  taken  constant 
since  the  diumeter  of  the  pole-pieces  is  fixed.  The  condition 
is  2*s=r',  or  if  0  he  the  «e  mi -vortical  angle  of  the  cone, 
tnnfl=V2,  andtf=64''44'. 

The  whole  force  produced  can  be  calcnlated  by  integrating 
dF  over  the  pole-fiiceH.  Let  a  be  the  radius  of  the  neck,  6  the 
maximum  radius  of  either  pole-faoe,  we  have  supposing  eoch 
pole  magnetized  to  constant  intensity  I 


Action  of 
Conical 


Pole. 


!,_.   jf       *rdr  4irl  1-      rdr 


Taking  Z  as  1700,  the  satui 
we  get 


ue  nearly  tor  wrought  iron, 
11-131  lofio-  =  18920Iog,„-     .     .     .     (36) 


Experiments  were  made  with  this  arrangement  and  also  witli  Eemiltsor 

cones  of  semi-vertioni  angle  6  =  tan-l  s/|  or  ff  =  39°  14'  which  Kxpsri- 

were  chcsen  as  giving  the  most  uniform  field  about  the  axis  on  ™ents  by 

tho  BUppoailion  of  aaluration  of  the  pole-pieces  everj-where,  «    l  j* 

In  the  first  case  with  a  neck  of  ■266  mm.  diameter  the  following  »-•)"-'  ■ 
«the  results:— 
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Swedish  Iron  "  L  Lnncash."  Brnt 

id. 

// 

H 

/ 

/* 

1,490 

22,650 

1,B80 

lfi-20 

3.600 

■24,660 

1,680 

6-86 

6,070 

27,130 

1,680 

4-47 

3,G0O 

30,270 

1,720 

3-52 

18,310 

3fl,960 

1,640 

213 

19,460 

40.820 

1,700 

2-10 

19,860 

41,140 

1,700 

2-07 

Fin 

leSwediBl.  Iro 

n  "L''Braud, 

6,310 

26,670 

1,020 

4 '63 

19,240 


9,540 


1,620 


2' IS 

2W 


i^M:  Tbeae  expcrinients  were  instituted  to  test  whether  the  inten- 

i  taT'l""""'  *''^  "'  mignotization  really  attained  u  uiiixiumin  and  tlier«aft«r 
■  rtK  Id""*  •J'"!'"'*!'*''  "*  'lis  magnetizing  force  was  pimlied  to  liiRlier  and 
BjMcordina   ^''B''*"' Taluea.     According  to  the  Amperean  theory   of  nikgneti- 


iho  mngnetic 
l.Amp'ire'B   ducting  circuita  carrj-ing 
T  Theory.     poBsibte  been  turned  into  i 
'  the  inognctiEing  force,   fiirthi  r 

OUglit  to  liave  [he  effect  of  diinii 
tissutioti  by  inductive  diminutic 
Thui,  M  Maxwell  hai  remHrked/ 


ppoHed  lu  be  R 

After  these  have  as  fnr  as 

JiiectOD  by  the  action  of 

of  the   lield -in tensity 

ihi&g  the  inlensity  of  iimgoe- 

of   the    nioleculsr  currents. 

Bliould  ever  be  experi- 


mentally proved  that  the  temporary  magnetization  of  any 
euhatance  first  increases  and  then  dimiuiBhe*  as  the  maKnetixing 
farce  is  continually  increnaed,  the  evidence  of  the  existence  of 
these  molecular  currents  would,  I  think,  be  raised  ahiiost  to  the 
rsttk  of  a  demongtration." 

No  auch  diminution  of  intenttily  of  magnetisialinii  is  shown 
by  the  eipcrimenta  quoted,  or  by  others  by  the  same  method 
mode  on  stRel,  nickel,  and  cobalt ;  on  the  contmry  nonrly  full 
intensity  of  mngnetittatiou  ia  reached  with  comparatively  Iqk 


*  El.  and  .Vaj,  vol,  ii.  p,  430  (2nd  cditiun). 
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r 

^B     iiiiignetizing  forces,  and  a  tenfold  iiicreaae  atter  tliat  gives  prac- 

^"      tically  tlie  saine  vaiui;  for  1. 

Theie  cooclusions  onree  with  tlione  of  Du  Bois*  made  by  aiJ 
ingetiiouB   apticiil  mctliixl,   in   wbicli  tlia   elliptic  polkrization,    qikdw  m 
produced  by  the  refleclion   of  plane  polarized   liglit  from  the    I*"  ^o'"- 
pollslied  pole  of  sn  elect  romngnet,  wns  used  tu  mcuHure  the 

Imteusity   of    inugnetixution.      Du    Boia   [irat   determiDcid -f   by      Optical 
experimentB  on  plane  polarized  light  incident  on  amall  rcflccling  Method  far 
plnues  groand  in  variuue  positions  on  avoids  (]>rolnte  ellipsoidH     Intense 
of  revolution)  of  different    materialN,  cotnprising    iron,   steel,      Fielda. 
nickel,   cobalt,   und    mitt,'iietic    (magnetite   oxide   of  iron),   llii; 
general  Imv  which  Kerr's  phenomenon  followed. 
The  nickel  contiklned  traceis  of  iron  und   copper,  the  cobaU   Keflaction 
93'1  per  cent,  cobalt,  6-8  per  cent,  nickel,  -8  per  cent,  iron  and  -2     "( I'l»ne 
per  cent,  copper.    The  ovoids  were  magnetized  in  s  coil  30  cms.    Polarized 
long,  4   cms.   in   inner   nnd    12   cms.    in    outer  diameter,   aitd     Wht  at 
composed  of  twelve  layers  of  90  turns  each  of  double  cotton-       ^^'i 
covered  copper  wire,  further  insulated  with  Hhellac.     The   wire      "^""" 

Iwue  ^  cm.  in  diaineier  nnd  the  resistance  of  the  coil  when  cold 
was '9  ohm.  It  wan  possible  to  !<urrouud  the  coil  with  an  ice 
jacket  to  keep  down  Its  tempernturc. 
The  ovoids  themselves  could  be  maintnined  at  0°  or  100°  by 
«n  ice  or  steam  jacket  inside  the  magnetizing  solenoid. 
In  the  winding  of  the  coil  small  tubes  '7  cm,  in  diameter 
were  fixed  to  iJlow  the  polished  planes  in  the  various  positions 
on  the' ovoids  to  be  viewed  from  the  outside  of  the  coil.  Thi» 
did  not  pruduue  any  sensible  alteration  in  the  uniformity  of  the 
field. 
The  intensity  of  the  field,  H,  was  determined  in  the 
usual  manner  from  the  strength  of  the  current,  which  was 
meusured  by  means  of  an  am  pe  rein  etc  r.  A  demagnetizing  force 
of  -621  was  iillowed  for  in  the  reckoning  of  H.  (See  p.  723 
above.) 
In  all  the  experiments  tlie  light  was  incident  normally  on  the  Deter- 
reflecting  surface,  and  the  quantity  measured  was  the  angle  miuiLtion 
between  the  major  axis  of  the  vibrational  ellipse  after  reflection,  "f  "Kerr' 
and  the  direction  of  vibration  in  the  unrctlected  ray,  or  what  is  fonstaut.' 
commonly  but  rather  incorrectly  named  the  rotation  of  the 
plane  of  polarization  produced  by  the  reflection.  It  was  found 
that  if  jC  be  a  constant  (called  Kerr's  constant  by  Du  Bois),  and 
.   6  the  angle  between  the  normal  to  the  surface  and  the  direction 


■  Phil.  Mas-  April,  ISBO. 


Surface. 

I 
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of  magnetization,  e  tlio    angle  observed   was  given   by   tlie 
relation 


e  -  KI  cos  6  =  A'l. 


(37) 


where  I^  denotes  the  component  intensity  of  magnetization  at 

right    angles   to    the    reflecting   surface.    The    following   are 
numerical  results : 


A 


Cobalt. 


-  20'  97 


1060 


Nickel. 


Iron. 


Sfagneiite. 


-  T'25       -  22'-99 


4A3 


im\) 


-  -0198    '    -  -OIGO    I    -  -0138         +  012 


Use  of 

Kerr*B 

Constant 

in  Optical 

Method. 


Method 
Deter- 
mining H 


The  minus  signs  indicate  thiit  the  diroclion  of  rotation  wuh 
opposite  to  that  in  which  a  right-handed  screw  would  have  hnd 
to  ue  turned  so  as  to  advance  along]  the  direction  of  magneti- 
zation. The  value  of  A"  wan  found  to  he  hardly  sensibly 
affected  by  change  of  temperature. 

To  obtain  results  for  very  intense  fields  small  disks  were 
turned  out  of  the  materials  already  specified,  and  polished  on 
one  face.  Each  of  these  when  examined  was  fixed  with  the 
polished  face  outwanls  to  the  conicfil  point  P^  (Fig.  100)  of  one 
pole  of  a  Ruhmkorff  electro-magnet.  A  beam  of  plane  polar- 
ized light  was  made  normally  incident  on  the  mirror,  through 
the  axial  perforation  in  the  opposite  pole-piece,  and  was 
examined  before  and  ofter  reflection  by  optical  apparatus 
placed  as  indicated  in  the  figure.  The  pole  point  and  the 
mirror  specimen,  M,  could  be  kept  nearly  at  100°  by  means  of  a 
steam  jacket  J^  /. 

The  intensity  of  mognetization,  I,  was  calculated  from  the 
results  of  observation  by  means  of  the  values  of  Kerr's 
constant  previously  found.  The  field  intensity  at  the  mirror 
was  found  by  placing  a  glass  plate,  0,  silvered  on  the  side,  6\ 
close  in  front  of  the  mirror,  and  observing  the  magnetic  rota- 
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tion  due  to  the  double  passage  of  the  light  through  JI.  Thf 
plnHS  plate  h^id  been  slundftrdiited  hy  couiparisun  with  bisulphide 
of  carbon,  from  which  Verdel'ti  constant  (see  p.  765  below)  it 
accurately  known.  The  mugnetic  lotutron  ezperiented  by  the 
ray  in  itii  passnge  in  tlie  air  from  and  to  the  optical  appamtiiH 
waa  determined  and  nllowed  for. 

The  value  of  the  tiold  intensity  H  outside  the  anecimen  was 
of  course  by  the  continuity  of  magnetic  induction   precisely 


lAiS 


M.    Himir  ipFClmiiD.  O,    Plilc  of  glBn  lilnred  nt  S. 

P|.    Coi>lc»l  pole-pl«e.  J.  J.    Jirkct  for  ■teBiB  or  lee, 

P^    PerlbraMd  pole-plecF. 


equni  to  the  induction  inside  the  specimen.    Thu«  the  magne- 
tizing force  H  within  the  specimen  was  found  by  llio  relation 

B  =  H'  =  H  +  4ffl, 


HAGNBTIC  MBASUftEHENTS 

Du  Boifl'  results  for  ntokcl  and  cobalt  aro  given  in  the  follow- 
ing table,  and  illuitruted  for  iron  and  Hteei  in  Fif(.  ]61.  The 
ordinatei  in  the  curves  are  values  of  the  magnetization  intensity 
per  gramme  of  the  material,  and  require  simply  multiplication 
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Magnetizing     Force. 


by  the  ilensily  to  givu  L     The  nbsciHSB   i 
magneti/iiig  ftirce  within  the  xppdnien. 


167SO 

ID.'iSO 
21710 


-22' -45  ! 

-23'-3H  ■ 

-a.T60  ' 


Tt 

N-fckfl. 
ij..  WO*  c. 

T 

B 

g 

T 

ii;m 

9920 

-8' 29 

518 

1174 

12HflO 

-8'3G 

522 

1181 

18250 

-8'-43 

527 

1192 

ia2!W 

-8'-40 

'""• 

^^;  Eiperinients  have  hcen  niiidu  by   Baur,  Lord   Itayleigh,  and 

°'*!*S'""Ii  Ewing  on  the  inngneliKiition  of  iron  by  wnall  forces.     Baur 
mthSraaU  found  by  ballistic  exiiorim<>ntH  on  a  ring  of  Koft  iron  that  for 
'    H  magnetising  forces  the  permeahiliiy  and  susceptibility  of 


Magnetic 


MAGNETIC  VISCOSITY 

irly  uonstiint.      His  resiilis  are  e: 

,  =  u-3  +    IIOHI 
11=    183  +  1382  H  J 

■or  vhIqps  of  H  from  -0158  to  -384. 


182  H  +  1382  I 


I 


(40) 


»  parabolic  relation  wliicli  bolriH  fur  many  pairs  uf  mutually 
Tsrying  phyHical  quantities  when  the  liiiiitB  are  narrow  enough. 
Lord  Kayleigli  arranged  an  unonnealed  iron  wire  for  test  by 
the  ra  ague  to  me  trie  metliod,  and  i;ornponMted  by  means  of  a  ^ 
coil  lbs  total  action  on  the  needle  wlieu  the  magnetising  force 
waa  '04  C.Q.8.  It  was  found  tlien  that  when  the  magnetizing 
force  was  brought  down  gradually  to  -00004  CG.S.  the  com- 
pensation retoained  perfect.  This  proved  that  the  mngnetiza- 
tion  was  proportional  to  the  raagnetiKing  force  throughout  the 
whole  range  of  variation.  For  magnetizing  forces  above  ■Oi 
the  proportionality  did  not  hold,  and  up  to  the  value  1'2  CG.S. 
for  H  the  results  were  expressed  by 


r  =  6-4  +  5-1  H  1 
^  =   81+   64  H  J 


(41) 


from  which  I  and  B  can  be  found  as  before. 

Siinilar  results  were  obtained  for  nickel  and  steel. 

With  unannealed  iron  or  steel  Lord  llnyleigh  found  that  if  I 
balance  was  obtained  with  the  compensating  coil  at  the  moment  ' 
of  closing  the  buttery  current  do  disturbance  of  the  conipenau- 
tiOD  took  place  afterwards.  This  showed  that  these  Bubxtances 
took  their  complete  magnetization  nt  once.  When  the  iron  was 
soft  however  an  appiirent  magnetic  viscosity  displayed  itself. 
When  the  in»tanlaneou8  effect  was  reduced  to  zero  the  needles, 
after  tlie  putting  down  of  the  key,  drifted  round  in  thi'  direction 
showing  an  increase  of  magnetiiiation. 

This  result  was  atudied  by  Ewing  in  some  further  experi-  ] 
mentu,  which  showed  that  a  piece  of  iron  could  be  put  through  ( 
a  complete  cycle  by  lirst  npplyint;  the  current  and  then  after  a 
minute  removing  it.  A  force  of  '044  CG.S.  applied  gave  an 
'  intaneous  value  of  I  =  -44,  after  live  seconds  I  had  become 
and  after  sixty  aeconds  *67.  Removal  of  the  forr^e  gave  at 
:  a  diminution  of  I  by  '44,  after  live  seconds  the  remaining 
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"23  had  fallen  to  *09,  and  after  sixty  seconds  to  zero.     Thus  tlic 

.        falling  off  of  the  magnetization  followed  the  same  law  as  itR 

^!***'  -  increase.     If  the  variations  of  magnetic  state  of  the  iron  during 

^nmv      the  cycle  were  represented  graphically  by  a  curve  of  intensity 

of  magnetization  I  for  different  values  of  H,  the  urea,  /  'H.dlt  <^f 

the  closed  loop  would  represent  the  energy  dissipated. 

Kffects  of       The  effects  of  varying  temperature  on  magnetization  are  very 

lempcra-   remarkable,  but  we  have  not  space  to  do  more  here  than  allude 

ture  oil     ^^    them.      In   wrought  iron   and   steel    rise   of    temperature 

SowBeDti-    W^®"^''*"y  increases  the  magnetic  susceptibility  for  small  magne- 

bililT.      tizing  forces,  and  diminishes  it  for  high  forces.     When  ho>vever 

the    temperature    is    raised    nearly   to  that  of   redness  zero 

susceptibility    sots    in    rather    suddenly,    and    at    tho    same 

temperature  whatever  the  ningnetizing  force.    This  temperature 

varies    in    ordinary  iron   and   steel   with  the  nature   of   the 

specimen.    According  to  Hopkinson's  experiments*  it  is  the 

temperature  at  which  cooling  iron,  after  it  has  become  almost 

dark,  suddenly  regh)W8. 

Behaviour       A  kind  of  steel  containing  25  per  cent,  of  nickel  was  found  by 

of  Nickel-  Hopkinson  to  he  unmagnotizable  at  ordinary  temperatures,  but 

Steel  at    to  become   nnignotizable  at  a  temperature  a  little  below  the 

Different   freezing  point,  and  then  to  remain  so  up  to  580°  C     It  then 

lempcra-    |,ecanje  unmagnotizable,  and  did  not  regain  susceptibility  when 

'***       cooled  to  ordinary,  temperatures. 


Section  III 

DISSIPATION  OF  ENERGY  IN  CYCLES  OF 
MAONETIZA  TION 

MOLECULAR  THEORY  OF  MAGNETISM 

Energy  in       It  is  shown  at  j).  213  above  tiiat  the  energy  spent  otherwise 
Magnetic   than  in  increasing  the  el«M?trokinelic  energy  in  a  step  from  P  to 
Cycles,      q  (Fig.  162)  on  the  curve  of  induction  is 

1  (area  PQSR  -  I  area  NQSRPM). 
An 


•  Phil.  Tram.  U.S.  1889,  A.  p.  443. 


EITERGY  DISSIPATED  IN  MAGNETIC  CYCLES 

is  intere*tin)(  to  npply  ihU  reaiilt  to  an  attUiil  cur' 
l-mngnetizatioD  in  iron  (Fig.  163).  Fur  *11  piiints  on  tlie  i 
t  up  to  n  little  iliBtnnce  lieyiin.l  P.  tlie  ti>t!il  energy  given  t 


^K  meUiuin  iu  producing  ilie  corresponding  mugnetiKiiiion  exceejB 
■  tbe  eleclrofcinetie  energy,  but  for  all  points  furtlier  from  Ibe 
F/       origin  the  elect rokinetli:  energy  exceeds,  nnd  for  points  on  the 


n  ^1 1 1  M  1 1 1 1 1  L  ^1 1 1 

f,    Booa     —    -i -'- 

,  — '— ^  — ^     -*    -.o-i  -lie          Lk   i.   k   L    L   l±i 

MagnttUlns    Farct,  H. 


tipper  fist  part  of  tlie  curve  very  greatly  exceeds,  the  energy 
given  out  to  the  medium  by  the  buttery.  [The  point  P  at 
which  OP  is  a  tangent  to  the  curve  marks  the  point  at  which 
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the  energy  given  out  tn  tlie  medium  and  the  cle<:trokiriotic 
energy  nre  increasing  at  ihe  name  rate ;  the  furmpr  below  thni 
point  is  increaaing  fuster,  above  tliat  point  slower  llinu  the 

Energy  ii>  We  nre  forced  to  conclude  that  for  every  Beriea  of  msgneti- 
Staps  of  zation  atopH  from  zero  up  to  a  certain  point  energy  is  given  to 
Haguvti-  the  medium,  nnd  for  nvory  series  from  eero  up  to  any  further 
Mtioii.  point  the  mwlium  furni«heB  tlio  balance  of  energy  required  for 
the  electrokinetic  energy.  In  every  ainall  atop  beton  P  a 
balance  of  energy,  over  and  above  the  electrokinetic.  energy, 
is  given  to  the  medium  ;  for  every  amail  step  above  P  a 
quantity  of  energy  is  taken  frain  the  medium  to  make  up  the 
electrokinetic  energy. 

When  however  a  coiiiplete  cycle  of  chnngea  la  performod  we 
are  iible  to  say  definilely  that  so  nmch  energy  h^iH  been 
disaiptiled  in  the  f'irui  of  heal  in  Ihe  iron.  It  follows  from  the 
above  esprcasion  (see  nleo  p.  212  above)  since  the  spcond  nrea 
vfinislieB  lliiit  the  energy  }r  ili«si|i*ted  ia  given  by  the  equation 

T  =  i  Jhi/B (42) 

the  integral  being  taken  round  the  closed  curved  formed  by  the 
a  of  induction  fur  the  forward  and  backward  parts  of  thp 


Mttan  c 
Energy  i 
aMunet 
Cycle,  c 


This  theorem  won  gi 
by  Ewing.+ 

The  diHsiptttion  ariaei 
'  mitgnetization  of  (he  in 
I  extent  dependent  on  tl 
0  lagging  BCtioD  has  been 
'  name  seems  now  generally  adopted. 
1  (42)  may  be  written 


in  lirai  hy  Warburg*  and  uftrrwnrda 

through   a   lagging  of  the  changing 
I  behind  the  magnetizing  force  to  an 

Rrevioua  history  of  the  irnn.     This 
Bd  b)'  Ewing  "  hysteresis, "  and  the 


Bqiiatior 


W 


f-K'/l  . 


-1 


form  fur  raicnlation. 
cycle  of  magnetisation  for  n  soft  iron  ring. 
course  ohtuined  by  ballistic  experiment*. 


*  ITitd.  Ann.  xili.  (1S81),  p.  141. 
■I-  Proc.  A.  S.   Uiy.  ISSS, 


ENEBGY  DISSIPATED  IN  MAGNETIC  CYCLES 

TIte   smaller  loopit  were  formed   by  diniinigliiiig   to  zcni   »nd 
renpplying  tlie   magnetiiiing  forces    indicated  ut  tlie   different 

Fig-  165  gives  a  cycle  for  an  unnenlrd  iron  wire  of  length 
400  timcH  tlie  diameter,  and  Fig.  166  a  cycle  for  a  wire  of 
anneuled  steel.  It  will  be  noticed  that  the  curve  is  of  much 
irreater  area  in  tlie  latter  cnee  than  in  the  former. 


The  value  of  SKdl  for  the  double  reverB.i)  show 
Figs.  164, 166,  is  about  10,000  ergs  per  cubic  cm.  As  ther 
nboiit7-7gra        ----^---!-   --   ^7...      ...  .     , 
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K^mi1«   if  it  w«Ee  reUined  in  the  iron,  would  raise    it    through   ■ 

ofEnergj   ilifferonee  of  temperature 

DiMipated  ^ 

inDoQble  100001  ^„,       .„-* 

'if  r  C,  wilflre  410X10"  crg«  in  taken  m  Joule's  equivalent  uf 


Anntaltd  Iron  wire 
Length  —  400  dia,' 


heat,  and  '11  na  the  apecific  heat  of  iron.    In  '^tn 
temperature  for  any  pyclo  is 


2-S4 


■  10 


■*J"H'^. 


Bate  of  Thn  rate  nt  which  work  in  apeiit  in  magnetic  hyiitoreBia  in  a 
DiMipa-  ton  of  iron,  when  tho  number  of  cyclen  or  donhle'reveraala  ia 
tion  of  100  per  second,  is  according  to  these  figures  nnnrly  18  horKi; 
Encrfiy  in  power. 

Hyitaroai«,     The  work  apnnt  in  hysteresis  is  much  greater  in  ateel  than  in 
iron,  and   is  great«r  for  hard  than  for  annealed  ateel.    For 


ENERGY  DISSIPATED  IN  MAGNETIC  CYCLES 


rtversolH  of  sCroag  niagiietizaliun  it  is,  as  we  bava  seen 
at  p.  732  nboTe,  appruxiiiintely  4x  coercive  force  X  intenBity 
uf  magaeCixation.  TLe  amount  vnrieB,  according  to  the  table  of 
Dr.  HopkioBon's  tesulla  given  above  (p.  732),  from  about  17,000 
erija  per  cycle  for  wruuglil  iron  to  74,000  erga  per  cycle  for 
mild  ateel  hnrdeoed  with  oil,  and  increaseB,  other  things  being 
equal,  with  [be  percentage  of  tarbon  in  the  atcel. 

In  chrorae  steal,  oil-hardened,  Hopkinson  found  thut  169,000 
erge  were  disaipnted  per  cycle  per  cubic  cui.  of  the  material, 
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onH  for  French  tungalen  steel,  oil- hardened,  as  uuch  as  nearly 
217,000  erga  per  cubic  cm.  It  was  found  by  Ewing  that  for 
anmll  ranges  of  Induction  the  waste  of  energy  is  much  less  than 
for  Inraer  rnngus.  High  inductions  ought  therefore  to  be 
avoided  In  alternating  dynamos  and  transformers. 

A  conaiderahle  amount  of  attention  lioe  recently  been  directed    llyatetsi 
to  the  ([ueBtion  of  the  amount  of  energy  diasipated  in  cycles  of   in  Cycles 
magnetization   performed   at  different  speeds.     Experimental        of 
rebultn  on  this  point  obtained  by  Ewing  and  others  are  quoted     l>Ur()reut 
lit  p,  fiSfi  "hnve.    Recently  the  Buhject  ban  been  inveBHealed  by  Frequency. 
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tUGNETIC  MEASUREMENTS 

UsHrs.   J.    itnd     B.    Bopkinson,*    by   MeBsra.    Evenbed     and 
Vigno\ea,f  and  by  Prof.  Ayrlon  tkod  Dr.  Suinpner.I 

.  Hopkinson  experitnented  as  follows.      A  rinf;  wu 


made  by 

.  perimeula.  joining  tli 
wound  ro 
inductive  i 
if  niid  R 


nding  VBiniHUed  i 
n  the  ends  of  the 
nd  the  ring  and  llj 


B,  circular  honk,  uid 
\.   niBgnetixing  coil  wm 

ilternating  niBcliine.asat 
A  key  L  iind  connectiona  were  drranged 
that  the  term  inula  of  theouadrnntelectroiueterindlciitedin  the 
figure  i:ou]d  be  connected  between  C  nnd  D  or  between  D  and 
B.  A  revolving  ebonite  diak  keyed  to  the  axle  of  th«  generator 
oonnected  the  electroinelc-r  lerniinal  to  J  once  in  eath  revoln- 
tion,  by  bringing  a  stud  on  its  edge  into  contact  for  iin  inattot 
with  a  Bteel  brush.  The  diak  could  be  set  eo  that  the  oontMt 
oould  be  made  at  any  stage  of  the  ttlteraiktion.    [i*  Q  was  ■ 


revening  key  which  enabled  the  readings  to  be  taken  in  either 
direction  od  the  electrometer.  A  condenser  was  used  betwMD 
P  and  Q  to  stendy  the  readings.] 

The  roadingB  for  the  points  CD  were  proportional  to  the 
current  flowing  in  the  circuit  (and  therefore  to  the  mngnetiziti^ 
force),  since  there  being  no  inductance  in  that  part  of  tlie  circuit 
the  difference  of  potential  between  C  and  D  and  the  current 
were  in  the  same  phase.  These  gave  tl  e  ordinates  by  which 
the  curves  jI  in  Figs.  168,  169  were  plotted  with  absciasn 
proportional  to  time. 

The  readings  however  for  the  points  J),  B,  were  proportional 
to  dNjdt  4-  iI,Y,  if  N  denote  the  whole  induction  through  the 
[oagnetizing  coil  H,  and  A,  the  resistance  of  tlie  coil.    Hence 


*  SUetridan,  Sept.  D,  1SS2. 

t  Eteelricim,  Sept.  SO  and  Oct  7,  I8B2. 

I  Eitdritian,  Oct.  7.  1892.  . 


KNEBGY  DI88IPATKD  IN  RAPID  MAGNETIC  CYCLES 

'eiidinj^s  by  an  anioiint  proportional  to  My  y, 
al  tu  ilNldl  were  obUined.  Of  course  the 
Id  be  subtracted   at  once  by  plotting  tlie 

„     _._rve  to  tbe  same  axee  as  A,  and  than 

shortening  the  ordinates  by  leugthB  equal  to  the  correeponding 
ordinates  of  A  each  raultiplitd  by  R^jB.  Tlie  Taluea  of  ilNjdt 
were  plotted  in  a  second  curve  B,  ulotigside  A. 

The  area  between  any  ordinate  of  S,  the  axis  of  abscissK,  and 
the  portion  of  the  curve  lying  between  the  point  of  crossing  the 
Slia  of  absciasB  and  the  ordinate  waa  therefore  propurtionul  to 
tbe  total  induction  through  the  iron  at  the  instant  corresponding 
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18  plotted  aa  &  third  curve  C. 
ras  obtained,  and  waa  plotted 


From 


to  the  ordinate.  This  w 
this  the  by ste regie  cycle 
diagram. 

[Thu  total  period  was  8/tOOO  of  a  second  represented  by  the 
total  length  of  each  Figure  along  the  line  of  abBciesK.  Tbe 
reader  will  have  no  difficulty  in  completing  a  full  period  of  the 
curves  A,  B.  It  will  be  noticed  that  neither  ia  even  ap- 
proximately a  simple  curve  of  sines ;  also  that,  as  it  ought,  the 
onrve  3  cuts  the  axis  of  abacissEe  at  the  maxima  of  A.} 

Figs.  16S,  169  give  the  resiilta  for  soft  iron  and  hard  steel  at  the 
frequency  125,  and  between  the  riiaximum  positive  and  negative 
3  c  2 
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inductions  sliuwti.  It  will  be  noticed  tlint  the  eslreiiie  valm 
of  the  induction  ogreti  in  the  two  csfles,  but  thnt  the  alow  curve 
ftlla  within  the  otlier  except  for  a  abort  distance  after  the 
maximuni  positive  or  ncgstive  ioductioD  has  been  readied  and 
the  return  curve  begun. 

The  area  of  the  curve  is  thus  greater  for  the  rapid  than  for 
the  alow  cycles,  but  there  is  no  sign  of  magnetio  viacoaily 
rendering  the  extreme  inductions  reached  difierent  in  the 
tVD  caaes. 
1  Meaars.  Evershed  and  Vignolea  however  have  found  that 
when  a  cycle  is  performed  very  slowly  there  ia  a  perceptible 
"creeping"  of  the  magnetism  in  the  steep  part  of  the  curve 
which  is  sufEclciit  to  account  for  the  effect  obaerved  by 
Messrs.  Hupkinson.     In  an  elaborate  seriea  of  esperimenta  (aee 
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loe.  til.)  they  measured  the  riae  of  temperature  produced  by 
putting  the  iron  core  of  a  transformer  through  a  aeries  of  rupid 
oyclas^  and  having  determined  by  direct  experiment  the  thermal 
capacity  of  the  transformer,  thence  deduced  the  amount  of  heat 
generated  in  the  iron  in  coDsequence  of  hysteresis.  This  was  then 
compared  with  the  lieat  which  would  have  been  produced  if  the 
iron  had  been  put  through  its  cycle  in  about  two  aeconda,  and 
which  was  estimated  from  slow  cycle  observations,  together 
with  the  (much smaller)  calculated  amount  of  heat  produced  by 
eddy  currents  circulating  in  the  laminated  iron  at  the  core. 


ENERGY  DISSIPATED  IN  RAPID  CYCLES 

Tlie  cycle  experimenta  were  made  iu  the  following  inamier, 
which  brought  to  light  the  creeping  above  referred  to.  The 
ring  of  iron  to  be  experimeoted  on  waa  wound  with  two 
magnetizing  coils  eiipeHmpoaed,  A  constant  niagnettsing 
current  auf&cient  to  produce  the  extreme  negative  induction  was 
mftintained  in  one  of  these,  bo  that  by  Biniply  making  and 
breaking  the  other  circuit,  thereby  starling  and  stopping  an 
opposite  uitrrent  of  any  choeen  amount,  a  rapid  magnetic  cycle 
could  be  obtained  passing  from  and  returning  to  the  induction 
proper  to  the  constant  current. 

Supposing  it  was  deaired  to  obtain  a  puint  on  the  part  of  the 


curve  rising  from  the  extreme  negative  induction,  it  w 
Decessary  to  apply  the  proper  positive  current  and  read  off  the 
ohaiige  of  induction  on  the  ballislic  galvanometer.  This 
Bubtracted  from  the  original  value  of  the  induction  gave  the 
induction  remaining.  The  time  necessary  to  do  this  waa  abont 
i  of  the  period  of  the  needle,  or  nearly  a  second.  On  the  other 
hand  to  obtain  a  point  in  the  falling  curve  it  was  necessary  to 
apply  the  maximum  positive  current,  and  then  diminish  to 
■'  value  required.  For  this  a  longer  time,  about  half  a  minute, 
was  necessary. 
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Working  thus  the  authors  found  a  differenoe  between  the 
steepness  of  the  rising  and  falling  curves,  which  revealed  a 
distinct  creeping  down  of  the  magnetization  in  the  falling  curFe, 
oocurring  in  the  longer  interval  required  for  the  operations. 
Thus  a  very  slow  and  a  very  rapid  cycle  between  the  same 
extreme  inductions  ought  to  have  the  shapes  shown  in  Fig.  170 
bv  the  dotted  and  full  curves  respectively.  The  differenoe  is 
about  that  between  the  cycles  for  periods  of  two  seconds  and 
half  a  minute  respectively. 

The  general  result  of  Messrs.  Evershod  and  Vignoles'  experi- 
ments is  to  show  that  there  is  verv  little  difference  between  the 
energy  lost  in  hysteresis  at  periods  of  from  2  seconds  to  1/100 
of  a  second  ;  according  to  the  authors*  estimate  the  utmost 
difference  is  not  more  than  4  or  6  per  cent,  and  probably  less 
than  2  per  cent.  For  very  slow  cycles  however  in  periods  of 
several  minutes  the  energy  lost  is  from  20  to  26  per  cent, 
less. 

Messrs.  Ayrton  and  Sumpner's  experiments,  which  were 
performed  by  the  method  of  testing  transformers  described 
above,  show  that  the  iron  losses  ure  constant  for  all  loads,  and 
do  not  change  to  more  than  a  slight  extent  with  alteration  of 
frequency.  The  main  results  obtained  with  4^  kilowatt  closed 
circuit  transformers  (Mordey  type)  were  : — 

(1)  The  greater  the  frequeucy  the  greater  the  efficiency  for 
any  particular  load. 

(2)  The  greater  the  load  the  greater  the  efficiency  for  the 
same  frequency. 

Specimens  of  the  actual  numbers  are  given  in  the  following 
table. 
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LoR(l  (WattH). 

Frequency. 

100            1             120 

lOO 

Eniciency. 

1000 
2000 
3000 
4000 

H4-46 
92-19 
94-27 
96-22 

86-69 
9276 
94-79 
96-63 

88  68 
93-84  • 
98a0 
98-91 
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An  inBlrnraent  for  tracing  hysteresis  curves  hns  been  invented  Ewiu(f  b 
by  Prof.  Ewing,  anaisillufltrateddingraminaticallyinFig.  171*  1»«°Eti 
A  loirroT  E  ia  pivotteil  so  as  to  turn  on  a  needle  point,  about  a 
vertical  or  a  horizontal  oiis.  A  wire  SB  is  stretched  horinontally 
along  the  narrow  gap  between  the  pole-faces  of  a  constant  electro- 
magnet made  of  a  pieue  of  Iron  pipe  slit  along  a  generating  line. 
ThJB  wire  cames  the  mognetlEing  current  and  therefore  ex- 
periences an  elect  rota  ugnetio  force  proportional  to  that  current 
tending  to  move  it  across  the  lines  of  maj^nctic  force  between 
the  pole-facea  where  it  in  situated,  against  a  return  force 
due  to  tliB  stretching  weight  nearly  proportional  to  the 
displacement.  Thus  a  displacement  of  the  mirror  round  n 
vertical  axid  proportional  to  the  magnetizing  force  is  pro- 
duced. 


Fio.  171. 


Another  wire  Jji  is  stretched  along  the  narrow  space  be- 
tween the  two  long  pole-fnces  of  the  electiomagnet  DD.  The 
roils  OD  are  made  of  the  substance  to  be  examined,  and  at 
one  end  arc  nniled  by  a  yoke  of  soft  iron,  at  the  other  termina- 
ted by  suitable  soft  iron  po!e-pieces.  and  are  surrounded  by 
coils  in  which  flows  the  current  which  also  passes  through  SB. 
A  constant  current  flows  in  AA,  wliich  is  therefore  ncted  on  by 
vertical   electromagnetic  forces  proportional  to  the  induction 
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vertical  diaplacement  pioportionnl  to  the  iniluclion  in  tlie  iron 
specimenn. 

A  ray  of  light  re6ecteti  from  the  mirror  therefore  tracei  on  a 
screen  a  curve  of  nuLgnetixBtion,  nnd  if  a  cycle  uf  miignettKa- 
U'an  in  rcpsatedly  produced  by  an  alternating  current  the 
corresponding  closed  loop  is  described  on  the  screen  by  the 
spot  of  light,  and  hy  the  peraistence  of  impresBions  on  the 
retina  remainB  Tiaihle  bo  long  ub  the  cycle  iB  described.  It  con 
therefore  be  drawn  or  pliotogrophed  at  plenHure  for  comparison. 

The  moving  parla  of  the  apparatus  it  will  be  noticed  hnre 
extremely  little  maRs,  and  it  is  stated  that  even  with  a  period  of 
iV  "'^  ^  *>f  ■'  second  the  action  of  tlie  instrument  is  but  little 
affected  by  inertia. 

Experimenting  with  hars  of  iron  of  different  thlckneaseB  Prof. 
Ewing  hna  found  by  means  of  his  curve-tracer  that,  while  with 
thin  bars  and  laminated  iron  generally  the  cycle  has  ihe  form 
shown  in  Figs.  164,  165,  166,  with  comparatively  sharp  comers 
at  the  turning  pointa  which  are  also  tlie  places  of  extreme 
induction,  with  thicker  bars  the  turning  pciints  are  rounded  off 
and  the  maximum  inductions  are  well  inxido  the  ends  of  the 
curve.  With  cycles  of  frequency  two  or  three  or  more  per 
second,  the  cycle  becomes  a  figure  resembling  closely  an  ellipse 
with  its  mnjor  axis  inclined  to  the  axis  of  abBcissB). 

This  is  an  effect  whicb,  as  noticed  by  Hopkinaon,  is  produced 
by  eddy  currenta.  According  to  Ewing  it  is  probably  produced 
also  by  creeping  of  the  mugnetization  from  the  surfsce  iu- 

Another  form  of  magnetic  cnrve-tracer  invented  by  Mr.  G.  F. 
C.8earle*iH  represented  in  Fig.  172.  A  tliinwireof  aluniininm 
AB  about  80  cms.  long  baa  attached  near  its  upper  end  a  hori- 
zontal needle  C-  At  the  lower  end  it  carries  a  fork  of  alu- 
minium, the  prongs  uf  which  are  connected  by  a  silk  fibre  DS. 
To  this  fibrea  light  mirror /'is  attached  by  wax,  and  carries  a 
small  needle  the  length  of  which  ia  ul  ri^ht  angles  lo  the  libre.  A 
disk  of  mica  about  an  inch  in  diameter  la  attached  to  the  lower 
edge  of  the  mirror.  The  undisturbed  position  of  the  mirror  ie  ver- 
tical, and  therefore  that  of  the  mica  disk  horizontal.  A  niece  of 
cardboard  is  placed  in  a  lioriEontai  position  close  below  the  diak, 
and  hence  when  the  latter  ia  moving  gives  rise  to  a  damping 
action  which  Boon  reduces  the  mirror  to  rest.  A  mica  vane 
aitached  to  the  vertical  wire  .4.5  damps  the  motion  round  the 
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It  will  be  Been  that  tlia  mirror  has  twri  distinct  freedoms  of    Action  of 
I   motion  (1)  roand  s  verticnl  axis,  (2)  round  the  horixontftl  libre      Inatrib  , 

U  Biia.  The  apparntua  ia  set  up  with  the  magnet  AQ  in  the 
1  magnetic  meridian  and  a  coil  carrying  tlie  magnetizing  current 
I  ia  placed  in  the  magnetic  meridian  with  Its  Axis  passing  through 
the  centre  of  C.  The  specimen  of  iron  to  he  tested  is  placed 
vertically  in  a  magnetizing  coil,  with  its  upper  end  nearlj' 
opposite  the  mirror  F,  and  in  tiie  east  and  west  (ntagnetic)  plane 
through  its  centre.  A  compenaaling  coil  is  used  to  annul  the 
direct  effect  of  the  mftgnetiitiiig  aolenoid,  and  the  magnetization 
of  the  iron  apeoimen  then  tends  to  tilt  the  mugoet  on  the  mirror, 
while  the  magnetizing  current  turns  it  round  a  vertical  axis  hy 
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•oting  on  the  upper  needle  C.  The  controlling  force  on  Uie 
upper  needle  ia  the  horizontal  intensity  of  the  tield  there,  that 
on  the  lower  is  partly  gravity,  due  to  the  mirror  and  attached 
diek  being  suspended  with  their  centra  of  gravity  a  little  lielow 
the  pilk  libre,  sud  partly  the  earth's  vertical  force.  The  lower 
needle  ia  of  course  placed  with  its  north  pointing  end  down. 

The  instrnment  is  hung  within  ii  case,  and  a  lamp  iind  scale, 
with  lens  forming  a  window  in  the  cane  through  wliieh  both 
incident  and  reflected  rays  pass,  is  employed  to  give  a  bright 
spot  on  a  scrnen.  [It  was  found  that  no  trouble  wna  experienced 
from  the  silk  fibre,  aa  the  spot  of  light  after  deflection  returned 
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within  ^  of  ao  incli  to  iiH  fonner  position  utd  the  xt 
to  be  permanent.] 

The  effect  of  any  specimen  (if  it  is  taken  sufficiently  long)  it 
proportional  to  its  intensity  of  magnetiziilion  I,  and  for  iron  this 
18  nolverydifTerent  fromBMjr,  HO  that  the  ordinates  of  the  curve 
described  by  the  spot  of  light  may  be  tiiken  m  proporlioosl  to 
Ba/4ir,  where  a  is  llie  area  of  crosx-sectioii,  and  tlie  abacissB  as 
proportional  lo  the  ningnetizinjr  force  H- 
Btondard'       The  indications  of  the  instrument  can  easily  be  reduced  to 
Uiugof     absolute  measure,  by  noting  (1)  the  deflection  of  the  spot  of  light 
Initrn-      produced  by  a  known  current,  and  calculating  the  correspond mg 
ment       field  iotetisity  in  the  magnetizing  solenoid,  (S)  by  ascertftiiiing' 
the  deflection  of  the  mirror  round  the  horlKontal  axis  prodnced 
by  placing  a  magnetized  sleol  wire  in  position  in  the  solenoid 
(of  coarse  wilhout  current)  noting  the  deflection  *nd  then  deter- 
mining the  nuignatio  moment  of  the  wire. 
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Much  light  is  thrown  on  the  nature  of  itiagnetiEation  by*  _^ 
jular  theory  recently  put  forward  by  Ewing.*    In  this  theoiy 

'  the  actions  of  the  members  of  a  group  of  small  magnets  on  one 
another    are  studied,    and  show  that  in   all   probability  the 

.  peculiar  character  of  the  curves  of  magnetizBtion  found  for 
iron,  and  many  of  the  complex  phenomena  of  effects  of  Btrem 
nod  temperature  are  explicable  by  the  action  of  the  molecular 
magnets  on  one  another.  We  may  euppoee  that  the  molecular 
magnets  in  n  piece  of  iron  are  stably  arranged  in  a  regular 
order,  but  so  that  the  external  magnetic  force  exerted  by  them 
is  zero.  Such  a  group  would  be  the  four  amalt  niagnets  with 
oenlren  at  the  curners  of  a  square,  represented  by  the  arrows  in 
Fig.  173.  If  then  a  magnetic  force  H  is  applied  to  them  the; 
will  t'lke  up  the  positions  shown  in  Fig.  174,  if  the  force 
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great  eaough.  But  if  tlie  fotce  be  smalt  there  will  only  ba  & 
sligbt  diep  lac  erne  lit  of  the  mognetH  lowarda  concurreace  with 
H,  but  if  the  force  is  gradual!]'  iocreased  chia  concurrence  will 
become  gradually  more  marked,  until  H  becoraea  too  great  to 
be  resisted  by  the  mutual  actions  of  the  particles,  and  their 
equilibrium   becoming   unstable,  they   suddenly  awing   round 


» 


Fig.  i;5. 


towardH  parallelism  with  H,  each  remaining  however  still  at 
(inile  aDgle  with  the  direction  of  the  magnetic  force.  As  this 
is  still  £urtlier  increased,  this  angle  becomes  grndually  smaller 
and  the  magnets  approach  la  paralleliain  with  one  nnotber  and 
with  Has  shown  in  Fig.  175. 

Thus  tbe  group  becomes  magnetized  in  the  direction  of  H,  at 


first  slowly,  then  suddenly,  mid  again  slowly,  as  represented  in  Mm-" 

Fig.  176.     If  the  system  totieisted  not  of  a  single  simple  group  ueti^doD 

such  as  this,  but  of  a  large  number  of  different  groups,  the  sharp  of  Group 

angles  would  he  rounded  off  nnd  we  should  get  the  ncluftl  curve  of  Small 

of  magnetizHtion.      Agiiin,  on  grHdiiai  withdrawal  and  reversal  Magnets. 
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of  tlie  magnctio  force  the  curve  of  diminution  of  magnetic 
moment  would  not  coincide  witli  the  curve  for  increase,  and 
zero  value  of  H  would  be  reached  with  a  certain  residual 
magnetic  moment,  in  the  direction  of  the  applied  force.  On 
reversal  and  gradual  increase  of  the  force,  the  small  magnets 
would  again  become  unstable  and  would  suddenly  swing  round 
now  in  the  opposite  direction. 
Hysteresis  jn  fact  a  hysteresis  cycle  would  be  obtained.  Such 
Cycle,  curves  and  cycles  have  been  drawn  for  complex  groups  of 
small  magnets  arranged  at  first  so  as  to  have  nearly  zero 
external  effect  within  a  large  solenoid,  by  gradually  increasing 
the  current  in  the  solenoid  from  zero  to  a  considerable 
value,  diminishing  it  through  zero  to  a  negative  value, 
and  so  on  as  in  an  ordinary  cycle  of  magnetization,  ana 
measuring  the  magnetic  moment  of  the  system  by  means  of  a 
magnetometer  in  the  ordinary  way.  These  curves  agree 
wonderfully  with  those  given  by  actual  specimens  of  iron. 
The  physical  cause  of  the  dissipation  of  energy  in  hysteresis 
Ewing  conjectures  to  be  the  development  of  eddy  currents  in 
the  surrounding  medium  in  consequence  of  the  oscillation  of 
the  small  magnets  about  theirncw  positions  when  displaced  by 
the  magnetic  force.  For  a  full  account  of  this  theory  and  its 
consequences  the  reader  is  referred  to  Ewing*  s  paper  loc.  ciL 
■  and  to  his  book  on  Magnetic  Jvductinn  in  Iron  and  other 
Metah. 


DETERMINATION  OF  VEltDETS  CONSTANT 


Verdet's  conBtant  has   been   defined  at  p.  226  above  as  the    Verdefa 
Binount  of  tuminjt  o£   tlie  plane  of   polamition  of  n  ruy   of  Oonataiit. 

EInne  polnrized  light  per  unit  difference  of  magnelic  potential 
etween  the  eitreniities  of  iha  portion  of  the  ray  considered.  _ 

Determinations  of  this  important  constant  have  been  made  by 
J.  E.  H.  Gordon,*  Henri  BecquBiel.f  ftnd  Lord  Rayleigh-t 

In  Lord  Rayleigh'a  e^perimenta,  of  which  we  give  here  «        Lord  J 
short  account,  a  beam  of  light  froin  sodium  burning  in  the  ^ 
flame  of  a  Bunsen  lamp,  A  (Fig.  177),  iutenBifled  by  a  jet  of 


wyr^^ll 


■E 


Fiu.  177. 


oxygen  made  to  play  round  the  ftaine,  paaaed  through  a  slit  in 
a  screen,  H,  in  front  of  the  ftume  to  u  direct  virion  prism,  S, 
thence  lliroiigli  a  collimating  lens,  E,  to  a  Nicol's  priam,  F.  The 
plane  polarized  beam  emerging  from  /'wok  received  hy  a  syrup- 
cell  pohirimeter,  G,  and  thcnpiSHed  throughatube,ff,  filled  with 
bisulphide  of  carbon,  and  a  aUt  in  the  screen,  /,  to  the  analyzing 
priBin,  J. 

The  screen,  if,  was  made  of  looking-glass,  and  the  alit  created  Delailioj 
by  removing  a  narrow  strip  of  the  silvering.  By  this  arrange-  Apparata 
ment,  together  with  a  parallel  mirror,  C,  a  considerable  increaee 
of  illumination  was  obtained. 

The  direct  vision  prism  was  used  to  purify  the  light  from 
rays  of  other  refrangibilltiea  than  that  of  sodium.     The  lens  E 
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rendered  the  rays  parallel  before  inuidence  on  the  polarizer. 
The  polarinieter  O  was  a  cell  containing  a  stratum  of  atroDg 
ftugsr  aynip,  made  according  to  Poynting's  plan,  ao  that  in  one 
half  the  thickness  of  the  atrutum  was  the  full  width  of  the 
cell,  in  the  other  half  was  diminished  by  a  plate  of  kIbu,  so 
that  a  diHereuce  of  rotation  of  about  2°  was  produced  by  the 
two  halves. 

Two  tubes  of  brass,  one  31-S91  inclica  lun^  and  li  inch  in 
diameter,  the  other  29-785  inches  long  und  1  inch  in  diameter, 
and  closed  at  the  ends  with  pistes  of  glass,  were  used  to  contain 
the  bisulphide  uf  curbon.  The  temperature  of  the  liquid  wiui 
observed  on  a  thermometer  inserted  in  an  opening  near  one  end 
of  the  tube. 

The  analyzer  was  in  some  of  the  eiperiments  a  Nicol,  in 
others  a  double  image  prism,  and  was  mounted  in  the  usual  way 
on  a  graduuied  circle. 

It  is  necessary  for  iiccuracy  in  reading  the  amount  of  rotation 
that  the  axis  round  which  tlie  an.ilyzer  tunia  should  coincide  in 
,  Accuracy  direction  with  the  ray.  This  adjuatnient  was  made  by  observ- 
,  In  Use  of  jug  the  direction  of  the  ray  by  means  of  a  telescope  with  cross 
Analyzer,  wires,  and  then  replacing  the  telescope  by  the  Nicol  or  double 
image  prism.  Error  however  was  introduced  by  the  passage  of 
heat  into  the  liquid,  whereby  the  upper  part  of  it  becnine 
slightl;^  warmer  than  the  lower.  To  eliminate  this  to  a  first 
approximation  the  two  positions  of  the  Nicol,  nearly  180''  apart, 
which  gave  equaUty  of  illumination  in  the  two  parts  of  the 
tield,  were  read  oS.  It  waa  found  that  by  the  use  of  a  double 
image  prism,  read  in  four  poaitions  nearly  90°  apart,  the  error 
oould  be  more  nearly  got  rid  of. 

The  adjustment  of  the  analyzer  to  an  exact  match  between 
the  two  halves  uf  the  field  was  facilitated  by  arranging  an 
auxiliary  coil  round  the  tube,  in  circuit  with  n  Leclanche  cell, 
worked  by  a  reversing  key  witliin  reach  of  the  observer  at  the 
analyzer.  With  thia  the  plane  of  polarization  could  be  rockod 
"backwards  and  forwanls  through  a  small  angle  about  ita 
normal  position.  The  amount  of  the  rocking  being  suitably 
chosen,  the  comparison  of  the  three  appearances  (two  with 
auxiliary  current  and  one  without)  serves  to  exclude  some  im- 
perfect matches   that   might  otherwioe  have   been   allowed  to 
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layerB  of  paper.  The  length  cif  this  tube  between  the  end 
Bangea  was  9*990  inches.  Tlie  winding  wkH  performed  with  two 
wiroB  side  by  Bide,  bo  tliat  by  aending  n  current  in  opposite 
directions  through  them,  or  by  trying  to  force  a  current  from 
one  to  the  other,  the  iiiHulaiioD  of  the  coil  could  be  tested,  while 
both  wires  could  be  used  to  produce  the  magnetic  field.  The 
coil  was  found  on  test  to  inaulate  aatisfactorily.  The  internal 
diameter  was  2*168  inches,  the  external  4*13  inchea.  The  number 
of  turns  was  3,684. 

By  (30),  p.  '263  aboi-e,  the  potential  at  any  point  L  on  the 
axis  eitemal  to  the  coil  ia  F,  -  r„  where  f„  r,  are  the  poten- 
tiala  at  the  point  due  to  the  ends.  But  if  we  consider  another 
point  if  on  the  axis  on  the  side  of  the  coil  remote  from  L,  it 
follows  from  p.  263  that  the  difference  of  magnetic  potential, 
O  -  O',  between  L  and  M  taken  along  the  axis  through  the  coil 
is  for  unit  current  given  by 


I 


-a'  -  4«A'  - 


\*\  - 


i\-{V\-F'ii\  . 


where  the  dashed  letters  refer  to  M,  and  the  undashed  to  L. 


Calcu- 
lation of 
Ditfamnce 
of  PoUn- 


(43) 


Bat  if  n  be  the  number  of  tunia  per  u 


layer  of  radius  Aa  or  Bh  (Fis.  178),  r„  r„  2,.  x^  the  diat«lic«8 
La,  Lb,  LA,  LB,  respectively,  the  potenlial  at  L  due  to  the 
ends  of  the  layer  ia,  if  the  end  B  be  taken  as  positive,  that  at  J 
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Hence  the  potential  of  the  layer  at  L  due  to  the  ends  is 

Cslcu-         To  Slim  tlie  effects  of  all  the  layers  the  mean  values  of  a'  and 

lation  of    ^  Jq  ^Jj^  j^g^^  expression  are  to  be  substituted  for  these  quanti- 

Potential.    ^i^g^  ^^j  ^j,q  expression  multiplied  by  the  number  of  layers. 

But  the  mean  value  of  a'  is,if  tfi>  at*  be  the  internal  and  external 

radii, 

and  in  tlie  same  way  the  mean  value  of  a^  comes  oat 

Thus  if  there  are  n'  layers,  the  total  number  ot  turns  in  the 
coil  is  nn'(x^  -  ^r^),  and  therefore  the  potential  at  L  due  to  the 
ends  of  the  coil  is 


*  -  ^i"*   ^1*  +  ^1^8  +  ' 


x^x^ 


^> 


\6{a^  —  a{)  .f  jjTj      20(^2  —  ^  i 

In  thc'same  way  we  should  find  for  Mf  putting  MA^J^i^ 
MB  =  x't  (numerically,  so  that  x\  —  ar'^  =  ;rj  —  a:,),  that  the 
potential  at  ^due  to  the  ends  of  the  coil  is 

Value  of        With  tlifise  values  of  V^  -  V^  V\  ^  V\  (43)  becomes 
Difference 

"(..•Ji^-  o  -  «■ = 4..V  [i  -  (,:f ^(-L + .i ,-) 

././'^.V    Ix^  +  z^^a  +  ^2'  .  <i'  +  ^1^2  +  ^>'Vn  /.on 
86(;/,  - V,")  V    "     ^1 V  ^i'^2'  /^-i        ' 

Potential         ^»  ^^'^  apparatus  used 
for  Ends  of 
Tub*.  a^      2-065,    a^  «  1*094,    «,  -  itj  =  -971, 
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in  inches  so  that 

",'  -  Oi' 

622. 

r2(^-«7)=''^' 

moi  -  ">) 

Fartlier  for  the  loader  tube  i 

n  inches 

I,  =y, 

-  10-800, 

a-,  =  y, 

=  20-790. 

nml  for  the  Hhorter 

r,  =  j'j 

=    9-887, 

x.^  =  x', 

=  19-877. 

Hence  the  required  difference  of  potential  het^v 
tliB  tube  WM  for  unit  current 

een  llii 

^end« 

lOf 

=  4,r;i'(I  -  -00573  +  -00006)  =  4jrA  X 

-99433 

for  tl.e  first  tube,  and 

AnNil  -  -110655  +  -00008)  =  4n-JVx  -99353 

for  the  second. 

To   meftBure  the  current  the   difference  of  uleclrtc  potential    Mode 
between  the  tenninalB  of  a  coil  of  resislance  R,  placed  in  the  Measuring 
i-ircuit  of  the  helix,  wns  balanced  by  the  electromotive  force  of    ^""-"it- 


lit.    Curronta  of  abont 


reaiatance  of  the  coil  was  1-4958  B.A.  ui 
1  ampere  were  used  in  the  experiments. 

We  must  refer  the  reader  to  Lord  Rayleigh's  papeT,  loe.  cil., 
for  further  particulars  of  the  rcaults  obtuined  and  their 
treatment. 

It  was  found  as  the  mean  result  of  a  large  number  of  experi-  Fini 
ments,  that  if  x  denote  the  value  of  Verdet's  constant  in  Beaa] 
minutes  of  angles  for  carbon  disulpbide  at  18°  C, 

X  =  -04202. 

The  rotation  in  blsuipUide  of  carbon  acconling  to  Bichat  Variat; 
varies  with  the  temperature  (Centigrade)  according  to  the  of  Rot 
formula  1  -  -00104(  -  -0000141*.  and  thia  was  used  to  correct  for  tiou  with 
deviation  of  temperature  of  the  bisulphide  from  18°.  Tempera- 
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Bocquerel's  result  wus 


X  =  0452. 


Com- 
parison 

with 
Gordon's 

and 
Recque- 

rers 
Results. 


Gordon's  exporiments  were  made  for  \\^\t  corrosponding  to 
the  thallium  line.  The  value  obtained  was  "05238  minute  for  thin 
light  at  a  temperature  about  13°  C.  Taking  the  rotation  as  pro- 
portional to  /i'Qi*  -  1)X-*,  where  /i  is  the  refractive  index  and  X 
the  wave  length,  Gordon's  result  would  give  for  sodium  light 

X  =  •04163 


about  13   C,  or 
at  18'. 


T  =  -0413 


CHAPTEB  XIV 

ELECTRIC   OSCILLATIONS  AND  ELECTRIC  RADIATION 


Section  1 
EXPERIUEXT^-  ON  HLBCTBia  OSCILLATIONS 

The  approsiinttte  truth  of  tiio  theory  of  electric  oscillatioiiB 
l^tven  abuvQ  was  shown  exparimeatally  hy  FedderseQ  and 
otliers  who  observed  llie  spark  of  a  Leyden  jar  discharge  in  a 
rotating  mirror.  In  Feddersen's  experiments  the  mirror  was 
driven  at  a  Itnown  rate  by  clockwork,  which  also  at  a  certain 
definite  poailion  of  the  mirror  started  the  diiicharge  of  a  battery 
of  Leydeii  jara  across  the  spark-gap  of  a  micrometer.  The 
mirror  was  concave,  and  the  sparit-gJip  was  bo  situated  that  an 
image  of  the  Hpark  waa  thrown  by  the  mirror  on  a  ground-glass 
plate,  for  which  a  photographic  plate  could  be  siibatituted. 

The  spark  when  taken  with  i\  short  metallic  connectioo  to  the 
micrometer  and  between  metallic  points  was  a  long  tapering 
hand  of  light  beginning  at  the  broad  end  with  a  clear  white 
light  and  then  fading  off  and  narrowing  throngh  a  greenish 
colour  to  red  at  the  narrow  end.  Nu  doubt  the  bright  part 
was  the  spark  proper,  and  the  red  part  was  iluf  to  the  cooling 
guHei  and  particles  of  melal. 

As  the  resistance  of  the  discharging  circuit  was  increased 
wiihout  increase  of  length,  the  red  part  disappeared  and  a  bright 
line  with  projecting  luminous  hands  at  its  upper  and  lower  ends 
took  its  place,  and  this  in  its  turn  gave  place  to  a  succession  of 
bright  lines  ut  gradually  increiieing  distances  apart,  indicating 
an  intermittent  discharge. 

When  the  diBoharging  arc  was  long  and  at  tho  same  time  of 
sufBciently  low  resistance,  the  image  of  the  spark  as  seen  on  the 
glass  plate  or  as  photographed  becuuie  a  successioD  of  equi- 
distant transverse  oande  each  shading  off  at  the  sides  into  dark 
spaces,  separating  it  from  the  nest  on  either  side. 
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or       It  wan  found  by  experimenting  with  different  numbera  of  jari 

Increua     in  the  battery  and  varying  the  reaiHtaace  until  the  discharKe 

of.        Just  ceaaed  to   be  oscillatory,  that  the  limiting  value   of   tne 

Capacity,    reaistsnae  waa  inversely  proportional  to  tlie  square  root  of  the 

oharged  surface  of  theoactery,  that  is  to  the  square  root  of  the 

capnuity,  and   independent  of  the  spnrk-length,  that  ia    of   the 

difference   of   potential.     This   agrees   with   the   theory   given 

above  (p.  188),  aocurding  to  ivliioh  the  limiting  value  of  the 

resistance  R  is  2  ^LjC. 

It  was  also  found  tiint  if  the  discharge  was  froni  a  battery  of 
surface  S  to  iin  uncharged  battery  of  aurfaco  S',  the  period  was 
proportional  to  iJSS'l(S  +  S'),  which  also  obviously  agreed 
with  theory. 

Again,  when  tlie  length  of  the  discharging  arc  was  incroftMd 
the  period  was  increased  also,  though  not  entirely  owing  to  the 
increase  in  resistance,  and  the  arningement  of  the  discharging 
wire  waa  found  very  materially  to  affect  the  period  in  a  way 
clearly  depending  on  the  value  of  the  induction. 

Kxperimentfl  were  alflo  made  by  von   Oettingen,  Knochen- 
hauer,  Hiess,  HolmholtK,  and  others  confimialorv  of  the  theory. 
A  full  account  of  these  researches  will  be  found  in  Wiedemann's 
EUktricimi,  Band  IV.  pp.  177  et  ««/. 
ESchillsr'a        We  shall  only  notice  further  of  these  earlier  regearcfiea  on 
Eiperi-     electric  oacillutiona  the  electric  experiments  of  Schiller.*     In 
~~     '■.     these  the  oscillating  discharge  took  place  through  a  coil  joiniog 
the  plates  of  a  condenser,  and  no  spark  was  produced.    The 
gC     current  induced  in  the  secondary  of  an  induction  coil  by  the 
il,     breaking  of  the  primary  circuit  by  an  arrangement  of  contact 
^asuting.    levers  and  pendulum  interrupter,  was  used  to  charge  the  god- 
'  denser,  which  gave  rise  to  electric  oscillations  in  the  coil  con- 

necting the  plates.  Unc  pliite  of  the  condenser  and  one  terminal 
of  the  secondary  were  connected  to  the  insulated  pnir  of  quad- 
ranlB  of  an  electrometer. 

At  an  interval  (which  could  he  adjusted  at  pleasure  by  properly 
arranging  the  contact  levers  and  interrupter)  after  the  primate- 
circuit  was  broken,  the  secondary  was  also  broken  and  the 
electrometer  detached  from  the  condenser  plate.  By  varying 
the  interval  and  making  repeated  observutions  the  potential  at 
different  stages  of  the  oscillutinn  could  be  read  off  and  the 
period  nacertained. 

The  time  interval  waa  found  by  sending  a  current  through 
one  coil  of  a  differential  galvanometer  accurately  adjusted  for 
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balance,  and  an  erjual  current  tLrougli  the  otber 

break,  and  observing  the  deflectina.    From  tluH  the  lime  of  flow 

of  tlie  current  coutd  be  easily  calculated. 

The  coil  of  course  had  an  electroBtatic  capacity  of  its  own 
which  it  was  iinpoBsible  to  calculate.  This  was  determined  by 
joining  it  ivitli  various  comhinntiona  of  six  diSerent  condenaers, 
and  the  periods  of  oacillalion  were  observed  and  the  relative 
capacities  of  the  separate  condensers  calculated.  The  results  i 
were  compared  with  those  obtained  by  joining  each  condenser 
singly  with  the  coil  and  observiug  the  period  of  oscilluiion. 
The  results  were  found  to  agree  exceedingly  well. 

This  method  was  applied  to  determine  the  datnping  of  Ihe 
oBcillalions  with  different  dielectrics  connecting  tbe  plates,  and 
thence  to  find  the  resigtanoes  of  the  substances,  It  was  ulso 
used  to  detennine  the  relative  capacities  of  the  same  arrange- 
ment of  plates  with  different  dielectrics,  and  hence  to  find  tiie 
specific  inductive  capacity, 

Thus  if  T  denote  the  period  of  oscillation  with  the  coil  alone,  ' 
Ij  or  T^  the  period  with  the  condenser,  according  as  air  or  the 
dielectric  in  question  was  between  tlie  plates,  6',,  C,  the  capa- 
cities of  the  condenser  in  these  cases  respectively,  then  by  the 
value  of  the  period  given  at  p.  188,  if  the  resistance  be  neglected, 
we  have 


Time 
Intsrvai. 
Etiminn- 

Electro- 


SpeciGc 
Indnotive 


By  this  formula  the  valui 
from  the  experiments; — 


Ebonite  ..... 
Caoutchouc- 
Pure    

Vulc 

K 

2'21 

212 
2-69 

ParnfEn— 

Quickly  cooled  .     . 

Slowly  cooled    ,     .j 

Flint  Glass  .    .    .     .| 

X 

1-68 

181 
1-89 

5-8  to 
588 
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The  hatf-|>ericid  in  these  experiments  varied  from '000050  bm. 
to  '00012  nee.  Considerably  larger  valiteH  of  A'  were  found  for 
the  same  specimens  by  Siemens'  metliod  of  auccesgive  charge 
and  diacliargo  (aee  Vol.  I.  p.  44S). 

TbereHultH  calculated  by  theory  agreed  exceedingly  weDwitli 
those  fuiind  by  experiment.  There  can  be  no  doubt  that  the 
theory  ia  very  imperfect  for  ninny  reoaODH.  Far  example  the 
current  in  the  coil  owing  to  the  varying  electroHtntic  capacity  of 
itJt  diiferent  parts  could  not  be  the  Home  througiiont  at  any  one 
instnnt,  and  much  more  so  nitliout  a  condenser  than  when  cue 
of  considerable  capacity  wna  ntlncheil  to  itH  Icrminala. 
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We  now  give  in  conclusion  some  account  of  tlie  remaTkabls 

verificaticn  nf  Maxwell's  theory  of  Electrical  Radiation  lately 

given  by  Hertz.     We  };ive  lirst  his  solution  of  the  problem  of 

the    propagation   of   fleetromagnetio    waves  from    u    source 

symmutncal   about  an   axis,   in  order  that  the  ezperiinenlal 

resuhs  may  be  more  OBflily  understood. 

Vibrating       As  source  of  the   waves  we  take  an  electric  doublet,  that  is 

Blvctric    two  ei^ual   snd  opposite  electric  charges  concentrated   at  two 

Doublet,    points  infinitely  near  to  one  another,  or,  more  properly,  al  a 

distance  apart  infinitely  smalt  in  corapnriBon  wiUi  the  disianc* 

from    either   charge   of   ony   point   at   which    the   electric   or 

magnetic  force  ia  conflidered.     The  moment  of  the  doublet, 

that  is  tlie  product  of  either  charge  Into  the  distance  between 

the  two  points,  we  shall  suppose  to  var^,  by  variation  of  the 

ohargoa  only,  as  a  simple  harmonic  function   of  the  time ;  hut 

its  niiixinmm  value  will  be  supposed  Knite  and  constant.  Such  n 

source  is  tlie  exiict  electric   analogue  of  the  intinilely  sboit 

magnet  considered  at  p.  fl  above. 

Herit's        ^'"'''  '  source  may  be  regarded  as  iiliysienlly  realized,  except 

"Dumb-    for  pointa  very  near  it,  l)y  two  equal  and  oppositely  charRtd 

bell "      spheres  connected  by  a  iitraight  conductor.    This  was  the  form 

Vibrator,    of  electric  vibrator  einploywl  by  Hertz  in  »ome  of  his  moel 
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impurt-itit  experiments.  Tbe  nphsres  nere  charged  to  opposite 
potentials  by  aa  inductioD  coil,  and  then  disrharged  into  one 
iinuther,  netting  up  therehy,  aa  the  disctiiLrge  wae  oBoillatorj, 
electro  magnetic  wavea  in  the  Burroundiog  inediiim,  which  were 
prupagated  outwards  from  the  vibrator  in  all  directions.  Tbe 
existence  of  these  waves  was  detected  by  &  sitiiple  receiver,  or 
rtnonalor  us  it  has  been  called,  consisting  of  a  circle  of  wire, 
complete  with  the  exception  of  a  very  small  spark-gap  between 
two  small  knobs  wiiicb  tipped  the  ends  of  the  wire,  and 
properly  placed  with  reference  to  the  vibrator. 

The  calcniation  of  tbe  electric  and  magnetic  forces  nt  points 
at  a  distnnce  from  such  a  vibrator  comparaMe  with  its  dimen- 
sions would  be  very  dtllicult,  but  for  points  at  distances  veij 
great  in  comparison  witti  the  distance  between  the  centres  of 
the  Bpherea,  uie  forces  must  be  very  apprtiximately  tbe  some  as 
those  due  to  the  electric  doublet. 

In  what  follows  we  shall  take  the  origin  at  the  point  midway    Tlioury  of 
between  the   two  charges  of  the  doublet,  and   the  axis  of  the    Vibrating 
doublet  an  axis  of  j.    Sincp  everything  is  symmetrical  rouml    Doublet, 
this  axis,  we  need  consider  only  the  disturbance  at  any  instant 
at  a  point  distant  i  from  the  origin  and  p  from   the  axis.     We 
shall  call  the  plane  through  the  origin  at  right  angles  to  the 
sxia  the  equatorial  plane,  and  any  plane  through  tbe  axiB  h 
meridian  plane.      As   starting-point   of   the    solution    we    use 
equations  (37),  (27'),  (2P),  (28')  of  p.  201  above. 

The  electric  forces  obviously  lie  in  meridian  planes,  and  the 
tinea  of  magnetic  force  must  he  circles  round  the  axis  of  tlie 
system.    Thus  7=0,  and  (28)  becomes 


I 


We  might  transform  these  equation!  to  cylindrical  co-ordinate  Equatiou 
and  then  proceed  to  find  the  solution  of  the  problem  for  the         of 
case  supposed.     The  following  process  is  simpler.  Motion 

Equation  (1*  shows  that  adg-^dt  is  a  complete  differential  of         for 
some  function  of  j,  «.     Using  Hertz's  notation  we  take  thi.--    Donbli^t 
function  us  3n/8f.    Thus 


and  equations  (27)  of  p.  20i  become 
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.fP 


a^n 


Now  oquations  (3)  declare  that  the  quantities 


»??, 


A'^  = 


e  indepcndeiit  of  I.    Their  vah 
fluenue  on  the  wave  prapagatio 


es  cannot  therefore  have  an)* 
1,  and  may  be  taken  aa  ^ro  in 


"''-57.  ,■  ■  •  ■ 

TbesaequationH  fulfil,  it  will  be  seen,  equation  (3). 
tuting  now  in  (S7'),  p.  201,  we  find 

_??  =  _     ^    -11  /*??  J.  ??  J.  ?!P' 
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That  we  may  put/(«,  ()=0  without  affecting  the  eleolric  und  Diffe 

I  magnetic  fields  may  be  neen   in  tiie  follgwing  manner.     Let  *"■-. 

I   ll'^i>(x,y,t,t)heanohitioiio{{6).    Then  eince  the  olectric  and  MortioD 

maKDGtic  forcBH  involve  differenlintion  with  respect  to  x  and  j  _    ;ii.,;„„ 

we  may  use  ioetead  of  tbie  tlie  value  *  (*,  y, :,  I)  +  f  ((,  ()  for  D,  e|^^* 

where  ^(r,  ()  is  any  function  of  :  and  t    Thia  wowld  give  the  Donblet  j 
difierentiai  equation 

--i-V^=/(.-.0 +«(■■. 'J 


where  v  (i,  I)  arises  from  ^  (i.  ')■  Since  ^■(r,  0  mny  he  anything 
we  please  we  may  choose  it  bo  that  xi'r ')  =  -/('•  ')•  Hence 
putting /(»,  0=0,  in  (5),  will  not  affect  the  electric  or  the 
magnetic  force  at  any  point.  Thus  we  have  for  the  equation  of 
propagation  of  electromagnetic  disturbance 


B'a 


=  J.V^n 


(6') 


The  well-known  gunerni  solution  of  ihie  equation  ih 

where  i>  =  1/  'J Kit ;  and  F[,  F^  are  arbitrary  functions. 
Tci  find  II  solution  adapted  to  the  vibrator  wc  have  Iniugtned, 


where  m  =  Sw/X  (X  -  wave-length)  and  »/«  =  u  =  1  /  n/a>.  This 
satisfies  the  differential  equation  and  is  of  the  form  (6).  The 
values  of  P,  ^,  R  derived  from  it  satisfy  (26),  p.  201,  and  we 
shall  see  that  it  is  applicable  to  the  present  case. 

First  as  the  case  supposed  is  that  of  an  electric  donblet.  the  : 
moment  *  of  which  varies  as  a  simple  harmonic  function  of  the 
time,  the  field  of  electric  force  in  tlie  immediate  neighbourhood  1 
of  the  doublet,  that  is,  at  any  point  whose  distance  from  the 
doublet  is  a  amall  fraction  of  the  wave-length  of  the  disturbance, 
must  at  each  instant  precisely  correspond  to  the  field  of  a  Knall 
magnetic  doublet  of  tiie  same  moment  numerically  as  that  which 
the  electric  doublet  has  at  that  instant.  Now  the  lines  of  force 
for  this  case  are  discussed  iit  p.   8,  and  illustrated  in  Fig.  3. 


of 
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The  magnetic  force  is  there  derived  from  a  potential  of  the 
form 

r=  -  »;  --  -, 
oxr 

where  m  is  the  moment  of  the  magnetic  doublet. 
Compari-       If  instead  of  m  we  write  ^  sin  nt^  we  see  that  the  electric 
son  of     force  to  correspond  ought  to  be  given  by  a  potential 
Solution 
with 


Magnetic 
Doublet. 


^  =  -  ^  Bin  fi/ 


(8) 


But  (7)  may  be  written 

-| —  Ism  \n\T  —  »0  +  **"J  *^}> 
r  r 


n  = 


and  the  second  term  on  the  right  is  practicnlly  zero  when  wr 
(=  27rr/X,  where  X  is  the  wave-length)  is  a  very  small  angle, 
that  is  when  r  is  small  in  comparison  with  the  wave-length. 
Thus  in  the  immediate  neighbourhood  of  the  vibrating  doublet 


n  = 


^  sin  nt 


(9) 


and,  by  (4),  the  potential  V  is  given  by 


/=--—  —  -  *  sm 


^"-'£(J) 


(10) 


Solution 
Modified 

for 

Symmetry 

round 

AxiH. 


which  agrocs  exactly  with  the  magnetic  analogue.  This  may 
he  taken  as  so  far  a  verification  of  tlie  solution. 

Further  (7)  gives  electric  force,  and  therefore  al8o  magnetic 
force,  everywhere  zero  at  an  infinite  distance,  which  must  he 
the  case  also  for  physical  rcaRons. 

Since  the  field  must  be  symmetrical  about  the  nzis  of  ^,  the 
electric  force  lies  everywhere  in  a  meridian  plane.  It  will  be 
sufficient  therefore  to  use  co-ordinates  z  along  the  axis, 
and  p  at  right  angles  to  it,  and  to  calculate  for  any  point  (r,  p) 
the  components  of  electric  force  perpendicular  und  parallel  to 
the  axis,  and  that  of  magnetic  force  parallel  to  the  meridian 
plane.     We  shall  take  the  meridian  plane  considered  as  plane 


THEORY  OF  VIBRATING  ELECTRIC  DOUBLET 


779 


of  y,  Zy  80  that  p  (Fig.  179)*  becomes  identified  with  y,  and 
denote  the  componentfl  specified  above  by  §,  J?,  a  respectively, 
putting  P,  /3,  y  =  0.  In  calculating  these  components  by  (7) 
we  have  to  put  r^  =  r^  +  p*,  and  in  finding  R  to  write  the  third 
equation  of  (7)  in  the  fofm 


p  3p  >   6p  / 


Y 


The  figure  represontH  nii  electric  oscillator  at  the  orit^in  of  co-ordinates  as 

iuU'udcd  to  be  understood  by  Hertz. 

FlO.   179. 

which  is  its  proper  form  for  the  case  of  symmetry  round  the 
axis  of  z.     Thus  we  find 


Expres- 
sions for 

Electric 

and 
Magnetic 

Forces. 


\  .:, 


A7/  =    r{(l  -  '— --)sin (;///•  — «/)-*;/rco8(/;/ /•-«/) Jsin^costf 


KU  =  -r  [2l8in  {lur  —  nt)  —  t,ir  cos  {mr  —  ni)) 

—  {3Kin(//7r  —  nf)  —  3/;/r  cos  (////•  —  nf) 
-  «7-r2  sin  {f/tr  —  ni)\  siii^  ^] 

(I  -^  -     {///r  sin  {hir  —  tif)  +  cos  (Mr  -  «/)[  aiii  6 


(11) 


*  This  figure  is  taken  from  Dr.  Lodge's  translation  of  Hertz's  paper 
in  Nature,  Vol.  XXXIX.  (18S8— 9). 
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Forces  at 

points 

near  the 

Vibrator. 


At  points  very  near  tlie  vibrator  we  get  from  these  equations 


KQ  =    ,   Kin  (mr  —  nf)  sin  B  cor  6 
KH  =  -  -::  sin  (mr  -  nt)  sin*  B 


.     (12) 


u^ 


cos  (mr  -  «/)  sin^ 


Forces  at 

Points 

Distant 

from  the 

Vibrator. 


It  is  to  be  noticed  that  this  expression  for  a  is  that  whicli,  ac- 
cording to  the  formula  at  p.  143,  would  be  given  for  the  mag- 
netic force  produced  by  a  current  y  in  an  element  of  length  ds 
such  that  yds  »  m^cos  {mr  —  nf).  But  n^cos  (mr  -  nt)  is  tlie 
actual  oarrent  in  the  doublet  at  any  instant  multiplied  by  the 
length  of  the  element.  The  theory  therefore  leads  to  the  law 
there  stated. 

At  a  great  distance  from  the  origin  the  equations  (11)  for  the 
components  become 


A'Q  =  -  -  id^  Hin  {mr  -  n/)  sin  ^  cos  6 
r 

KR  =      -  m^  sin  (mr  —  nf)  sin-  B 
r 


ri3) 


n^ 


a  = 


m  sin  {mr  -  nt)  sin  0 


J 


At 

Distant 

i*oint8 

Electric 

and 
M  acetic 
Force 
l»ro- 
PH^^ted 
Together 
in 
Trans- 
verse 
Vibrations. 


These  equations  show  that  at  great  distances  from  the  origin 
the  electric  and  magnetic  forces  are  propagated  together,  with 
the  velocity  n/«i)  and  are  in  the  same  phase. 

Further  the  first  two  equations  of  (18)  show  that  when  r  is 
great  Q  sin  ^  +  ^  cos  ^  <*  0,  which  indicates  that  the  direction 
of  vibration  is  perpendicular  to  the  radius  vector  from  eacli 
point,  that  is  that  the  vibrations  are  transverse  to  the  direction 
of  propagation. 

Along  the  axis  of  r,  a  =  0,  Q  >■  0,  and  the  equation  for  R  in 
(11)  may  be  written 

24>  

KK  =  --  s/i  ■+  „fy.i  sin  (mr  -  w^  -  ^)  .     .     .     (14) 


where  tan  e  =  mr. 


a 
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Tims  tlie  velocity  of  propagntioii  ul  electric  force  ftlong  the     Froi*((ii- 
u  be  found  from  the  equation  mr  -  nt  -  e  ~  0  hy  tion  along 
calcukling  dr/Ht,  and  is  therefore  n(l  +  inV^)/™^/'.     It  !b  very    the  As  is 
great  when  rinsmtill,  imd  approacheg  the  value  »/m,  or  l/'/x^     Hud'iu 

the  E^uu- 
Flaun: 


B  Q  —  0,  and  the  eqnatiuns  for  Jt  and  a 


AJi^t 


-    VI  +  mV  ein 


n{m 


nrl(l  -  BiV),  t«n  «■  =  - 1/«(» 


The  velocity  of  propagation  of  electric  force  in  the  equatorial 
plane  is  ILuh  n(i!.lr*  -  «V»  +  l)/(«'r'(mV  -  2).  It  is  always 
theater  than  the  velocity  along  the  axis,  except  of  couree  for 
great  values  of  r,  where  it  isn/m  as  in  the  other  case.  Moreover 
it  IB  inHnite  when  r  =  0,  and  when  t^  =  2/iii*,  or  r  =  \/(,irt/^, 
and  is  negative  at  inlennediate  points.  The  electric  force  is 
thus  projiugated  outwards  and  inwards  in  the  equatorial  plane 
from  a  point  outside  the  vibrator.  Tliia  is  the  point  for  which 
r  =  X/(jrN'2),  the  centre  of  the  small  cirola  seen  on  each  side  of 
the  vibrator  in  the  graphic  representation  of  the  electric  field 
of  the  vibrator  in  Fig.  181  below.  At  tbia  point  the  electric 
force  attains  any  value  which  it  there  takes  '12  of  a  period 
before  the  corresponding  value  of  the  force  is  attained  at  the 
origin. 

The  velocity  of  propagation  of  the  magnetic  force  iu  the 
equatorial  plane  is  7i(l  +w'r*)/CTV,  which  is  also  infinite  at  the 
origin  but  diminishes  as  r  is  increased  towards  the  limiting 
value  n/w. 

It  is  easy  to  verify  from  the  exi^ressioiiB  hero  given  •  that 
the  interval  in  which  a  zero  or  moiimum  value  of  the  magnetic 
force  travels  out  in  the  equatorial  plana  from  the  origin  to  a 
great  distance  r  is  rm/n  —  TjA,  and  that  a  zero  value  of  the 
electric  force  travelling  out  in  the  same  plane  from  the  point 
A/(irv7)  readies  the  point  r  in  the  interval  riM/ti  ~  fj2  after  the 
instant  at  which  the  xero  value  reached  the  origin.  But  when 
this  value  reaches  the  origin  the  current  bos  its  maximum  value, 
and  therefore  so  has  the  magnetic  force. 


Origin 

Great    

Distanc^^H 


Velocity 

of  Pro. 
pagaliou 

of 
Magnetic 

Force. 
Accelera- 
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In  the  succeding  interval  rinin  —  T/^  this  niaximutn  travels 
out  a  distance  r,  but  the  zero  value  of  the  electric  force  has 
arrived  earlier  by  T/4,  so  that  the  electric  force  is  also  a  iiiazi- 
mum  at  the  same  time  as  the  magnetic  force,  in  accordance 
with  the  equations  (18)  below. 
Lines  of        Lines  of  electric  force  have  the  differential  equation 

Electric 
Force.  ^[f  ^  «P 


or 


that  is 


dz  do 


_  1  d  [on 

p  dp^   dp 


Integrating  this  we  get  for  the  equation  of  a  line  of  force 
pdU/dp  =  Cf  or 

-  {«in  (mr  —  nl)  -  tar  cos  (mr  -  nt)]  sin^  0  =  c      .     (17) 
f 

where  r  is  a  constant  for  any  particular  line.     By  assigning 

different  values  to  c  the  whole  family  of  lines  of  force  f^xisting 

at  any  paiticular  instant  can  be  obtained. 

Graphic        The  curves  of  electric  force  as  plotted  by  Hertz  are  repro- 

Re^resent.  duced  in  Figs.  180,  181,  182,  183.     Fig.  180  shows  the  electric 

ation  of     field  as  it  exists  at  the  beginning  of  an  oscillation  when  the 

W^a  ^^  v^^"^^^  ^8  *°  ^^^^  neutral  state.  Figs.  181, 1 82, 183  after  the  lapse 

Field       Qf  successive  eighths  of  a  complete  period.    The  figures  were 

^lS^     drawn  by  means  of  a  set  of  values  of  sin'-^^,  and  corresponding 

Period      values  of  ^,  and  an  auxiliary  curve  giving  the  values  of  r  for 

which  (with  the  given  values  of  f)  the  multiplier  of  sin^^  in 

(17)  gives  a  product  equal  to  the  constant  c  chosen  for  the 

curve.    [The  X  on  the  curves  is  J  of  the  wave-length.] 

The  lines  in  the  immediate  vicinity  of  the  vibration  are  Tiot 
given,  nor  are  those  drawn  continued  up  to  the  source.  The 
vibrator  represented  is  of  a  dumlvbell  shape,  and  therefore  its 
lines  of  force  can  only  agree  with  those  of  a  doublet  at  Home 
distance  from  the  origin. 

Fig.  181  gives  the  state  of  the  field  after  the  lapse  of  j^  of  a 
period  from  the  instant  for  which  Fig.  180  is  drawn.  The  lines 
shown  are  enclosed  within  the  circle  given  by  (17)  for  t^z^f, 
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ami  e  =  Q,  TIjib  cirolu  IrxveU  oulwiiiiln  witli  tlie  iaine  VAlocily 
BB  the  magnetic  force.  [Tlie  ctosod  curves  oiitsido  the  circle 
m«y  for  the  present  be  neglected.] 

In  Fig.  182,  which  shows  the  lieUl  when  (  =  ir,  these  lines  ud 
enclosing  aircle  are  Been  to  hiive  spread  out  to  n  srenlerdisinDCe. 
In  Fig.  183  the  enclosing  circle  is  muuh  Inrger,  but  in  the 
iininediate  neighbourhood  of  the  vibrator  the  line»  of  forM 
have  begun  to  contract  inwards  on  the  souroo.  The  curvea  u« 
ihuB  throttled,  so  to  speak,  and  break  off  at  the  neck  into  clo*»d 
curves.  These  closed  curves  ore  formed  first  in  the  interinr  of 
the  system  as  shown  at  the  small  circles  to  right  and  left  of  tha 
vibrator  inside  the  outer  loop  of  the  dotted  curve.  At  theae 
points,  u  alTeady  stated,  the  electric  force  takes  any  possible 
if  value  before  the  corresponding  vslue  is  reached  at  the  origin. 
For  example  in  Fig.  183  the  electric  force  has  juat  become  zero 
Ht  the  smalt  circles.  As  (  increases  from  jT*  to  iT  the  ciirvee 
break  off  successively  from  within  outwards  until,  as  shown  in 
Fig.  180,  they  have  all  broken  oS  into  two  groups  of  closed 
curves  «een  to  right  and  left  of  Ihe  origin  within  the  circle. 
These  are  as  it  were  tlie  cross-sections  of  a  vortex  which  is  pro- 
duced and  remains  symmetrically  round  the  axis  of  the  vibratei. 
Its  circular  axis  at  the  small  circles  increases  in  radius 
111  first  very  rapidly  but  ultimately  with  the  speed  of  light. 
[The  arrows  in  the  curves  in  Fig.  183  are  opponed  in  direction 
to  those  in  Fig.  180,  but  this  nriscK  from  the  fact  that  the  lino 
in  Fig.  ISO  are  really  those  formed  in  the  half-period  preceding 
that  now  under  consideration.] 

Considering  now  the  interval  from  l  =  iT  to  1=^17  we  see 
that  lines  begin  to  sprend  out  just  as  before,  except  that  the 
directions  of  the  forces  are  reversed.  The>e  lines  furco  outward* 
the  closed  curves  of  the  "vortex"  iust  thrown  off,  rendering 
them  concave  on  their  inner  sides  and  more  and  mure  elongaied, 
as  shown  in  the  successive  diagraiiM,  so  that  they  approximate 
more  and  more  to  lines  transverse  ti)  the  radius-vector  drawn 
from  the  orisin  to  any  point. 
a  With  the  breaking  ott  and  motion  outwards  of  these  curves  is 
■.  connected  the  radiation  of  energy.  Progress  outwards  of  the 
state  of  8trei<n  indicated  by  theselmos  involi'es  the  carrying  off 
into  surrounding  space  of  part  of  the  energy  supptied  by  tht< 
medium  to  start  the  vibrator,  the  oscillations  of  which  are  there- 
fore subject  to  n  damping  action  over  and  above  that  due  to  the 
resistance  of  llie  bar  or  medium  connecting  the  conductor*. 

The  rate  of  radiation  of  energy  can  be  calculated  br  Poynting's 
theorem.  By  the  fonnula  given  at  p.  214  iibove  (which  may  be 
proved    independently  for  the  present   case    by  multiplying 
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Caloola-    equations  (1)  by  i',  Q,  R,  (2)  by  a,  /3,  y,  respectively,  subtracting 

^^  ^'     the  sum  of  the  second  set  of  products  from  the  sum  of  the  first 

pT^.    P^     set,  and  integrating  throughout  the  space  within  the   closed 

uition.  8urjf]^c3  chosen),  the  rate  of  flow  of  electric  and  magnetic  energy 

combined  across  unit  area  of  surface  at  any  point  is 

EH  sin  <f>  Hi'n  ^/4fr 

where  E*  Hy  are  the  resultant  electric  and  magnetic  forces  at 
the  point,  <^  the  angle  between  their  directions,  and  ^  the 
angle  between  the  outward  normal  to  the  surface  at  the  point 
and  the  common  normal  to  E  and  H. 

It  will  be  sufficient  to  calculate  for  a  sphere  of  large  radius 
described  from  the  origin  as  centre.  In  this  case  we  have 
by  (13) 


A"E  =  V^+  yr-  =  ?  m»  sin  (mr  -  »/)  Rin  0  i 


■     .     (IP) 


—  -  fftii  sill  (mr  -  nt)  sin  3 


E  and  H  are  at  right  angles  to  one  unotlier  and  lie  in  the 
tangent  plane  to  the  sphere  at  every  point.  The  rate  of  flow  of 
energy  per  unit  of  area  across  the  surface  is  therefore 
^mhi  sin*  (»ir-7i^8in2^/(47rA>'),  and  by  the  rule  given  at  p.  215 
the  direction  of  flow  is  outwards. 

The  total  rate  of  flow  of  energy  across  a  zone  of  the  spherical 
surface  of  angular  distance  6  from  the  axis  and  breadth  rdB  is 
thus  ^mhi  Bin^mr-TU)Mn^  6d$/2K'.  Integrating  this  from  0 
to  n  we  find  for  the  total  rate  of  radiation  across  the  surface 

2  *2 

-    -m^n  sin^  (mr  -  nf). 

Again,  integrating  this  expression  over  half  a  period,  say 
from  /  =s  0  to  i  =  772,  we  get  finally  for  the  «."nergy  radiated  in 
each  half-period  the  value 


1  *«  -,  TT  *« 

mviT  =  - 

6  A'  3  A 


7;i'  = 


3  A'    X^ 


.     .     (19) 


If  we  measure  *  in  electrostatic  units  we  must  take  A'  in  the 
same  units.  Then  for  air  A'=»l.  Before  obtaining  numerical 
results  we  must  calculate  the  period  of  the  vibrator. 


PERIOD  OF  TIBHATOR 

i  period  nf  tlie  vibrator,  tiiken  ns  2n -J LC  (p.  168)  by  i 
"  neglecting  R,  can  be  found  by  calculating  L  by  Neumann's 
forrnuln  [(47)  i>,  171],  and  tatinft  account  of  tbe  displacement  J 
currents  in  the  dielectric.  If  a  current  element  produces  llie 
magnetic  field  f;iven  by  the  formula  of  p.  1-13,  anit  the  digplace- 
mciit  current  be  uniformly  and  radially  distributed  in  tlie 
(lioleclrio  round  each  end  of  tlie  wire,*  the  correction  fur  a  piiir 
of  elements  rfi,,  <fo,,  at  diBtaiice  r  is  i  iPrldt^di^dt^di^,  and  hencf 
for  any  two  linear  currenU  tbe  correction  is  the  integral  of  tlii« 
taken  along  botli  linee.  Tims  if  /*„  P„  be  the  ends  at  which 
the  currentB  enter  the  ivirea,  !>,,,  No  those  by  which  lliey  leuve, 
the  integral  ia  obviously  i{/',/',  +  .V,A',-i',iVi-PiAf,). 

Hence,  aa  tlie  reader  iniiy  verify,  if  we  consider  a  straight 
conductor  of  length  I  and  take  two  parallel  6lamentH  of  it  ^it 
distance  r  apart  and  integrate  along  both,  we  get 


.2,(l„s?-'- 


if  xH  may  be  neglected.  We  may  extend  this  to  all  the 
filaments  of  tbe  conductor  by  taking  instead  of  x  the  geometric 
mean  distance  (p.  2'JOj  of  the  current  carrying  section  from 
itself.  If  we  Huppose  the  current  only  on  tbe  surface  of  the 
conductor  the  G..M.D.  is  simply  the  radius  a.  and  wo  get 


(21) 


i  =  2^/(log?.'_?j. 


If  tlie  current  is  taken  as  uniform  over  the  croas-aection 
Ifip  (G.M.D.)  is  (p.  29Q)  log  a  -  f  so  that  we  have  to  subititnle  J 
inHfend  of  tbe  §  in  the  above  result  Taking  fi  as  unity,  /  as  lOU 
rmn.,  II  ns  '25  cm.,  as  in  Hertz's  dumb-bell  apparatus,  we  get 
i,  =  1037  by  (21).  Since  tbe  Bpheros  were  16  cma.  in  radius  we 
miiet  I-ike  C=7-5/i'«,  where  v  is  tbe  ratio  of  the  nuiU  (CImp. 
Xr,).    Thus  weget  r=l-86x  10-8  of  a  second. 

*  Sob  Heaviiide,  Eltelridan,  Dec  28,  1BS8. 

+  HerticalouUtingbya  formuU  given  bj  Helmholtz,  diBeriiiK  from 
tlie  abnvp  only  in  haring  cPr/ii9,Eb,  multiplied  by(l-£]/!,  where  it*  is 
an  undetermined  conatant,  finds  Z  =  22  [log  (2I/(i)- 3/4 -f(l -()/2].  the 
cnrrent  beiu(t  suppoaed  uQiform  over  the  cross-section.  The  last  term 
ahoulci  be  (t-])?2.  From  this  by  patting  t=0,  we  get  the  losull 
.given  above. 


788 


ELECTROMAGNETIC  RADIATION 


Numeiical 

Value  of 

Rate  of 

Radiation. 


Propaga- 
tion of 
Waves 
along 
Wires. 


Theory  of 

Waves  in 

Wires. 


In  experiments  made  by  Hertz  the  condnctors  were  two 
equal  spherefl,  15  cms.  in  radius,  placed  with  their  centres  100 
cms.  apart.  These  were  charged  to  a  diflFerence  of  potential 
which  gave  n  spark-distance  of  1  cm.  The  potential  of  each 
differed  from  zero  therefore  by  about  60  C.G.S.  electrostatic 
units,  and  the  charge  of  each  sphere  was  60  X  15  C.O.S.  unita. 
Thus  ♦  =  60  X  15  X  100,  and  the  energy  radiated  in  half  a 
period  was  602  x  15«  X  100»  x  87r*/3X3  ergs,  X  being  taken  in 
cms.  If  the  velocity  was  that  of  light  the  wave-length  waa 
about  550  cms.,  and  lience  in  each  half-period  about  12000  ergs 
passed  from  the  vibrator  into  the  surrounding  medium. 

The  whole  energy  of  the  vibrator  when  charged  to  the 
potential  stated  above  was  ^  X  2  X  60*  X  15  (  =  54000)  ergs. 
Thus  about  J  of  the  whole  initial  energy  was  radiated  in  the 
lirst  half-period,  that  is  the  amplitude  of  vibration  suffered 
from  radiation  alone  a  diminution  of  roughly  {. 

The  period  being  1*85  X  10-8  second  the  rate  of  radiation  of 
energy  was  therefore  about  1*34  X  10"  ergs  per  second,  or 
approximately  1*34  X  10</746  (  =  179)  horse-power. 

Experiments  were  made  by  Hertz,  as  described  below,  on 
the  interference  of  waves  propagated  along  \vires.  The 
successive  oppositions  of  phase  were  found  to  occur  at  much 
smaller  intervals  in  the  neighbourhood  of  the  vibrator  tlian  at 
a  great  distance.  It  was  at  first  thought  that  this  result  was 
due  to  the  existence  of  two  effects,  an  electrostatic  one  travelling 
nt  an  infinite  speed,  and  an  electromagnetic  one  travelling 
with  the  velocity  of  light.  The  theory  given  above  shows  that 
this  is  not  the  true  view  of  the  caf.e,  and  we  must  examine  what 
phenomena  of  interference  with  waves  in  wires  are  given  by  it. 
We  shall  consider  first  the  propngation  of  waves  in  wires. 

To  find  a  solution  of  this  problem  we  slmll  suppose  the  wire 
to  lie  alon^  a  new  axis  of  ^,  and  put  for  tlio  value  of  11  at  any 
point  of  the  wire  the  expression 


n=  A8\n(m'z'~  »7  +  ^) 


(22) 


where  «7"''  denotes  the  speed  of  transmission,  whatever  it  is, 
of  a  given  value  of  n  along  the  wire,  z'  the  distance  of  the 
point  considered  from  a  point  chosen  as  origin,  and  d  the  phase 
angle  of  the  vibration  at  the  origin  when  /=(?.  The  wire  in 
the  interference  experiments  referred  to  was  placed  hori- 
zontally in  the  plane  of  symmetry  of  the  vibrator,  but  40  cms, 
higher. 

If  we  suppose  no  damping  out  of  the  wave  or  change  of 
form  to  take  place  A  cannot  be  a  function  of  z  or  t,  and  is- 
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therefore  a  function  of  p.    We  write  therefore  instead  of  (22), 

n-/(p)8in(i»V-nV  +  d) (23) 

But  for  any  point  in  the  insulating  medium  surrounding  the 
wire  we  liave  the  differential  equation 


V^n 


(24) 


By  substitution  from  (23)  in  (24)  we  find 


Z+Yi-^"'"-""^''^^-^- 


(26) 


Diifereu- 

tial 
Equation 

of 
Condition. 


This  equation  may  be  solved  in  the  following  manuer.   Imagine   Solution* 
a  linear  distribution  of  attracting  matter  along  the  axis  of  z'^ 
such  that  between  two  points  at  distances  j?  +  f  and  s'  -h  f  +  rff 
from  the  origin  the  quantity  of  matter  is  co8/»(s'  +  CidC.    The 


potential  at  a  point  F  at  distance  r  from  the  origin  due  to  the 
element  di^  is  cos  p(2^  +  i)dClr,  We  shall  take  z  as  tho  axial 
coordinate,  OM^  of  the  point  P,  Fig.  184.  If  matter  be  dis- 
tributed according  to  this  law  to  an  infinite  distance  on  both 
sides  of  the  origin  the  potential  will  be  given  by  the  equation 


+  00  + 


4.00 

COS  p(z  +  0 


—  00 


~30 


Vpi"+  c 


dC 


+  Q0 


—  00 


C08/)f 


.  r   coK  „^     ,^ 
—  cos  ps  I  —   -  ■  —  a(  , 

J  \V 


(26) 
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since 


•f  ao 


/ 


—  CO 


HlUp( 


rfC  =  o, 


each  element  for  u  positive  value  of  (  being  cancelled  by  a 
corresponding  element  for  (  negative. 

The  integral  in  (26)  does  not  depend  in  any  way  upon  z  or  {» 
and  is  therefore  entirely  a  function  of  p.  But  at  every  point  P 
the  potential  ^fulfils  Laplace's  equation,  which  in  the 


case  has  the  fonu 


present 


If  we  write  ^iii  the  form  </)(p)cos/;r  wo  obtain  from  tlie  lost 
eriuation 

which  is  tlio  equation  fulfilled  by/(p)  if 

2)2  -  ,;/'»  _  n'2A>. 
Hence  wo  may  put 


+  x 


_  2J  rcos  ^/«'«  -  n'2A> .  C 


« = %j 


—  eo 


where  J  in  u  constant,  and  finally  * 


<IC 


(27) 


n  =  --  sin  (w<  c   - 


','  _  „7  +  «)  f*''"'  ^/*'"  -  «''A>  ,/f  .     (28) 

-  « 

This  is  the  general  solution  from  which  the  electric  and 
magnetic  forces  are  to  be  found  by  (4). 

*  The  solution  hero  adopted  is  that  given  by  roincare  {ElcctricUe  et 
Optitpu,  tome  ii.  \).  192).  Hertz  gives  practically  the  same  solution 
but  in  a  somewhat  different  form.     He  remarks  that  the  integral 

ep 

/c-ii'p(«"+«"')t/« 

0 

satisfies  the  dilFereutial  equation  (25).     If  we  assume  that  ;>  is  not  less 
than  zero,  that  is,  that  the  velocity  of  propagation  along  the  wire  ia 
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If  we  now  impose  the  condition  that  the  electric  forces  are  at  If  Eleetric 
right  angles  to  the  conducting  wire  we  must  have  /2  ■>  0,  that     Forces 
is  by  (7)  Normal  to 

am    I  an  ^^ 

!-"+i^"  =  0,  Velocity 

^P^       P  ^P  of  Propa- 

or  gation  = 

9y,ld/_  Velocity 

V  +  pdp"        ^^    ^^I-Wit. 

This  gives /=  Clogp  +  C,  where  C,  Cf  are  constants,  and 
therefore  we  may  write 

n  =  i^  log  p.  sin  (m'z'  -  n7  +  «)  .    .     .     .     (30) 


not  greater  than  in  the  surrounding  medium,  we  may  write  pp=  —  id, 

where  0  is  a  pure  positive  imaginary,  and  i  =  V  —  1.    The  integral 
then  becomes 


/ 


90 

i9  COB  iu  . 
c  du 


and  is  a  ca&e  of  the  function  K  {$)  discussed  in  treatises  on  Bessel's 
functions. 

Now  it  is  proved  (Heine's  Kugeffunelumen,  p.  188,  2iid  edition) 
that  if  $  be  as  hero  a  pure  positive  imaginary 


00 


00 


f  f COS  ppJ" 

K{$)  =  I  COS  (esin  iu)  du  ^  j    ,        .,  dx 


u 


u 


i 


0 


p 

COBfC 


d( 


if  for  px  we  write  f.     But 


f  coapC      ^        f  COB  pC 
I    .    ^*    d(=2  I    .    "^^  dC 

J  nV  +  C-  J  'Jp'+C 


Thus  the  two  sohitions  ugree  to  a  constant  multiplier. 
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.hy  coinpuriaon  of  (26)  and  (31)  v 


'« that  in  this  cam 


,1  -  m'*  -  n-'^i.  -  0  . 


that  is  the  velocity  of  propagation  of  tlie  nave  along  the  wire 

Ti      ^  ''  ^'"'  ^  ^^^  velocity  of  light. 

LlDuof  jijg  ISBshowi  the  lines  of  electric  force  in  tlic  neighbourhood 
J^™  of  the  whe  for  ;>=(■',  that  ia  for  Bti  infinitely  small  velocity  of 
Valodties  P'opaK'tion  along  tho  wire.    Here  the  lines  maio  finite  angles 

gf  pi^  with  tne  wire  except  at  pairs  of  points  at  successive  distances 
of  half  a  wave  length,  along  ilie  wire,  wliere  Ji  is  zero.  The 
field  is  wholly  electrostatic.  Fig.  186  shows  the  change  pro- 
duced in  the  field  when  the  velocity  of  propagstion  along  the 
wire  is  7/12  of-  that  in  the  mndium.  The  component  of  electric 
force  along  the  wire  is  weakened  by  elect rodynamic  action,  and 
the  curves  run  farther  out  since  the  tangent  at  any  point  is 
thua  rendered  more  nearly  perpendicular  to  the  wire. 


In  Fig.  167  the  field  in  the  case  of  velocity  of  truntuuitieioii 
equal  to  that  of  light  is  shown.  The  lines  of  elcctiic  force  arc 
everywhere  in  pIsoeH  at  right  angles  to  the  aiis  ;  each  of  the 
curves  of  the  former  diagram  has  by  the  vanishing  of  if  at 
every  point  been  changed  into  a  pair  of  parallel  lines,  as 
indicated  by  the  arrows,  one  running  out  tu  intinity  the  otlier 
returning  from  infinity  to  the  wire. 

Taking  now  the  component  of  electric  force  in  the  equatorial 
plane  as  given  for  the  vibrating  doublet  by  (15),  we  may 
wriiB  it 


XR- 


3  Vl  -  oV  +  «'r«  sin  {xl  - 


=  Psin(W-80    (32) 


ELECTRIC  FIELD  RODND  WIRE 


Plolting  a,  as  ordinates  of  o 
abscLBSH>,  Hertz  nhtained  the  cur 


I 


i 


Fios.   186,  187. 

curve  ip  drawn  for  (lie  experiments  described  u1  p.  812  below. 
The  scule  below  indic&tee  tnelrea,  and  etarts  from  a  point  (46 
ctuH,  IQ  tbe  riglit  of  tlie  origin  of  abscisMe)  at  wliicb  tlie  valuo 

*  This  cut  is  uopied  from  Hertz's  paper,  "  Die  Kriiftu  vlektriscbcr 
Sohwinjfnnjten,"  H'itH.  Ann.  38  [1888),  p.  1,     See  nlso  Nature,  vol. 
_  U  (18SS— 9),  p.  547. 
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of  a,  begiiiH  to  be  Beniiblc.     Tlic  iliBtani-o  iih  atoog  the 
X  nndy  repreaenta  w, 
r-  It  will  be  accn  from  the   curve  tbat  it  is  naymplotie  jt"  tlif 

I  fcrencn  ol  gtnight   line  (d-mr-ir)  drawn  from  b,  ami  tb»t  therefore  at   n 
1  Direct  and  great  diBtaoce  the  phaao  ftlters  uniformly  as  if  tlie  wave  bad 
_,^'"'      been  trsnamilted  over  the  first  holf  wave-lengtii  in  all  infinitclj 
W«Tcs  (ID      )m„  tj|„(,   jiprt  had  therenfter  truvelled  with  velocity  nim. 
DTen  by 
Thforj. 


The  electric  force  parallel  to  z'  at  jiny  point  in 
through  the  wire,  and  produced  by  tba  [tiaturbance  ii  ' 
has  the  expreision 

W^C  Bin  (»'/  -  8,)  .    .    .     . 

where  by  (30) 


If  X'  denote  tlie  length  of  tlio  waves  In  the  wiic.  Tlic  value  of 
0  and  the  amplitude  C  can  be  alteriid  to  any  requited  nmoiinl 
by  properly  adjuatiiiR  the  length  of  the  wire. 

Considering  then  the  interference  between  the  eloctriu  force  in 
the  equolorial  plane  due  to  the  radiation  from  the  vibrator,  nnd 
thiit   produced   by   the   wire,  we   see   that   the   ptiaio    of    the 


HERTZ'S  KXPERIMENTS  ON  KADUTIOK 
ildepemiBOQ  Ji-d..    For  if  the  resultant  be  A' we 


V  aupposo  )liat 


re  Jivision  i,- 

-8,  has 

ne  (1  in  Fi^. 

188)  be 

bi  such  thut 

it  rise.. 

issiB  tqual   to 

h«lf  a 

IB  thus  drawn  for  a. 

,  multiple  of  2ff,  cos  Hi,  -  tM  =  ±  I 

ire.     If  B,-8,  ia  an  odd   multiple  of  n 

the  effects  aru  opposed.      In  tlie  fortner 

nio}'  be  called  +,  in  the  latter  - ,  while  in 

.ultiple  of  5r/2,  it  may  be  eaid  to  bo 

,t  Bt  the  zero  u£  the  wei 
ind  let  a  straight  11 
drawn  to  represent  Aj-f  ^o'  ^'^  slope  musl 
IT  for  a  diBtuiioe  along  the  uxia  of  abst 
wave-length  in  the  wire.      In  the  tigurc  it 

wave-length  of  5'6  mutreH,  to  suit  the  exporiments  mnde  by 
Hertz.  The  lines  numbered  2,  3,  4,  &t:.,  are  drawn  in  the  eamu 
way  to  represent  t^6g-iit,Sj+S„-«,tj-i-6^  —  ^,&.c.  These 
cut  the  axis  of  nbscisate  at  iiuccesalve  distances  from  the  origin 
of  the  metre  scale  of  I'i  uieCreB,  and  aru  all  parallel  to  the  line 
numbered  1. 

The  intersections  of  tlieae  lines  witli  the  curve  8,  projetted  ou 
the  axis  of  abscisBte  give  the  distances  from  the  origin  at  which 
S,  has  the  Buccesaive  values  Si+Sg,  d,+8u-ln'.&c.  Thus  if  the 
interference  ut  the  beginning  of  line  1  huve  the  Bign  -|-  (~),  it 
will  have  -  (+]  at  a  distance  of  2-3  metrea,  +  (-)  at  a  dis- 
lauce  of  7'S  metres,  -  (+)  at  14  metres,  and  so  on.  Or  if  it  be 
jiero  at  the  beginning  of  the  metre  scale,  it  will  be  zero  at 
diatancuB  2*3,  7-(i,  14,  &c.  metrea,  and  have  opposite  Bigns  at  tile 
intermediate  distances  1  metre,  4'8  inetres,  11  metres,  Ac. 

This  it  will  be  seen  below  expresses  .the  experimental 
results.  The  retardation  of  the  magnetic  force  given  by  tlie 
nqiiation  d3  =  iii3-tau-'  mr  is  shown  by  the  line  Sj.  Further 
discussion  of  the  experimental  results,  including  the  interference 
of  the  magnetic  actions,  will  however  come  more  conveniently 
after  a  description  of  the  experiments  made  by  HnrtK  and 
MtLcis. 

Some  of  the  most  important  of  Hertz's  experiments  were  HBrtx**! 
carried  out  by  means  of  the  dumb-bell  vibrator  and  receiver  Expeci.r 
referred  to  above,  or  with  tlie  dumb-bel)  vibrator  modified  by  sub-  uicnla.  ] 
Hiituting  for  the  spheres  plates  copl  an  or  with  the  axis.  The  vibrator, 
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tion  of 

Oscilla 

tions. 


Modo  of  which  wus  placed  horizontally,  was  connected  as  shown  in  Fig.  189 
Produo-  to  the  terminals  of  an  induction  coil.  The  two  spheres  A^  A' 
were  thus  charged  to  a  difference  of  potential  sufiBcient  to  enable 
a  spark  to  pass  across  the  gap.  As  soon  as  tlie  spark  passed 
electric  oscillations  were  set  up  which  depended  for  their  period 
on  the  diinensiiins  of  the  apparatus,  but  were  enormously  more 
rapid  than  the  action  of  the  coil.  Tlius  the  oscillations  hod 
subsided  in  consequence  of  generation  of  heut  and  radiation  of 
energy  long  before  they  were  renewed  by  the  coil.  The  action 
of  the  vibrator  was  therefore  a  succession  of  oscillatory  dis- 
charges separated  by  intervals  of  inaction. 


Induction 
Coil 


w 


o 


*">  o 


Fic.  isj). 


Reiiouat-        What  wns  very  remarkable  in  the  receiver  wus  the  fact  that 

ing        a  particuhir  hizc  depending  mainly  on  the  vibrator  was  ncccsitary 

Action  of   to  enable  it  to  act  with  greatont  readiness  and  intensity.     This 

Receiver,    suggested  that  its  behaviour  was  that  of  an  electric  resonator, 

HO    to    speak,   tuned   to   respond   tu   the   vibrations   which   it 

received,  and  to  no  others.    Of  course  this  was  only  approzi* 

mately   the  case  :    the    electric    radiation    was    essiintiully    a 

compound   phenomenon,  and  indeed  very  accurate  tuning  has 

been  found  unnecessary  for  obtaining  results. 


THEOBY  OF  REOEIYER 

_  Tho  wire  of  which  the  receiver  was  made  was  2  mmii.  thick. 
tad  the  diameter  of  the  circle  was  35  cms.  The  ends  of  llie 
wire  nt  ihe  spsrk-gap  were  tipped  with  two  Htnall  knohs.  T!i« 
wiilth  of  the  gap  was  regulated  by  means  of  a  fine  acrew,  which 
moved  one  end  of  the  wire. 

In  Home  experiments  with  the  same  vibrator  a  receiver  io  Ua- 
form  of  II  square  60  cms.  in  [side,  made  of  wire  of  the  Bnme 
^■iiiiee,  was  used.     The  sparlt-gap  was  in  tho  middle  of  one  of 

It  is  impossible  to  give  a  complete  acconnt  of  the  action  of 
the  receiver  or  resonator,  but  some  approach  to  a  rough  theory 
cao  be  made  which  serves,  partly  at  lenet,  to  explain  the  results 
obtMned.    [See  Hertz,  WUil.  Ann.  34,  p.  155  (1888),  or,  D»Ur- 

If  we  denote  by  P  the  electric  force,  parallel  to  nn  element  i/t 
of  the  resonatiug  circle,  produced  by  the  action  of  the  exoiter, 
we  shall  have 

P  =  <^(»)  cos  «( (36) 


from  some  point  of  the  circle  (say  the  centre  of  the  spark-gap) 
taken  as  origin.  We  assume  further  that  <f>i*)  is  a  periodic 
function  of  *,  which  in  no  doubt  the  case  when  electrical  oscil- 
lations are  going  on  in  the  circle.     Hence  by  Fourier's  seriee 


where  £  denotes  the  whole  uircnrnference  of  the  circle.  It  is  I 
not  necessary  to  retain  more  than  the  three  terms  hern  eihibited, 
the  constant  temi  and  the  two  indicating  the  gravest  simple 
harmonic  component.  Ifwe  take  the  origin  at  the  spark-gap, 
wo  may  neglect  also  the  term  S'  sin  (Qirs  fS)  since  that  is  ot 
opposite  sign  in  the  two  halves  of  the  circle  on  the  two  sides  pf 
the  dinmeler  through  the  spark-gap. 
At  the  spnrk-gap  we  have  then  by  (36) 


i^{.)  =  J  +  B 
,t  the  diametrically  opposite  point 


I   The  current  at  the  spark-gap  is 

*if  electricity  in  the  spark  itself. 


e  the  rate  of  pass4ge 


ForcaJ 
Oicilk- 
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I        Aticoriliiig  to  Herte'R  view  the  nction  of  tlie  vibrntor  0 
portion  o 
live  in  Battinf;  lip  Ihe  nficilfatioii,  tliat  is,  tlia't  tlia  ascilUtioni 

■  depend  rather  on  ,f  -  fl  tlian  on  A  +  II.  Siicli  nn  oscillation 
no  doubt  tonsistH  lirnt  in  n  hnclin'nrd  and  forwnni  flow  of 
electricity  in  tile  conoectiriK  wire  from  one  knob  to  the  other, 
which  p-iiduatly  increases  in  smpHCude,  if  tlie  receivnr  iit  of 
natural  period  neurly  equal  to  that  of  the  vibrator,  until  thn 
innxiniutii  difference  of  potential  between  the  knobn  become* 
HI)  Kreat  tliat  u  epork  pitnuea.  He  coinparen  the  resonator  to  ■ 
Htrint;  fixed  at  ita  two  endit  and  subjected  to  periodic  f  orcea  at 
intertnediatP  points,  so  that  it  is  set  into  a  aUte  of  f urced  vibra- 


B,  we  have,  on  the  i 
hiwiy  ilamped,  llie 

3'f  ,     ,1, 


It  the  exciting  vibra- 


4 


F=-     ,      -      -"    -  -     Bin  (»/-*)  + Jain pZ+CcwiB/. 

V(«"  -  /;■■   -    ,^,«  +  h'k- 

(38) 
where  tan  »  =  2ii)[/{n'  -  p>  -  n^j 

If  ■  be  HUppoaed  very  siniill,  /'  will  lie  very  great  if  p  ia 
«qual  to  n,  and  will  have  tlie  aiiine  taf,n  its  A'  or  the  oppoHile 
sign,  that  ia  the  phnse*  of  the  forced  part  of  Tand  the  escitiiit; 


ti  will  agree  or  be  opposed,  according  aa  n  > 
Bry  great  and  itpproxiroalely  c 


itl-l.  Thii- 
isjuat  attained  there  Is  a  difference  of  pbaiie  of 
u  quarler  of  a  period.  Tf  k  ib  not  very  amall,  lUe  forctd  vihm- 
tion  ia  a  niaiiiniim  when  a'  =  /i*  +  k*,  and  the  greater  ■  is  tlie 
smaller  ia  this  inuximum. 

The  terms  of  P  mny  be  interpreted  m  follow* :  A  cos  nl  ia  nn 
I  electric  force  at  the  element  di,  whidi  haa  the  8umn  value  for 
each  clement  at  the  Rnme  instant.  It  inny  be  taken  sa  tbe 
electric  force  due  to  variation  of  magnetic  induction  of  Iho  sama 
r.  value  at  every  point  of  the  circle,  or  if  the  magneiio,  induction 
is  not  iinifomi,  the  part  ot  this  electromotive  force  which  Is  the 
same  fur  each  elenieol.  In  the  second  term  is  included  the 
so-called  electrostatic  action  of  the  vibrator,  and  nny  remaining 
portion  of  inductive  action  however  produced. 

If  E  be  the  part  of  the  electric  force  which  is  indepeni 
that  due  to  Iho  variation  of  the  uniform  part  r ' 


rlependantrj^^ 
ilK-  magiM^B 
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induction,  '^  tlie  nnj^lo  wliich  it  innkeit  with  tlie  |>laiio  of  thr 
cirolo,  and  $  the  angle  between  tlie  component  in  tlie  plnne  of 
the  eirole  and  the  riidius  to  the  centre  of  the  spark-gap,  the  i 


I  (27r»/.9  -  ff).    Therefore 


[lonont  along  the  tangent  is  Beos  ^  si 

B=-    ffcON^BinflcOBM/. 

Hence  the  length  of  spark  raay  he  taken  an  roughly  depend- 
ing on  the  villus  of  a  quantity  of  the  form  a-^^ff  sin  6,  where  a 
is  proportional  to  A  and  ^  to  ff  cos  ^. 

In  tlieeipeiimentB/oc.citilwaaof  course  suificient,  on  account 
of  the  Hymmetry  of  the  arrangament,  to  invedtigate  what  took 
place  for  positions  of  the  centre  of  the  receiver  ut  different 
points  of  one  of  the  four  quadrants  into  which  the  horizontal 
lilane  through  the  vibrator  waa  divided  by  the  line  of  tlia 
vibrator  itself,  and  the  horizontal  perpemlicular  to  the  vibrator 
passing  through  the  middle  of  the  spark-gap.  The  receiver 
was  used  with  its  plane  (I)  vertical,  (2)  bori/ontal,  in  bothca^es 
^vilh  its  centre  ia  the  horizontal  plane  through  the  vibrator. 

It  was  observed  in  the  former  case  that  no  sparks  passed  when 
the  circle  was  placed  with  its  diameter  through  the  spark-gap 
horizontal,  that  is  the  gap  vertical,  but  that  sparks  passed  with 
increasing  intensity  as  the  receiver  was  turned  round  in  its  own 
piano  so  as  to  bring  this  diameter  nearer  to  the  vertical.  When 
the  gap  was  at  the  lowest  or  highest  point  of  the  circle,  and 
therefore  borijiontal,  tlie  sparks  passed  most  freely  for  a  ^i^'en 
position  of  the  plane  of  the  circle. 

For  any  vertical  position  of  the  circle  clearly  a  =  0.  For  a 
vertical  position  of  the  gup  the  action  of  fl  is  equal  and  opposite 
in  the  two  halves,  for  a  horizontal  position  its  action  on  the 
part  of  the  circle  diametrically  opposite  is  effective  unless 
.Jr  =  90°. 

It  was  found  that  if,  when  the  spark-gap  was  at  the  top  or 
bottom  of  the  circle,  the  receivor  was  turned  round  u  vertical 
nsii)  there  were  two  positions  in  which  the  sparks  passed  with 
maximum  intensity,  and  two  in  which  there  wns  absolute  or 
approximate  extinction  of  the  sparks.  The  two  positions  of 
maximum  were  ISO'  apart,  as  werealsothe  two  positions  of  zero, 
wliich  lay  midway  between  tlie  two  former  positions.  For  the 
former  position  ^  =  0,  and  8  -  90°  for  the  element  opposite  the 
gap,  for  the  zero  poBitions  ^  =  !)0°. 

A  number  of  tlieae  positions  were  noted  and  are  illustrated  in 
Fig.  190.  The  longer  lines  show  the  positions  of  the  spark- 
gap  when  the  sparking  was  a  maximum,  the  short  arrow-pointed 
lines  the  direction  of  the  electric  force.  The  short  lines  clearly 
indicate  corves  of  electric  force,  the  others  directions  nt  right 
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Ezperi' 

ments 

with 


anglcR  to  the  electric  force.  Fiirthermoro  the  lines  which  are 
drawn  for  points  near  the  vibrator  suggest  the  lines  of  electro- 
static force  illustrated  in  Figs.  180 — 183,  and  the  theory  shows 
that  near  the  vibrator  the  ctlectrostatic  action  is  most  powerful. 

When  on  the  other  hand  the  plane  of  the  receiver  was  liori- 

zontal,  no  effect  was  produced  when  it  was  on  the  position  I, 

Fig.  191,  so  that  the  magnetic  induction  through  it  was  zero, 

Resonator  ^nj  the  spark-gap  was  at  b^  or  b\  and  therefore  at  right  angles 

ri      ^^  ^^®  electric  force.     Wnen  however  the  circle  was  turned 

zon  a  .     rQuud  j^  its  own  plane  so  that  the  spark-gap  was  brought  to  a, 

or    tf'|,   equal   maxima  of  spark    production    were  found    at 

these  points.     The  spark-length  observed  at  these  points  was 

2*5  mm. 

When  the  circle  was  turned  to  II  the  magnetic  induction 
through  it  was  no  longer  zero.  Two  positions  of  minimum  or 
zero  sparking  were  found  at  b^  and  b'^  and  two  maxima  of  un- 
equal intensity  at  ^j)  ^"^  ^ V    '^he  line  a^a^  was  at  right  angles 


ij'iG.  lyu. 


/ 


^ 


to  the  electric  force,  and  thus  the  action  was  proportional  to 
a  +  /3  at  one  position,  and  to  a  -  jS  at  the  other.  The  two  effects 
conspired  at  a^y  and  were  opposed  at  a\.  For  the  electric  force, 
with  A  say  pohitively  charged,  was  from  A  and  tended  there- 
fore, when  the  gap  was  at  flfg?  to  produce  a  current  in  the  clockwise 
direction.  But  the  electric  force  due  to  inductive  action  was  in 
the  direction  from  A'  to  A  near  the  vibrator,  and  tended  to  pro- 
duce flow  in  the  same  direction. 

When  the  spark-gap  was  at  a'^  it  is  easy  to  see  in  like  manner 
that  the  effects  were  opposed. 

When  the  spark-gap  was  at  b^  or  h\  the  electric  force  being 
equally  inclined  to  the  circle  at  those  points  gave  therefore 
equal  components  along  the  circle,  winch  neutralized  the 
electric  forces  duo  to  induction. 


^    Tbe  Bpark-1 
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Tbe  Bpark-lengthB  at  Hj  and  a\  were  3'6  mtos.  nnd  2*6  rams. 
roHpecticaly. 

When  the  circle  was  moTod  to  position  III  tbe  two  null 
points  closed  up  nearer  to  a',  the  smalier  maiimiim,  while  the 
greater  maximum  waa  at  a^.  Over  a  conBiderable  re^on 
opposite  to  0]  only  u  very  slight  effect  wus  obgerved.  The 
sparb-lengtb  at  a^  was  4  mms. 

As  the  middle  position  was  appr(iaohe<l  nnd  reached  in  IV 
iind  Y,  nu  pofiitiona  of  extinction  at  all  were  found,  but  only  a 
maximum  and  minimum  at  oj,  o'„  in  IV  and  a„  a'.,  in  V.  It 
ix  to  be  noticed  that  in  the  passnge  from  position  111  to  position 
V  tbe  line  aa'  turned  quickly  round  through  nearly  90°  so  as  to 
be  always  at  right  angles  to  the  electric  force. 

The  Hpark-lengths  found  were  5-5  mms.  at  w„  1*5  mms.  at  •/', 
and  6  mine,  nt  a^,  S'S  n 


r 


^O 


Fto.   181. 


Hertz   nwde   experiments  also  with    tbe  reBoijutor  in  other  Reaonato 
positions  than  tboao  speoified,  and  found   the  results  to  be  in     inclinrf 
iiccordnnce  with  theory.     For  example  the  circle  was  placed  in    to  Hori- 
the  pOBition  V  of  Fig.  191  with  the  spark-gap  at  a^  and  then     Mutal. 
turned  round  the  diameter  parallel  to  the  vibrator  so  as  to  raise 
tbe  spnrk-gap.     Experiments  were   made  for  various  positions 
until  tbe  circle  had  been  turned  completely  round  to  its  original 
position.    During  the  change  of  position  6  was  itill  90',  (3  re- 
mained nearly  constant,  but  a  changed  with  the  cosine  of  the 
inclination  of  the  plane  of  the  circle  to  tlie  horizontal.     Thug  if    Effect  of 
the  vuliie  of  o  for  tbe  horizontal  position  be  denoted  by  n^,  and  Chungs  of 
the  inclination  of  the  circle  to  the  horizontal  by  i^,  the  quantity    Angle  of 


.  sughly  roeaaimng  the  spark  producing  action  wiis  o^cos^ +!§, 
and  varied  therefore  from  oo  -V  ^  for  the  spark-gap  at  Oj  in  the 
position  V,  to  fl  when  <}>  was  90°.     Experiment  showed  that  the 
spark-length  varied  from  6  mm.  to  2  mm. 
VOL.  n.  3  K 
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Theresfter  &a  the  next  qimdriint  was  turned  througli  tiic  cj 
length  pAHsed  through  eero  and  incrcnsed  ngain  to  the  smaller 
mnximum  2-5  mms.  at  o'a  wlion  *  was  180°.  Tho  action  ww 
tlien  represented  by  -oo  +  fl,  and  -oj  preponderating  g«ve  the 
smaller  (aBRative)  maximum,  wliile  between  0  ^  90",  and  <t>=  180*, 
oy  COS  ^  +  &  \.o6\f.  the  value  0. 

Aa^waH  further  changed  from  180'  to  270  no  cos  ^  +  3 
changed  from  -(i(,  +  ^  to  ^  again,  »nd  so  tha  spark-leagtli 
changed  through  zero  lo  2  inms.  once  more.  Aa  the  circle  wm 
turned  through  the  last  quadrant  to  its  original  position  thn 
epark -length  increased  from  2  a\tn,  to  6  mm. 

The  experiments  just  described  were  all  made  in  tho  viouiitj 
if  the  vibrator.  Ksperimenling  at  greater  distanoeB  Hertz 
found  that  at  points  from  about  1  to  I'&metrefrom  the  vibrator 
'     ■  '       a  positions  were  not  clearly  definMl 


*gif5 


I 


except  for  certain  positions;  but  that  tliey  became  again  distinct 

ot  distances  exceeding  two  metrea.    Fig.  192  shows  the  electric 

Ecplora*    field  as  mapped  out  by  Herts,  in  an  exploration  made  liy  neali* 

tian  of     of  a  receiver  carried  about  from  point  to  point  in  a  room  of 

Bteotric    14  metrea  by  IS.    From  this  exploration  he  drew  tlie  following 

Fiald  with  conuluBions  ;  (1)   That  at  distances  beyond   three  metres  the 

KaionatoT.  electric  force  is  parallel  to  the  oscillation,  and  is  due  in  tlie 

main  to  induction.    (2)  For  distances  less  than  I  metro  bom 

the  vibrator  the  electric  force  is  almoat  wholly  electroitatic. 

(3)  The  electric  force  is  determinate  at  all  points  along  the  ani 

I  of  the  vibrator  nnd  in  the  equatorial  plane  but  within  a  ccrt^ 

1  region,  marked  by  the  asterisks  in  the  diagram,   becomes  in- 
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determinate.  Ttje  effect  falls  off  modi  more  rapidly  with  in- 
crease of  distnnca  along tlie  uxis  tbmi  in  the  eqiialorlnl   )>lane. 

It  is  to  be  remnrked  that  these  results,  the  ezpliitiHtion  of 
which  wa«  nut  at  ail  obvious  when  they  were  observed,  are  nu 
the  whole  satisfactorily  accounted  fur  by  the  theory  given  later 
by  Herta  ond  discusaoii  above,  p.  775  rl  leq. 

It  is  only  necessary  to  look  at  Figs.  182,  183  to  find  all  the 
features  of  Fig.  192.  There  is  the  S'l-called  electrostaiic  tield 
of  force  eloiie  to  thevibrator,  tlie  region  uf  indeterminacy  Iwyond 
it,  and,  in  the  neighbourhood  of  tlie  equator  at  least,  the 
parallelism  of  the  electric  force  to  the  vibrator.  The  more 
rapid  falling  off  of  the  action  along  the  axis  is  also  eiphiined. 
For  by  e'l'iationa  (13),  at  a  great  distance  the  eltctric  and  mtig- 
netic  forces  are  both  zero  on  the  asix,  while  in  the  eijuatorinl 
plane  they  are  still  sensible.  The  only  discrepance,  if  discrep- 
ance it  is,  is  (he  apparent  parallelism  of  the  lines  of  electric 
force  to  the  vibrator  found  at  some  distance  from  the  equutoriu! 
plane;  but  this  is  no  duubt  due  to  the  inaccuracy  produced  by 
effects  of  the  walls  of  the  room,  or  otherwise. 

Ileriz  also  investigated  the  effect  of  placing  conductors  and 
insulutorsofdifferentkinda  in  the  neighbourhood  ofhisvibrulor.* 
The  arrangement  of  apparatus  is  shown  in  Fig.  193.  ^.^' is 
the  exciter  consisting  as  shown  of  two  square  plates  of  brass, 
10  cms.  in  side,  placed  symmetrically  in  the  huriKonlnt  plane 
•bout  the  line  iH«,and  joined  by  a  wire  TOcms.  long,  interrupted 
in  the  centre  by  a  spurk-gap  of  j  cm.  between  two  well-polished 
brass  knobs.  The  two  sides  of  the  gap  were  connected  as 
jadicated  by  the  wires  to  the  terminals  of  an  induction  coil. 

The  receiver  was  a  circle  of  the  dimensions  already  specified 
niid  furnished  with  a  screw  at  the  gap  which  enabled  the  spark- 
length  to  bo  varied  from  a  few  hundredths  of  a  millimetre  to 
several  milliiuotres.  The  circle  was  set  with  its  plane  vertical 
and  parallel  to  the  spark-gap,  and  its  centre  on  the  horizontal 
line  mn,  the  axis  of  symmetry  of  the  vibrator,  at  a  distance  of 
13  cms.  from  the  nearest  points  of  the  plates.  It  was  made 
movable  round  an  axis  coinciding  v.lth  this  tine,  so  that  ihe 
position  of  the  spark-gap  could  be  varied  on  the  circle. 

When  the  spurk-gap/in  the  receiver  was  at  a  or  a'  no  sparks 
passed,  but  the  slightest  turning  from  that  position  caused  the 
sp irks  to  begin,  and  they  had  a  maximum  length  uf  about 
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I.  when  tliB  spBrk-gnp  w 


For  tliia  | 


pendentty  of    anv    clinnge   of  the  total  mBgiieliu  induction 
through  the  cirole,  since  of  course  that  was  zlto.    It  waa  found 
that  if  without  clianging  tlie  plane  of  the  circle  it  waa  pincfd  at 
a  lower  level  the  spurlt  at  i  incrensod,  and  tliat  at  b'  diminiBliecl 
in  length,  aiid  the    pliices  of  zero  epnrk  were  no  longer  at 
the  extremity  of  the  diumetor  of  the  circle  at  right  uagivaU)  66', 
but  were  both  displaced  on   the  circle  towards  6   tu  an   e<)ual 
amount.      This  result  wiia  due  to  mugnotic    iriliiclion,    the 
integral  of  which  through  tlie  circle  was  no  longer  zero,     Thero 
is  no  difficulty  in  worbiug  out  the  explanation  in  delAil. 
Precau-        It  woa  found  nocesaary  lo  aet  up  the  apparatns  in  a  large 
tions  in     chamhor  at  n  great  distance  from  all  other  objects,  and  to  keirp 
Vtiag      conduuling  bodioa  such  as  bara  of  metal  at  a  distance  from  the 
A|i[iaca.     gpjmj.atua,  in  order  Ihat  the  absence  of  Bparks  at  a  and  a'  might 
be  maintained.     An  u  nsy  mine  trie  nl  position  of  the  body  of  llie 
obaerver  relatively  to  mn  was  quite  sufficient  to  afteot  tlie  pro- 
duction of  sparks. 
Effect  A  condui'tor  of  the  shape  indicaUd  by  C,  Fig.  193  wue  phicfd 

ofCon-  above  the  exciter  as  ahown.  When  it  was  brought  rearer  lo 
ducters.  j|,g  exciter  the  sparks  diiaimshod  at  b'  in  the  resonator,  and 
l^«Gt  01  JQ^.i-en^ed  at  b,  and  the  points  of  Kero  spnrking  moved  upwards 
YibntionB  '"^'1'''^''  ^'t  '^bile  sensible  sparks  appeared  at  the  former  lero 
produced  ?*>'"**'•  ^t '"  ^"y  '"  "^^  '''"'  '*''"  effe<^t  was  what  waa  to  be 
in  a  expected.  Fur  the  conductor  C  having  been  made  so  u*  to  have 
a  natural  period  shorti^r  than  that  of  the  vihratur  whs  the  erat 
of  a  vibration  opposed  to  that  in  the  primary.  Tliia  was  a 
consequence  of  the  inductive  action  on  the  primnry,  for  since 
the  narurni  period  of  the  primary  was  greater  than  ifiat  of  r.the 
elect  rifle  at  ion  of  C  agreed  in  phase  with  the  inductive  aciion 
producing  it  (see  p.  798  iibove).  That  this  was  the  explanation 
Herti!  Bttlialied  himself  by  replacing  the  vertical  connecting 
plute  in  C  by  n  thin  wire,  that  by  a  thinner  and  so  on.  The 
result  was  to  bring  tlie  points  of  zero  sparking  nearer  to  (be 
top.  But  ua  they  u.oved  upwards  with  tiie  subslitulion  of 
thinner  and  thinner  wires  thezero  points  disai'peared  altogether 
and  were  replaced  b<^  iilaces  of  niiniinuni  sparking.  The  spnrit- 
ioiiKth  up  to  the  vanisning  of  the  eero  puinis  was  much  smaller 
at  b'  ihun  at  b  ;  but  at  the  vaaishing  of  the  Kero  pointa  it  began 
again  to  increase,  and  as  the  period  of  C  whs  increased  the 
■parks  became  equal,  but  no  point  of  zero  sparking  wus  agiun 
llljiaeloi      ■ 


found.    As  the  period  of  Cwas  increased  beyoi 

spark-length  ut  the  lowest  point  diinintsheJ,  and  thara  wore 
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)  pointa,  and  approached  at 
with  theory,  for  ns  f 


became  more  and  more  nenrly  k 
the  RBMie  time  Ihe  positions  a  a'. 

All  this  was  of  CDurBB  in  strict  accordanc 
the  period  of  C  approached  that  of  AA'  the  i 
likewias,  but  when  the  period  was  curried  beyond  that  of  AA'  a 
difTerence  of  hnlf  n  period  wag  set  np  between  the  current  in  C 
And  the  action  producing  it,  tliat  ia  the  two  currents  agreed  ill 
phase.     When  however  the  stage  of  resonance  wns  nearly 


reached  or  only  slightly  passed  the  diJference  of  phase  was,  an 
in  all  cases  nf  slightly  damped  vibration,  about  a  quarter  of  a 
period  (aee  (38)  p.  793)  and  inLerferenco  between  the  effects  tii 
Cand  AA'  waa  then  impossible.  This  was  the  stage  at  which 
the  sparks  were  equal  at  the  highest  and  lowest  pointa  of  the 
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piicity  of  AA'  being  incroiwed,  its  period  wiis  lunglliened, 

lit  so  the  resonator  iind  exciter  wore  thrown  out  of  iiiijoon. 

TheetToctof  plaoinginsulntorsof  <]itrc:r«nt   kinds  under  tbe 

.filer  wa«  tben  tried,      A   pile  ot  books   1-5  metres   long:,  "6 

aire  broad,  nnd  1  metre  high  wm  pUced  under  the  exciter  to 
that  ila  upper  BurfufB  almost  touflii-d  llie  pliite.  Spnrba  now 
p:issed  wbeu  the  spark'gnp  of  the  rcsuniitor  wns  in  its  former 
position  of  no  epnrliing,  nnd  ihe  §p(trk-giii)  lind  to  be  turned 
round  the  circle  ibrnugli  10°  towsrds  the  pile  of  books  to  reduce 
the  eparking  to  zero. 

A  block  of  uphalt  of  the  dimensions  (in  cms.}  itidicaled  in 
Fig.  194  wiiB  tlien  pluced  in  the  position  shown.  The  Bpitrks  wera 
now  found  to  be  much  stronger  at  h'  than  ut  i'the  point  ncar«it 
the  agplialt.  The  points  of  Boro  spnrkiiia  censed  to  exist,  and 
minimum  points  were  than  found  below  the  level  of  riie  forniM 
zero  points,  nn  angular  dislHnoe  on  the  circle  of  about  23°. 

When  the  plnlee  AA'  were  luid  on  iho  aaphnlt  the  period  of 
the  vihrntor  was  jDcrensed,  aa  was  shown  \>y  its  being  necesaarj' 
to  increase  the  period  uf  the  receiver  to  cauMO  it  lu  rempond. 

By  increasing  tbe  distunuo  between  the  uppamtus  and  tba 
blrick  of  aaphnlt  the  effect  of  the  klter  was  ditiiinieheil,  but  its 
character  remained  unchanged. 

It  WBH  found  poHsihle  to  compensate  (he  action  of  Ihe  APphnlt 
bj  bringing  down  the  oonduutor  C  BUlbcientlj  wv.vt  to  tli< 
vibrator  AA. 

The  experiments  were  repealed  willi  a  large  number  of  other 
Biibatancee,  such  as   wood,  sandstone,  sulphur,  pnrHfiin   nod 

According  to  Hert)!  these  rosnlts  prove  that  change  uf  electric 
force  in  a  dielectric  is  always  accompanied  by  a  corrcs ponding 
miignelio  action.  It  is  impossible  to  account  for  tliem  by 
eiectroatntic  action  pure  and  simple.    Fur  if  the  exciter  bo 

filnced  with  its  line  ri  at  the  middle  of  and  nloog  one  edge  of  a 
arge  rectangular  block  of  insulating  mnterial,  there  can  be  no 
change  of  electrostatic  action  in  the  space,  for  example,  in  front 
of  the  block  and  below  the  plane  of  the  vibrator.  Still  tlie 
effect  was  found  by  Hertz  to  be  quite  marked  in  this  space. 

Again  the  effects  cannot  be  due  In  conduction  currents  in  the 
dielectric,  for  both  sulphur  and  paraffin  showed  the  effects  in  • 
very  marked  degree. 

Tliere  remains  therefore  only  the  change  of  msgnetic  field 
and  the  cunseijuent  ioductive  olcctn'o  force  at  esch  point  to 


n  the  pli 


■iult  of  oleclroniagnetic  theory  thnt  if  tin 
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of 


VELOCITY  OF  PBOPAGATION  IN  AIB 

niat^iietic  action  accoiding  to  tbc  laws  of  indi 
above  electric  action  muBt  be  IruiiBmitled  in 
a   finite   Teloritr.       Tbat   tlie   two   go   liand 
foandation  of  Maxwell's  theory  of  elei^trodyna 
experiments  iuat  described  gave  evidence  of  the  truth  of  the 
theory  for  solid  dEelectdcB.     It  remnined  still  to  show  that  it 
was  true  for  nir.     Hertz  attempted  to  verify  the  finite  velocity 
in  air  by  carrying  the  Hecondary  vibrator  C  from  a  poaition  of 
interference  with   AA'  to  a  greater  und  greater  diatance  and 
obaeiving  whetlier  the  inteilerence  ceased   and   began   ngain 
alternately.     This  experiment  however  was  not  Bocceaeful,  but 
the  problem  was  solved  by  Hertz  ra  another  manner. 

It  was  known  that  electric  oscillations  could  be  propagated      Inter-     I 
along  a  wire,  and  attempts  made  by  Fizeau  and  GouDelle   in      fereiie^^ 
1850,  and  by  W.  Siemens  in  1876  to  determine  tbe  velocity  of   ^'^"'S 
propagation  for  iron  and  copper  wires  gave  velocities  of  the    y'"^j 
Kam©  order  of  mugnitode  as  the  velocity  of  light.  " 

Arrangements  were  therefore  made  to  compare  tbe  Itnite 
velocity  of  electric  oscillations  in  air,  if  such  a  velocity  existed 
witli  the  velocity  of  propagation  in  n  wire.*  An  eiciter 
coasistiiig  as  before  of  two  40  cms.  sqnare  brass  phites  joined  by 
a  70  cm.  long  brass  rod  with  a  spark-gap  between  was  set  up  as 
shown  in  Fig.  194.  Behind  the  plate  .^  was  arranged  a  plat« 
P  connected  as  shown  to  a  long  wire  of  copper  1  mm.  thick 
carried  along  horizontally  30  cms.  above  the  horizontal  axis  of 
symmetry  of  the  vibrator.  This  aiin  we  shall  call  tlie  base  line 
of  the  apparatus.  A  point  45  cms.  from  the  spark-gap  of  tbe 
exciter  was  taken  as  zero  point  for  the  measurement  of  distances 
parallel  to  the  wire. 

The  resonator  used  was  either  the  circle  of  35  cms,  radius  or 
the  square  of  60  cms.  side  already  described.  It  was  placed  in 
three  different  positions  with  its  centre  on  the  base  line  :— 
(I)  in  the  vertical  plane  through  the  base  line  ;  (2)  with  its 
pUne  at  right  angles  to  the  base  line ;  (3)  with  its  plane 
horiKontal. 

By  the  direct  action  of  the  exciter  no  sparks  were  produced 

in  the  first  position,  while  in  the  second  position  sparks  only 

occurred  when  the  gap  was  above  or  below  the  level  of  the  base  iusnltb^ 
line.  The  cause  of  this  sparking  was,  as  we  have  seen,  the  Dirert  J 
electric  force  acting  on  the  part  of  the  receiver  opposite  the  air-  Effeei  ^ 
space.    The  total  magnetic  induction  through  the  circle  in  both     Excittf^ 
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positions  was  zero.  Tlie  length  of  the  sparks  fell  off  with 
distance  from  the  exciter,  at  first  rapidly,  then  much  more 
slowly,  and  they  were  visible  up  to  12  metres  from  the  exciter. 

In  the  third  position  sparking  was  obtained  no  matter  how 
the  spurk-gap  was  placed.  The  spark-length  was  a  maximum 
when  the  gap  was  parallel  to  the  exciter  and  on  the  side  nearest 
to  the  latter,  and  a  minimum  when  the  gap  was  in  the  diametri- 
cally opposite  position.  These  results  were  of  course  due  to  the 
joint  action  of  the  electric  force  and  the  magnetic  induction. 
The  effect  of  the  latter  was  of  course  the  more  powerful  as  there 
was  no  zero  of  sparking. 

Considering  now  the  action  of  the  wire,  we  see  that  tlie 
arrangement  adopted  insured  tliat  the  period  of  the  disturbance 
should  be  the  same  as  that  pro<luced  directly  by  the  exciter. 
When  the  action  of  the  wire  alone  on  the  resonator  was  observed 
reflected  waves  were  avoided  by  continuing  the  wire  to  a 
distance  of  60  metres,  and  terminating  it  in  an  earth  connection. 
Sparks  were  found  to  pass  with  greatest  freedom  between  the 
knobs  when  the  receiver  was  placed  in  a  plane  through  the 
wire,  and  hiul  its  spark-gup  as  close  to  the  wire  as  pussible. 

A  standing  oscillation  was  produced  in  the  wire  by  arranging 
it  with  a  free  end  at  which  reflection  could  take  place,  and  it 
was  then  found  by  nioviug  the  receiver  along  the  wire  that 
places  of  muximuui  and  zero  sparking  existed  alternately  at 
equal  intervals  along  the  wire,  that  is  to  say  nodes  and  loops 
of  standing  electrical  waves  were  indicated.  The  nodes  were 
places  of  maximum  or  minimum  potential  but  of  no  flow  of 
electricity,  consequently  electric  forces  are  directed  outwards 
from  the  nodes. 

Hence  it  was  seen  that  if  the  receiver  were  placed  with  its 
plane  at  right  angles  to  the  wire  and  its  spark-gap  in  an 
intermediate  position  between  that  nearest  to  the  wire  and  tliat 
farthest  from  it,  these  electric  forces  ought  to  produce  sparking. 
This  was  found  to  be  the  case.  Again  sparks  were  readily 
obtained  from  a  node  by  bringing  near  it  any  small  conductor. 
These  effects  were  however  slight  as  the  disturbance  in  the  wire 
was  really  a  complex  of  vibrations  of  different  periods  from 
which  the  resonator  picked  out  those  of  its  own  proper  period 
as  in  the  analogous  acoustic  experiment. 

Experiments  on  wires  of  ditrercnt  thicknesses  showed  that  no 
change  was  produced  in  the  positions  of  the  node  and  loops. 
Even  in  an  iron  wire  these  remained  unaltered,  showing  that 
with  the  rapid  changes  hero  in  question  practically  no 
magnetization  was  produced. 

The  nodes  and  loops  were  most  clearly  produced  when  tlie 
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2'3  metres,  6'I  metrea,  8  inetree  from  the  zero  point ;  in  the 
latter  'I  metre,  2*8  niotreii,  S'5  iiielres  from  tlie  sume  point. 
TheHB  reaultB  indicate  clearly  «  hulf  -wnve-lengtli  of  2  8  metreB. 
The  period  of  oscillation  as  calculated  froni  an  estimate  of  llic 
inductance  and  capacity  of  the  exciter  waa  about  2x10*^'*  eras, 
per  second.  This  gave  a  velocity  of  propagation  of  2'8  X  10 '" 
cms.  per  second,  that  is  approximately  the  velocity  of  light 


\ 


The  receiver  could  be  placed  ho  that  both  the  exciter  and  the   Anange- 
wire  could  produce  sparks  in  it.     For  this  it  was  neceasarj-  that    ment  ol 
it  should  he  placed  neither  in  the  firstpoBition  nor  in  the  second,  Reaoiutot 
but  in  an  intermediate  position.     Thus  the  square  receiver  wsk       ,   °' 
placed  ut  the  zero  noint  with  its  plane  vertical,  and  the  spark-     fiJLV^' 
gap  at  the  top,  and  the  normal  to  ila  plane  turned  towards  the  *' 

plate  A  or  the  plate  A'  of  tlie  exciter.  Let  ua  euppose  that  it 
pointed  towards  ji  as  shown  in  Fig.  194,  and  that  J  had  its 
maximum  positive  charge.  Then  (he  direct  electric  force  due  to 
the  exciter  and  the  inductive  electromotive  force  at  the  node  in 
the  wire  were  opposed  to  one  anotlier.  Wlien  the  receiver  was 
turned  round  eo  that  its  plane  pointed  towards  A'  the  sign  of 
the  direct  action  on  the  receiver  was  changed  sod  the  two  effects 
conspired.  By  moving  the  plate  i*  to  a  greater  or  less  distance 
from  A  the  effects  of  the  wire  could  be  varied  in  strength  so  as 
to  be  made  equal  to  the  direct  action  on  the  receiver. 

Interference  effects  could  also  be  obtained  with  i 
n  the  third  position,  but  in  this  case  the  wire  had  1 
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side  or  tho  other  of  the  base-line.  Experiment  showed  that, 
when  the  wire  was  on  the  same  side  of  the  base-line  as  Py  the 
efEect  of  the  waves  in  the  wire  was  opposed  to  that  of  the 
exciter,  and  when  the  wire  was  transferred  to  the  opposite  side 
the  effects  conspired.  The  position  of  the  spark-gap  did  not 
affect  the  nature  of  these  results,  which  showed  that  it  was 
mainly  inductive  action  in  both  cases  which  produced  sparks. 

Using  the  first  mode  of  observing  interference  Hertz  included 
different  lengths  of  wire  as  the  arc  oetween  the  points  mn^  and 
found  that  as  the  length  was  increased  the  origin  changed  from 
a  node  to  a  loop,  then  back  again  to  a  node  and  so  on.  It 
was  found  however  that  if  at  one  node  the  effects  were  opposed 
when  the  normal  to  the  receiver  pointed  to  P^  at  the  next  node 
they  were  opposed  with  the  normal  turned  away  from  P  and  so 
on  alternately. 

The  same  alternation  of  the  direction  of  the  normal  was  found 
at  the  different  nodes  along  the  wire  for  a  given  length  of  wire 
between  mn. 

The  following  arc  some  of  the  observations  made.  A  distance 
of  8  metres  from  tho  zero  point  was  laid  off  along  the  wire,  and 
the  receiver  set  up  at  every  ^  metre  of  this  distance  and  its 
normal  placed  successively  in  the  two  positions  specified  and 
the  difference  if  any  in  the  spark-length  noted.  If  no  difference 
was  observed  the  result  was  indicated  by  tho  sign  0,  or  accord- 
ing as  the  sparks  were  Hmaller  or  greater  with  the  normal  turned 
towards  P  than  in  the  other  case  the  result  was  marked  by  + 
or  — .  Eleven  series  of  such  observations  were  made  along  the 
8  metres  of  wire  with  an  additional  50  cms  of  wire  between  mn  for 
each  series,  so  that  the  length  of  wire  increased  from  100  to  600 
cms.  The  results  showed  that  the  sign  of  the  interference  changed 
for  successive  displacements  of  between  3  and  4  metres  along 
the  wire,  and  also  for  about  tho  same  length  of  wire  introduced 
between  m  and  n.  This  showed  that  the  wave-length  of  the 
direct  effect  was  not  tho  same  as  that  in  the  wire,  and  that  the 
velocity  of  propagation  in  air  though  finite  was  greater  than 
that  in  the  wire. 

A  second  set  of  observations  was  made  along  a  length  of  12 
metres  of  the  wire  with,  as  before,  different  lengths  of  wire  in- 
cluded between  m  and  n.  These  results  being  complicated  with 
electrostatic  action  near  the  exciter,  a  series  of  observations 
were  made  up  to  4  metres  with  the  receiver  in  the  third  position 
and  the  wire  on  one  side  as  already  explained.  The  results  of 
the  latter  experiments  taken  along  with  those  for  the  remaining  8 
metres  given  by  the  other  method  gave  the  following  table  of 
results. 
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It  Hpiienrs  therefore  that  the  wnve  in  nir 
metrcB  gained  half  the  lenglli  of  the  wara 
la^tcr;  tli at  is  while  the  wnvo  in  air  IraverBeii  IS  nielrcn  the 
wave  in  Che  wire  trnTeraod  75  -  2'8  (=  4-7)  metres.  But  the 
half-period  of  the  wave  in  the  wire  being  1  X  I0-*  second  tli» 
velocity  of  propagation  of  Ibe  wave  in  air  given  by  the  e«peri- 
ments  wnaiSx  10'"  cma.  per  second.  Tliisexceeda  the  velocity 
of  light  by  50  per  cent,  of^the  latter  and  gives  a  wave-length  in 
air  of  about  9  metres. 

This  result,  it  may  be  ilatcd  here,  does  not  n^ee  with  tlie 
observHtions  of  later  esperinienters  who  have  found  for  wave* 
in  air  as  well  ns  for  waves  in  wires  the  velncily  of  light.  The 
discrepancy  will  be  discussed  later. 

Hertz  also  made  experiments  on  the  reflection  of  wnves  in  ait 
from  conducting  9 urfaceB.*  The  expeiiments  were  carried  oot 
in  bin  physical  lecture  theatre,  a  room  about  15  metres  long,  14 
metres  wide,  and  G  metres  high.  Parallel  to  the  side  walla  were 
two  rows  of  iron  columns  so  that  the  clear  breadth  of  the  room 
was  about  S'5  metres.  All  gusulieni  and  other  removable 
obstacles  were  cleared  away,  and  one  end  wall  from  which  lbs 
reflection  was  to  lake  place  wan  covered  with  a  plate  of  zine 
4  metres  high  and  2  metres  broad  connected  by  wires  to  the 
gas  and  water  pipes.  The  exciter  was  set  up  two  metres  from 
the  opposite  end  of  the  room  with  its  axis  vertical.  The  wave* 
were  incident  nearly  normally  on  the  plate  of  xinc,  and  the 
electrical  vibration  was  therefore  in  the  vertical  plnne  IbTOUgb 
the  vibrator. 

The  receiver,  the  cirolo  of  35  cms.  radius  already  descnbed, 
was  carried  along  the  normal  through  the  centre  of  the  vibrator, 
and  the  positions  of  maximum  and  minimum  aparhing  in  the 
neighbourhood  of  the  wall  observed.  The  positions  I,  I  i,  III, 
IV,  in  the  diagram  were  those  of  strongest  sparking.  In  theae, 
it  will  be  seen,  the  spark-gnp  was  turned  altematelyin  opposite 
directions.  The  arrows  show  by  their  directions  and  lengUw 
the  electric  forces  on  the  two  sides  of  the  circle,  and  explain 
the  result. 

The  positions  V,  VI,  VII  give  equal  lengths  of  apark  for 
both  the  left  and  right  positions  of  the  spaik-gap. 

When  the  spark-gap  was  placed  at  the  higheBt  or  lowest 
point  of  the  circle  at  V,  VI,  VII,  su  that  the  electric  force 
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could  not  liavo  nTiy  effect  il  wns  found  tbut  compuralivdy  liltlu 
Bpurking  waa  produced  nt  V,  n  mftiimum  at  VI,  and  a 
minimum  again  at  Vll.  'fills  indicated  tlint  the  magnetic  in- 
duction WHS  It  minimum  at  V  and  VII  and  a  nmximum  al  VI. 

All  the  TesultH  are  explained  if  we  euppoae  tliat  standing  Eiplaiin- 
waves  of  electric  and  magnetic  force  are  produced,  as  repre-  tionoF 
senled  by  the  full  and  dotled  riirved  in  Fig.  195.  It  ie  Bemlt^_j 
shown  by  tlie  theory  given  nbove  (see  equations  (18)  p.  786), 
thitt  at  a  distance  from  the  Tibrutor  the  electric  aod  the  mag- 
netic forces  are  propagated  together  in  the  tnme  phase.  The 
diagram  therefore  shows  that  in  the  act  of  refli-ction  the  electric 
force  liuB  its  phase  changed  by  half  a  period  relatively  to  the 
iiiiignetic  furco,  bo  that  in  the  standing  vibrations  (he  nodes  of 
one  correepond  to  the  loops  in  the  other,  nnd  rii'«  rerna. 
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eemed  to  indicate  tluit  the  node  fur  the 
elui;tric  force  was  behind  the  wall  surfuce  about  '68  iiielrt,  and 
the  nest  loop  but  one,  about  6-52  metres  in  front  of  it,  bo  that 
the  wave-length  was  about  9'6  metres.  With  the  period 
■2  X  10"*  second  for  the  ribrntor  this  would  give  4-8  X  10"* 
cms.  per  second  aa  the  velocity  of  propagation  of  the  waves 


Excuetis 
Velocity 
or  Light. 


Here  again  the  velocity  is  much  greater  than  that  of  light.  DiffeJ?n'i 
The  til  use  of  the  diserepEnee  between  l.lie«e  (and  the  '""'"mer  j^,|  j^j 
observations)  and  those  of  otlier  experimcnten  cnn  hardly  be  ipiJareRt. 


klk(;tric  radiation 
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n  fully  mnHe  out.    MM.  Saraaia  mnd  D«  la 

pori  men  ling  itt  Geneva  In  1890,  fouad  with 
itor  of  very  nearly  tlie  namo  diineiiHioni  w 
tlioee  of  Ilerlz,  a  wuvc-length  of  only  (I  tnetree,  itiitleail  of  96 
metres.  Tliia  gare  of  t-ourso  nlmost  eiaully  llio  velocity  of 
light. 

it  liiis  been  suggested  tliat  the  wave-length  ohnorvei]  m«y 
depeiiil  tL>  a  great  extent  on  llie  dimentions  of  the  resooator, 
and  ntny  be  connenled  witli  what  hna  bc^n  culled  muMfU 
retoiiaTKt  by  Messrs.  Saraain  and  Bs  la  Rive.  It  Iikb  been 
nutii.'ed  by  these  ex|ieriHienterd,  a?  well  %n  by  Filzgeruld  twd 
Trouloii,  thut  the  exuiter  Dppiirenlly  gives 'rise  neither  to  • 
single  vibrution  of  distinct  period  nor  to  a  limited  number  of 
distinct  vibrcitiona,  but  rather  to  sueli  a  complex  of  vibrAtJoiM 
as  would  give  a  wide  band  of  continuous  spectruiu.  Thua  ill 
vibrationa,  agreeing  with  possible  modes  of  vibration  of  IIm 
resoDRtor,  would  be  reinforced.  Thnt  this  is  not  contointtd  ta 
theory  is  true,  but  the  theory  is  very  incomplete.  It  ia  bud  to 
believe  that  the  vibniliniis  cun  he  purferlly  simple. 

H  The  following  explanstiun  of  muUiplu  resonftnue  bms  beaa 
proposed  by  Poincarf  {EkclrkUi  et  Oplique,  2dt(  Pftrtie).  Tba 
logarilhmic  deorement  uf  thu  vibrations  of  the  exciter  is  probably 
niuoh  greater  than  thnt  of  the  resonnlor,  and  so  Ihu  vibralioiM 
of  the  exciter  diminish  in  amplitude  more  quickly  thftn  tlioa* 
sot  up  in  the  resonator.  This  is  confiniieil  by  DXpeiiinenta  on 
the  damping  of  tlie  vibrations  in  the  exciter  ntid  receiver,  mnda 
by  V.  BJerkties  [  Wkd.  Ann.,  U  (1U91),  p,  74].  Thus  tlia  rMon- 
ntur,  being  started  by  the  exciter,  continues  its  vibrutions  After 

.those  of  the  exciter  havo  become  iusenaible,  but  then  ribml«iiii 
ita  own  prupur  periyil,  giving  vihrotiona  of  longer  period  aitd 
of  gienlerwuvc-lengtu  than  those  which  excited  it.  The  w*t»- 
leiigth  bluing  determined  by  interference,  and  used  with  ilia  too 
short  pjrioiT  of  the  exciter,  gives  too  great  n  VBlocity  of  pro- 
pagation. With  this  explsnatioD  Urrlz  liaa  expresBcd  himaeK 
OB  praulically  in  ouconl.  As  he  remarks,  the  oscillations  of  tba 
exciter,  represented  grnpliicully,  do  not  give  a  curve  of  ainM 
pure  iinrt  simple,  but  u  curve  of  sines  the  amplitud«  of  which 
gridually  diminishes.  Such  an  osclllntion  causes  alt  the  r««oft- 
alore  re^^eiving  It  to  vibrate,  but  those  in  tune  with  the  exdiar 
more  vi.ilrnily  than  the  others.  This  og roes  with  the  theory 
given  at  p.  798  i  and  the  fuct  that  the  apparent  spectrum  hmius 
more  extended  when  wires  are  connected  to  the  vibrator  than 
when  the  prnpagniion  takes  place  freely  in  air,  may  be  duo  to  a 
greater  duntpiiig  t'tfcct  in  the  former  case. 


REFLECTIOTT  OF  ELECTRICAL  WAVES  BY  MIRRORS  81B 

It  may  be  noted  lierB  that  it  )isb  been  found  by  Mr.  Troutoii  *  Troulon'g 
tbat  the  size  of  the  reflecting  eheet  has  a  great  denl  to  do  with  Eipan- 
the  (lislance  o£  the  nodes  from  the  narfai'e.  Using  long  y^**  *"" 
nnn-ow  strips  held  (1)  io  that  the  length  was  in  the  direction  of  Ifl^f, 
the  inugnetic  componsnt ;  (2)  in  the  direction  at  right  angles  to  D,nI^Br 
that  component,  he  found  that  the  node  waa  in  the  former  case 
shifted  outwards  from  the  reflecting  surface  very  markedly. 
For  example,  with  wttves  68  cms.  long  the  distance  of  the 
msguetic  node  varied  from  24*2  cms.  for  a  strip  16  cms. 
wide  to  17  cms.  (}  nave-length)  for  n  larire  sheet.  This 
effect  was  due  no  doubt,  as  stated  by  Mr.  Trouton,  to  the 
action  of  the  charge  periodically  accumulated  at  the  edges  of 
the  sheet 

SmnllneBB  of  size  in  the  magnetic  direction  carried  the  node 
in  towards  the  surface  ;  and  this  nuay  very  possibly  have  been 
the  case  in  the  experiments  (if  Hertz  described  above.  The 
breadth  of  the  sheet  (in  the  direction  of  the  magnetic  force)  was 
2  metres,  or  about  the  same  in  effect  as  a  strip  14  cms.  broad 


Uicd  with  Mr.  Trouton's  68  cms.  waves.     This  would   give  a 
sensible  inward  displacement  of  the  node. 

Experiments  were  also  mnde  by  Hertz  on  the  production  of  Reflection 
plane  polarized  waves,  by  means  of  a  linear  >-ibrator  consisting         "f 
of  two  cylinders  placed  in  line  with  a  spark-gap  between  their  Elretrical 
opposed   ends.    The  cyiinderB  were  about  12  cms.  long  and  ^^'•■''y 
3  cms.  in  diameter  each,  and  the  ends  at  the  spark-gap  were        '""" 
well  rounded.    The  vibrntor  wiis  placed  vertically  in  the  focal 
line  of  a  parabolic  cylindrical  reflector  made  of  ordinary  sh 
Einc  nailed  an  a  wooden  framework  eut  into  proper  parabolic 
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shape.  The  cylinders  were  connected  with  an  induction  coil 
by  insulated  wires  passing  through  holes  in  the  zinc  behind 
them.  The  mirror  was  about  two  metres  in  length  and  about 
70  cms.  in  depth  along  the  axis  of  the  parabolic  iigare,  as 
shown  in  Fig.  197.  The  exciter  thus  placed  produced  waves 
of  electric  force,  the  direction  of  which  near  the  source  was 
parallel  to  its  axis.  These  were  received  bv  the  mirror,  and 
reflected  into  a  parallel  beam  which  would  be  observed  by 
means  of  a  suitable  receiver.  In  most  of  the  experiments 
however  the  beam  was  received  by  a  similar  reflector  facing  the 
former  so  as  to  concentrate  the  radiation  on  its  focal  line, 
which  was  parallel  to,  in  some  experiments,  in  others  at  right 
angles  to  the  former. 
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The  In  the  focal  line  of  the  otht;r  mirror  was  placed  n  receiver 

Receiver,  made  of  two  pieces  of  thick  wire  each  50  cms.  long  placed  in 
lino  as  Hhown  in  Fig.  197,  with  a  ;;nip  of  about  6  cms.  between 
their  ends,  and  completed  by  two  thin  wires  about  12  cms.  long 
led  out  at  right  angles  to  the  rods  to  the  back  of  the  mirror. 
ThoHc  were  tipped  with  a  knob  and  point  as  shown,  po  as  to 
form  an  adjustable  spark-gap  which  could  be  conveniently 
observed  from  behind. 

It  was  found  by  this  arrangement  that  electric  radiation  could 
be  detected  at  a  much  greater  distance  from  the  source  than 
with  the  ordinary  vibrator  and  receiver  used  as  described  above 
without  reflectors.  In  those  as  in  all  other  experiments  the 
knobs  of  the  vibrator  have  to  be  repeatedlv  cleaned  and  its 
spark-gap  must  be  screened  from  the  direct  light  of  the  spark 
in  the  induction  coil. 

Clearly  a  parallel  beam  of  i)lane  polarized   light  was  thus 
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obtaineJ,  aiidconritted,  as  tlie  experjnientB  sbowcd.of  eleclricul 
vibrations  pnmllel  to  tlie  vibrator  accompanied  by   raaifnetie   '  ,_ 

vibrations  at  ricbt  angles  to  the  former  and  to  the  direction  of     Eleetria-B 
propagation.       Placing   the    axial   planes   of   the    roirrora    in       Ueam.    ■ 
coincidence  gave  augmentalion  of  the  electric  effect,  crossing 
the  mirrors  estinguisbed  the  effect  at  the  receivar  in  the  second 

Again,  a  grating  of  parallel  copper  wires  placed  between  the  EfTect  of 
mirrors  entirely  stopped  the  radiation  when  the  wires  were  at  Orating 
right  angles  to  tbe  vibrator,  allowed  it  to  pass  freely  when  of  Wires, 
turned  through  90°  from  the  former  position. 

Also  it  was  found,  in  a  repetition  of  these  experiments  by    Keflector 
Prof.  Fitzgerald   and  Mr.  Ttou ton,*  that   tbe   eleutromagnelio         at 
beam  was  reflected  from  a  wnlt  about  three  feet  thick  when  the  PolBriziiig 
vibrations  were  at  right  angles  lo  the  plane  of  reflection,  and      Angle, 
not  at  all  at  the  polarixing  angle  when  the  vibrntor  was  in  the 
plane  of  reflection.     This  roouU  however  only  showed  that  the 
(leclrie  vibration  is  at  right  angles  to  the  plane  of  polarization  - 
it  does  not  settle  tbe  question  as  to  the  direction  of  vibration  of 
the  ether  in  a  beam  of  plane  polarized  light. 

Hertz  found  that  aitch  an  electromagnetic  wave  was  not  only 
redected  like  a  light  wave, but  is  also  refracted  according  to  the 
Harne  law  of  refraction.  An  immense  prism  of  pitch  having  on 
isosceles  triangular  section  of  120  cms.  side,  and  a  refracting 
angle  of  30°,  was  made  by  melting  pitch  into  a  wooden 
supporting  case.  The  prism  was  placed,  with  its  refr.icting 
edge  vertical,  at  a  distance  from  the  vibrator  of  2'6  metres, 
and  the  beam  was  made  incident  on  the  face  at  an  angle  of 
65°.  The  receiving  mirror  was  estimated  2'&  metres  from  the 
prism  on  the  other  side,  and  showed  a  radiation  beginning, 
reaching  a  maximum,  and  falling  off  to  aero,  at  deviation 
n°  22°,34°. 

The  experiments  were  repeated  with  the  focal  lines  of  the 
mirror  parallel,  and  practically  no  difference  in  the  result  was 
observed. 

The  index  of  refraction  for  pilch  given  by  the  experiments 
was  r69,  which  nearly  agrees  with  the  index  Vb  to  1-6  found 
for  pitchy  substances  by  optical  experiments, 

Prof,  Oliver  Lodge  and  Dr.  Howard  have  made  observations  L»dgc  and 
on  the  concentration  of  such  vibrations  t)y  means  of  lenses.t  Hovrard'a 
Two  enormous  lenses  of  hyperbolic  cylindrical  figure  were  con-     Eiperi-  j 
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structed  of  mineral  piteli,  nixi  were  placed  with  their  axikl  plane* 
L'uincidfDt,  end  tlieir  plane  faces,  or  basen,  turned  towkrclB  ddc 
anoUier.  These  lenBes  were  so  proportioned  that  (he  beam  pr^ 
duced  by  a  linear  exciler  in  the  external  focal  line  of  une  plight 
emerge  purallel  from  the  plane  face  uf  that  lens,  aud  llien  be 
concentrated  by  the  aecond  lens  on  tlie  correspoiiiling  focal  hoe. 

All  intereBtiiig  point  noticed  in  many  uf  tbese  ezpenmenla  ■« 
tlie  perfect  transparem-y  to  these  vibrations  of  optically  opaqup 
Bubstances.  A  stone  wall  three  feet  thick  baa  been  found  In 
offer  no  ohstncle  to  the  pitBitiige  of  such  wavea,  In  fact  in  eoine 
experiments  made  by  Prof.  Fitzfcerald  nt  Dublin  the  i 
waa  placed  on  a  pillar  in  the  garden  outaide,  while  tb«  < 
was  inaction  in  the  laboratory.  Tliiftisiiudoubt  a  plieaoi 
of  the  same  churucter  practiciitly  as  that  of  the  irHnBuarcncy  uf 
a  thin  film  of  metal  to  light,  and  ia  conditioned  by  tli«  relation 
of  the  wave-length  to  the  tliicknesa  of  tlic  olisUcle.  [Se«  )>.  iiOO 
above.  It  has  been  found  by  Maxwell,  Kl.  and  itog.  Vol,  II. 
Chnp.  XIX.,  tliut  the  transparency  of  thin  metallic  films  n 
greater  than  that  given  by  the  electrotnugnetia  theory.  See  alM> 
Wien,  Wie<l.  Ann.,  36  (IHUS).) 

Much  interesting  iiiforination  regarding  electrical  radiation 
has  been  obtained  by  Trouton,  Boys,  Dnigouniifl,  and  others,  «( 
which  it  is  iinpoBsible  here  to  give  any  accoutil.  The  great 
desideratum  however  now  is  Hume  method  of  maintaining 
etectricul  vibralionB,  so  as  to  enable  tlielr  phenomena  to  tw 
fully  studied. 

In  concluding  this  chapter  and  the  present  work  reference 
must  be  mode  to  the  great  mitss  uf  extremely  inloresliiig  and 
important  reaults  connected  with  electrical  discharge  and  radia- 
tion which  have  been  obtained  during  the  last  four  or  five  yean 
by  Dr.  Lodge  of  Liverpool.*  He  has  sliown  that  in  maay-  caM« 
a  thunder  cloud  discharging  to  the  earth  is  really  a  gre>U 
Hertzian  vibrator,  and  that  the  dischtirge,  being  tbereforv 
oscillatory  in  character,  prodiiccn  most  violent  ekctricAl  surg- 
ings  in  metallic  conductors,  whether  insulated  or  otherwisi',. 
which  happen  to  be  within  a  moderate  dlstuuce  of  tht 
discharge. 

These  results  of  theory  and  experiment  have  led  tn 
important  conchinions  as  to  the  proper  construction  of  ligiitiiiiif 
conductors  fur  such  cases.     Thus  Ur.  Lodge  hae  pointed  out  ihs 


*  Soe  a  scries  of  ptpers  ii 


CONSTRUCTION  OF  LIGHTNING  CONDUCTORS 

ini))orlance  of  surfuce  in  a  lightning  conductor  since,  in  u 
rnpidly  varying  diacLarg'e  tlie  current  is  prHtticfltly  confined  (o 
tbe  surface  stralam,  ond  the  auperiority  from  thifl  point  of  view 
of  iron  over  cotton. 

In  conxequence  of  the  "circular"  mugnetixation  of  en  iron 
wire  produced  by  b  current  along  it,  the  curreut  ia  more  strictly 
contined  to  Ibe  surface  than  in  a  copper  conductor,  so  that  the 
inoreaae  of  reeistance  tliuu  produced  in  BufScient  to  insure  a 
more  rapid  dissipation  in  nn  iron  ^¥i^e  of  comparatively  small 
'ross-section.  Whether  it  would  be  safe  to  make  all  lightning 
conductors  according  to  this  principle  is  a  question  about  which 
there  is  considerable  difference  of  opinion ;  hut  there  can  be  no 
doubt  that  it  will  not  do  any  longer  to  consider  a  lightning  dis< 
charge  as  a  mere  Cftne  of  ordinary  conduction  to  be  provided  for 
simply  by  a  large  thickness  of  good  conducting  mnlerial. 

It  has  been  found,  also,  by  V.  Bjerlines  {Elfctrieian,  Nov.  18, 
1S92)  that  the  damping  out  of  oscillations,  excited  in  a  Hertzian 
resonator,  takes  place  more  quickly  when  the  resonator  is  made 
of  iron,  than  when  it  is  made  of  non-niftguetic  material.  This 
agrees  with  the  result  just  stated. 
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side  or  tho  other  of  the  hase-line.  Experiment  showed  that, 
when  the  wire  was  on  the  same  side  of  the  base-lino  aa  P,  the 
efEect  of  the  waves  in  the  wire  was  opposed  to  that  of  the 
exciter,  and  when  the  wire  was  transferred  to  the  opposite  side 
the  effects  conspired.  The  position  of  the  spark-gap  did  not 
affect  tho  nature  of  these  results,  which  showed  that  it  was 
mainly  inductive  action  in  both  cases  which  produced  sparks. 

Using  the  first  mode  of  observing  interference  Hertz  included 
different  lengths  of  wire  as  the  arc  between  the  points  mn,  and 
found  that  as  the  leneth  was  increased  the  origin  changed  from 
a  node  to  a  loop,  then  back  again  to  a  node  and  so  on.  It 
was  found  however  that  if  at  one  node  the  effects  were  opposed 
when  the  normal  to  the  receiver  pointed  to  P,  at  the  next  node 
they  were  opposed  with  the  normal  turned  away  from  P  and  so 
on  alternately. 

The  same  alternation  of  the  direction  of  the  normal  was  found 
Ht.  the  different  nodes  along  the  wire  for  a  given  length  of  wire 
between  mn. 

The  following  are  some  of  the  observations  made.  A  distance 
of  8  metres  from  tho  zero  point  was  laid  off  along  the  wire,  and 
the  receiver  set  up  at  every  ^  metre  of  this  distance  and  its 
normal  placed  successively  in  the  two  positions  specified  and 
the  difference  if  any  in  the  spark-length  noted.  If  no  difference 
was  observed  the  result  waH  indicated  by  the  sign  0,  or  accord- 
ing as  the  sparks  were  smaller  or  greater  with  the  normal  turned 
towards  P  than  in  the  other  case  the  result  was  marked  by  + 
or  — .  Eleven  series  of  such  observations  were  made  along  the 
8  metres  of  wire  with  an  additional  60  cms  of  wire  between  Mfi  for 
each  series,  so  that  the  length  of  wire  increased  from  lOO  to  600 
cms.  The  results  showed  that  the  sign  of  the  interference  changed 
for  successive  displacements  of  between  3  and  4  metres  along 
the  wire,  and  also  for  about  tho  same  length  of  wire  introduced 
1)otween  ///  and  n.  This  showed  that  the  wave-length  of  the 
direct  effect  was  not  tho  same  as  that  in  the  wire,  and  that  the 
velocity  of  propagation  in  air  though  finite  was  greater  than 
tliat  in  the  wire. 

A  second  set  of  observations  was  made  along  a  length  of  12 
metres  of  the  wire  with,  as  before,  different  lengths  of  wire  in- 
cluded between  m  and  n.  These  results  being  complicated  with 
electrostatic  action  near  the  exciter,  a  series  of  observations 
were  made  up  to  4  metres  with  the  receiver  in  the  third  position 
and  the  wire  on  one  side  as  already  explained.  The  results  of 
the  latter  experiments  taken  along  with  those  for  the  remaining  8 
metres  given  by  the  other  method  gave  the  following  table  of 
results. 
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TIiIh  corroborates   tlio   coDcluHioii  from  the  firmer  Buries  of 

Velocity         It  ap|ienre  therefore  tliat  llie  wnvu  in  air  while  trsvereing  75 
of         inetraa  gained  linlf  tho  length  o(  the  wave  in  the  wire  on  the 
TrapKgK-    lutter:  thnt  is  while  the  wave  in  air  traversed  7'5   metres  th« 
tion  in      wave  in  the  wire  traveraod  7  6  -  28  (=  47)  nietrea.      Bat  tb» 
A"-        half-period  of  tlie  wave  in  the  wire  being  1  X  lO""  necond  (he 
velocity  of  propagation  ot  the  wave  in  air  given  by  the  experi- 
ments was  4-5  X  10'°  cms.  par  second.     Thisexceeds  tlievelocily 
of  light  by  50  per  cent  of  the  latter  and  gives  a  wuve-length  ia 
air  of  uboiit  9  metres. 

This  result,  it  may  be  staled  here,  docs  not  n)p'ee  with  the 
observations  of  later  experimenters  who  have  found  for  wave* 
in  air  as  well  ns  for  waves  in  wires  the  velocity  of  light.  The 
discrepancy  will  be  discussed  Inter. 

Hertz  also  made  exporimenlH  on  the  refleotion  of  waves  in  air 
from  conducting  surfaces.*  The  expeiimentu  were  carried  ont 
in  bin  physical  lecture  Mioatre,  a  room  about  15  metres  long,  H 
metres  wide,  and  G  metres  high.  Parallel  lo  theside  wallewere 
two  rows  of  iron  columns  so  that  tlie  clear  breadth  of  the  mom 
was  iibout  8'6  metres.  Ail  gassliers  and  other  rcmovabia 
ohslncles  were  cleared  away,  and  one  end  wall  from  which  the 
reflection  wiiB  to  lake  place  was  covered  with  a  plote  of  zinc 
4  metres  high  and  2  metres  broad  connected  by  wires  to  the 
eae  and  water  Dines.  The  exciter  was  set  up  two  mctret  from 
with  its  a  '         ■-•"'• 


e  opposite  end  of  the  ri 
-~i  incident  nearly  v 


.slly  c 


B    of  K 


electrical  vibration  was  therefon 
the  vibrator. 

"  he  receiver,  the  circle  of  36  cms.  rndius  already  described, 
carried  along  the  normal  through  tlie  centre  of  the  vibrator, 
.  ond  the  positions  of  maximum  and  minimum  spurking  in  the 
neighbourhood  of  the  wall  obserred.  The  pusilions  I,  II,  III, 
IV,  in  the  diagram  were  those  of  strongest  sparking.  In  theee, 
it  will  be  seen,  the  spark-gap  was  turned  alternately  in  opposite 
directions.  The  arrowa  siiow  by  their  directions  and  lengths 
the  electric  forcea  on  the  two  sides  of  the  circle,  and  ez^in 
the  result. 

The   positions  V,  VI,  VII  give  equal  lengths  of  spark  for 
both  the  left  and  right  prsitiona  of  the  spatk-gnp. 

When   the  spark-gnp  was  placed  at  the   highest   or  loWAst 
point  of  the  circle  at  V,  VI,  VII,  so  that  the  electric  force 


I,  114  (18Sa),  p.  eio. 
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coulJ  uot  iiave  ntiy  etfett  it  wiis  found  lliat  compar 
Bpurking   waa  pruduued  nt  V,   a  m&xtmum    nt    vi,    ana 
minimum  a^ain  at  VII.    This  iudicated  tlmt  tlio  megtiotia  in- 
duction wna  a  miuiraum  at  V  and  VII  and  a  maximuju  &1  VI. 

AW   tlie   results  ure    eiplained   if  we  suppose  tliat  standing    EiplaDn- 
vavee  of  electric  and  magnelic  force  are  pruitnced,  as  repre-      tion  of 
aenCed   by   the    full   and   dotted    curves    in    Fig.  195.      It   is     Besnits. 
shown  by  the  theory  given  iibove  (see  equations  (18)  p.  786), 
thnt  at  a  ditttaoce  fruiu  the  vibrator  the  electric  aud   the  tnag- 
netic  forces  are  propagated  together  in  the  same  pliase.    The 
diagram  therefore  shows  that  in  the  act  of  rellrctiou  the  electric 
force  litis  its  phase  chnnged  by  half  a  period  relatively  to  the 
niiignetic  force,  so  that  in  the  standing  vibrations  the  nodes  of 
one  corrPspond  to  the  loops  in  the  other,  nnd  rice  m'«a. 
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The  obtiervations  seemed  to  indicate  (luit  the  nude  for  the 
elei:tric  force  was  behind  the  wall  surface  ahuuC  '68  melru,  and 
the  next  loop  but  one,  about  6'S2  metres  in  front  of  it,  so  that 
the  wave-length  was  about  9'6  metres.  With  the  period 
2  X  10"*  second  for  the  vibrator  this  would  give  4-8  x  10"" 
cms.  per  second  as  the  velocity  of  propiigation  of  the  wuves 


Here  again  the  velocity  is  much  greiiter  than  thnt  of  light. 
The  cause  of  the  disorepence   between   these  (and   ihe  former  ^^^i 
observations)  and  those  of  otlier  experimenters  cnn  hardly  bo  ^p. 


Ex  card  a 
Velocity 
of  Light. 
DiCTerenco 
really  only 
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Siiid  yet  to  have  been  fully  mndo  out.  HM.  Samain  and  |_ 
Bive  for  es&tnple,  exporimeniing  at  Geneva  in  ld90,found« 
an  eiciler  and  resonator  of  very  nearly  the  same  diinensioae  u 
those  of  ilerlx,  a  ware-length  of  only  6  metres,  instead  ot  8  6 
metreB.     Tliia  gnve  of   course  almoHt  exactly  the  velocity   of 

^  Fnssible  It  baa  been  aiigg^ated  that  the  wave-lengtii  observed  may 
,  ExjjlBiia-  depend  to  n  great  extent  on  the  dimenBiona  of  the  reaooalor, 
timisur  „nd  may  be  connected  with  what  haa  been  ciilled  mulfipU 
'  ^'*'  r«*onanee  by  Messrs.  Sarasin  and  De  la  Rive,  It  lias  been 
I  U^'"T'  "ottced  by  these  eiperiHienteri*,  a<!  well  ax  by  FilKgeruld  and 
I  Roimu-  Trouton,  that  the  exoiter  apparently  give*  rise  neither  to  ■ 
g  '  single  vibrutiun  uf  distinct  period  nor  to  a  limited  numWr  of 
distinct  vibrations^  but  ratiier  to  such  t  complex  of  vibratioM 
as  wonid  give  a  wide  baud  of  continuous  spectrum.  Thus  all 
vibratiena,  agreein;;  with  possible  modes  iif  vibration  of  tfae 
resonator,  would  be  reinforced.  That  tins  is  not  contuined  in 
theory  is  true,  but  the  theory  is  very  ini^omplete.  It  ia  hard  to 
believe  ibiit  the  vibnitioiis  can  be  perfectly  simple. 
Toincarj's  The  following  ezplanaiion  of  muitipio  resonance  lias  been 
Exiilaua-  propusetl  by  Pnincai^  (EUetricilt  el  Opiiqat,  'ZAe  Partle).  The 
"~^-  lugaritlimic  decrement  of  the  vibratiuns  of  the  extfiter  ia  probably 
much  greater  than  ihat  of  the  resonator,  and  so  tl>o  vibrations 
of  the  exciter  diiiiinisb  in  amplitude  more  quickly  than  tLose 
set  up  in  the  reaonalur.  This  ia  con  firmed  by  expeiimenia  on 
the  damping  of  the  vibrations  in  the  exciter  and  receiver.  Diode 
by  V.  Bjorkuas  [  Wied.  Ana.,  44  (tdfll),  p.  74].  Thus  the  rwon- 
Btor,  being  started  by  the  exciter,  cDntinues  its  vibrations  after 
.those  of  the  exciter  liufe  become  insensible,  but  then  vibmles  in 
its  own  proper  peril 
of  giealer  wuve-lonj^ 

length  being  deteriniried  by  interference,  and  used  wilh  the  too 
ahoii  p.;riud  of  the  exciter,  gives  too  great  a  veluoity  of  pro- 
pagation. With  this  explanation  Herlz  has  expressed  himself 
us  prnctlcalty  in  accord.  As  he  remarks,  the  ascillations  of  Iho 
exciter,  represented  graphically,  do  not  give  a  curve  o£  sine* 
puro  iind  simple,  but  a  curve  of  sines  the  amplilnde  of  wbicli 
gMdunllydimiaiahes,  Such  an  oscillation  causes  all  the  reeoD- 
alors  receiving  it  to  vibrate,  but  those  in  tune  witii  the  excilet 
more  violently  than  ilie  others.  This  agrees  With  tlie  theory 
given  at  p.  798 ;  und  the  fuct  that  tbe  apparent  spectrum  seema 
mare  extended  when  wires  are  connected  to  the  vibrator  than 
when  the  prnpagnlinn  Inkea  place  freely  in  air,  may  be  duo  tO  t 
greater  dumping  effi'iit  in  the  former  i 
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It  may  be  not«l  here  that  it  h&a  been  found  by  Mr.  Trouton  "  Tronton's 
that  the  swe  of  the  reflecting  aheet  has  a  grent  deal  to  do  with  E^peri- 
the  distance  o£  the  ncduB  from  the  Burfnce.  Using  long  ""i"  «■ 
niirrow strips  held  (1)  lo  that  the  lengtli  was  in  the  direction  of  „?g?l°^ 
the  msg^netic  component ;  (2)  in  the  direction  at  right  anglee  to  [[{j^fctgr 
that  component,  he  found  that  the  node  wae  in  the  former  caae 
shifted  outwards  from  the  reflectioE  surface  very  markedly. 
For  example,  with  waves  68  cms.  long  the  distance  of  the 
magnetic  node  varied  from  24*2  cms.  for  a  strip  16  cms. 
wide  to  17  cms.  {J  wave-length)  for  a  largo  aheet.  This 
eSect  wag  due  no  doubt,  as  stated  by  Mr.  Trouton,  to  the 
action  of  the  charge  periodically  accumulated  at  the  edges  of 

Smallnesa  of  size  in  the  magnetic  direction  carried  the  node 
in  towards  the  surface ;  and  this  may  very  possibly  have  been 
the  case  in  the  experiments  of  Hertz  described  above.  The 
breadth  of  the  sheet  (in  tlie  direction  of  the  magnetic  force)  was 
2  metres,  or  about  the  same  in  effect  as  a  strip  14  cms.  broad 


need  with  Hr,  Trouton's  66  cms.  waves.    This  would  give  a 
sensible  inwurd  diaplacemont  of  the  node. 

Eiperiments  were  also  made  by  Hertz  on  the  production  of  RBfleolion 
plane  polarized  waves,  by  means  of  a  linear  vibrator  consisting  of, 
of  two  cylinders  placed  in  line  witli  a  sparlc-gap  betn-een  their  Electrical 
opposed  CDda,  The  cylinders  were  atout  12  cms.  long  and  ^r*"  *')' 
3  cms,  in  diameter  each,  and  the  ends  at  the  spark-gap  were  ™°''' 
well  rounded.  The  vibrator  was  placed  vertically  in  the  focal  ]i",,,7,*„ 
I  Une  of  a  parabolic  cylindrical  reflector  made  of  ordinary  sheet 
inc  nailed  on  a  wooden  framework  cut  into  proper  parabolic 


•  Phil.  Mag.  July,  ISSl. 
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shape.  Tho  cylinders  wore  connected  with  an  induction  coil 
hy  insulated  wires  passing  through  holes  in  the  zinc  behind 
them.  The  mirror  was  about  two  metres  in  length  and  about 
70  cms.  in  depth  along  tho  axis  of  the  parabolic  figure,  as 
shown  in  Fig.  197.  The  exciter  thus  placed  produced  waves 
of  electric  force,  tho  direction  of  which  near  the  source  was 
parallel  to  its  axis.  These  were  received  bv  the  mirror,  and 
reflected  into  a  parallel  beam  which  would  be  observed  by 
means  of  a  suitable  receiver.  In  most  of  the  ezperimenta 
however  the  beam  was  received  by  a  similar  reflector  facing  the 
former  so  as  to  concentrate  the  radiation  on  its  focal  lioe, 
which  was  parallel  to,  in  some  experiments,  in  others  at  right 
angles  to  the  former. 


70C,     > 


Fio.  197, 

The  In  the  focal  line  of  tlie  other  mirror  was  placed  a  receiver 

Receiver,  made  of  two  pieces  of  thick  wire  each  50  cms.  long  placed  in 
line  as  shown  in  Fig.  197,  with  a  «;ap  of  about  6  cms.  between 
their  ends,  and  completed  by  two  thin  wires  about  12  cmH.  long 
led  out  at  right  angles  to  the  rods  to  the  back  of  the  mirror. 
These  were  tipped  with  a  knob  and  point  as  shown,  po  as  to 
form  an  adjustable  spark-gap  which  could  be  conveniently 
observed  from  behind. 

It  was  found  by  this  arrangement  that  electric  radiation  could 
be  detecte<l  at  a  much  greater  distance  from  tho  source  than 
with  tlio  ordinary  vibrator  and  receiver  used  as  described  above 
without  reflectors.  In  these  us  in  all  otlicr  experiments  the 
knobs  of  the  vibrator  have  to  be  repeatedly  cleaned  and  its 
spark-gap  must  be  screened  from  the  direct  light  of  the  spark 
In  the  induction  coil. 

Clearly  a  parallel  beam  of  plane  polarized  light  was  thus 
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obtained,  and  consisted,  aa  llie  experiments  sliowed,  of  electrical  Plans 
vibrations  parallel  tu  tlie  vibrator  accompanied  by  iDaxnetic 
vibrations  at  rifjlit  anglea  to  the  former  and  to  tlie  direction  of 
propaKation,  Placing  the  axial  planes  of  thn  mirrors  in 
roincidence  gave  augmentation  of  tbe  electric  effect,  crosaing 
the  mirrors  extinguished  the  effect  at  the  receiver  in  the  second 

Again,  a  grating  of  pnrallel  copper  wires  pUcecI  between  the  EfTvct  of 
mirrors  entirely  stopped  the  radiation  when  the  wires  were  at  Orating 
right  angles  to  the  vibrator,  allowed  it  to  pass  freely  when  of  Wires, 
turned  thrnngh  90°  from  the  former  position. 

Also  it  was  found,  in  a  repetition  of  these  experiments  by 
Prot  Fitzgerald  and  Mr.  Troiiton,*  that  the  electromngnelic 
beam  was  reflected  from  a  wiill  about  three  feet  thick  when  the 
vibrations  were  at  right  angles  to  the  plane  of  reflection,  and 
not  at  all  «t  the  polarizing  angle  when  the  ribrntor  was  iu  the 
plane  of  reflection.  Thia  result  however  only  showed  that  the 
electric  vibration  is  at  right  angles  to  tbe  plane  of  polarization  ; 
it  does  not  settle  the  qiieHtion  as  to  the  direction  of  vibration  of 
the  ether  in  a  beam  of  plane  polarized  light. 

Hertz  found  that  such  an  electromagnetic  wave  was  not  only 
reflected  like  a  light  wave,  but  is  also  refracted  according  to  the 
name  law  of  refraction.  An  immense  prism  of  pitch  having  an 
isosceles  triangular  section  of  120  cms.  side,  and  a  refracting 
angle  of  30°,  was  made  by  melting  pitch  into  a  wooden 
Nupporiing  case.  The  prisni  was  placed,  with  its  refncting 
edge  vertical,  at  a  distance  from  the  vibrator  of  2'6  metres, 
and  the  beam  was  made  incident  on  the  face  at  an  angle  of 
65°.  The  receiving  mirror  was  estimated  2'5  metres  from  the 
prism  on  the  other  side,  and  showed  a  radiation  beginning, 
reaching  a  maximum,  and  fulling  off  to  zero,  at  deviation 
1 1°  22°,  34". 

The  experiments  were  repeated  with  the  focal  lines  of  the 
mirror  parallel,  and  practically  no  difEerence  in  the  result  was 
observed. 

The  index  of  refraction  for  pilch  given  by  the  experiments 
WHS  t'69,  which  nearly  agrees  with  the  index  I'o  to  r6  found 
for  pitchy  subslances  by  optical  experiments. 

Prof.  Uliver  Lodge  and  Dr.  Howard  have  made  observntions  Lodge  and 
on  the  concentration  of  such  vibrations  by  meana  of  lenaes.t  Howard's 
~  ■       ea  of  hyperbolic  cylindrical  figure  were  con-     ExpMi-"j 


at 

ngle.  ^^§ 

I 


Optically 

Opiiiiuu 
Bodien 
TraDa- 

Electrical 

W»TBS. 


Light  nin; 
Con- 
^■^      dacton. 


EIJICTBIG  RADIATION 

Btructed  of  ininernl  pilrb,  nnd  were  placed  witb  their  axial  plane* 
coincident,  end  their  place  facea,  or  basen,  turned  towards  one 
another.  These  leneee  were  no  proporlioned  that  the  beam  pro- 
duced by  a  linear  eioiler  in  the  eiternal  focal  lino  of  one  mighl 
emerge  parallel  from  the  plane  face  of  that  lona,  and  then  be 
concentrated  by  the  second  lenu  on  the  correaponding  focal  line. 

An  interesting  point  noticed  in  many  of  these  experimetiU  i« 
the  perfect  tranB|jaronfy  totliese  vibrations  of  optically  o)>ac|UF 
iubstances.  A  stone  wall  three  feet  thick  hM  been  found  to 
offer  no  obstacle  to  the  passage  of  audi  wHvee,  In  fact  in  soine 
experiments  made  hy  Prof.  Fitzgerald  at  Dublin  the  receiver 
was  placed  on  a  pillar  in  the  garden  outside,  while  tb«  exciter 
was  in  action  in  the  laboratory.  This  is  no  doubt  a  pheDOmenon 
of  the  same  character  practically  as  that  of  the  transparency  of 
a  thin  film  of  metal  to  light,  and  is  conditioned  by  the  relation 
of  the  wave-length  to  the  thrcknesB  of  the  obstacle.  [See  p.  aOt] 
above.  It  has  been  found  by  Maiwoll,  El.  amd  ifag.  Vol.  II. 
Chap.  XIX.,  that  the  transparency  of  Ibin  metallic  filma  is 
greater  than  that  given  by  the  electromagnetic  theory.  See  aUu 
Wien,  Wiet!.  Ann.,  36  (1B88).J 

Much  inteieHting  inforination  regnrding  electrical  radiation 
baa  been  obtained  by  Trouton,  Boys,  Dnigouniis,  and  otbera.  o( 
which  it  is  impassible  here  to  give  any  account.  The  grtat 
desideratum  however  now  is  some  method  of  maintaining 
electrical  vibratioDB,  so  as  to  enable  their  phenomena  to  b« 
fully  studied. 

In  concluding  this  chapter  and  the  present  work  referetice 
must  be  made  to  the  grout  mage  of  extremely  In toreating  and 
important  results  connected  with  oleotrical  discharge  and  radia- 
tion which  have  been  obtained  during  the  last  four  or  five  years 
by  Dr.  Lodge  of  Livernool.*  He  has  shown  that  in  many  canes 
a  thunder  aloud  discliarging  to  the  earth  is  really  a  great 
Uert^iun  vibrator,  and  that  the  discharge,  being  therefore 
oscillatory  in  character,  produces  most  violent  electrical  aurg- 
ings  in  metallic  conductors,  whether  insulated  or  olherwisr,. 
which  happen  to  be  within  a  moderate  distance  of  tlie 
discbarge. 

These  results  of  theory  and  experiment  have  led  to 
important  concliiHions  as  to  the  proper  construction  of  lightning 
conductors  for  such  cases.    Thus  Dr.  Lodge  has  pointed  out  the 


*  See  a  torioa  of  papers  in   the  EUctrician,  vols.  SS,  23  (1S88 — 9, 

188D},  and  a  lecture  on   "  Electrical  OsdllaCious,"  Roya]  Itutttn 

April,  1889,  EUetTician,  vol.  22. 


Roya]  ltuttniM|H 


fONSTRUCTiON  OF  LIGHTNING  CONDUCT0K8 


ipnrUnce  of  surface  in  a  liglitning  co 
pidly  varying  diacliarge  the  current  is  pt 
le  surface  slratum,  and  the  superiority  frc 


iductor  sir 
n  this  puin 


In  consequence  of  the  "circular"  magnetization  of  an  iron 
wire  produced  by  a  current  along  it,  the  current  is  more  strictly 
contined  to  llie  surface  than  in  a  copper  conductor,  so  that  the 
increase  of  resistance  thus  produced  in  Hiifficicnt  to  insure  n 
more  rapid  dissipation  in  nn  iron  wire  of  comparatively  small 
'rosB-section.  Whether  it  would  be  safe  to  mske  all  lightning 
conductors  according  to  this  principle  is  a  qnesiion  about  which 
lliure  is  coTisidernble  difference  of  opinion ;  but  there  can  be  no 
doubt  that  it  will  not  do  any  longer  to  consider  a  lightning  dis- 
charge as  a  mere  case  of  ordinary  conduction  to  be  provided  for 
simply  by  a  large  thickness  of  good  couducling  material. 


s  been  found,  also,  by  V.  Bierlines  (_EU 
1892)  that  the  damping  out  of  oscilklions,  ei<  ' 
resonator,  takes  place  more  quickly  when  thi 
of  iron,  than  when  it  is  made  of  non-mnguetic 
agrees  with  the  result  juat  stated. 


ited  ii 


1,  Nov.  18, 
1  HerUian 


[  \ 
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APPENDIX 

I.— ZONAL  SPHERICAL  HARMONICS. 

A  spherical  harmonic  mny  he  defined   as  n  liomi 
function  of  1,3/,  t  which  BatieGes  Laplnce's  equation. 

9^*         3^*         Br* 
Since  it  ia  humogeneous  it  utiafies  also  the  relnliun 


•%^'%^-l"" « 

■ 

if  n  ha  tlje  degree  of  the  function. 

■ 

The  fundamenlat  equation  niny  be  IranafoTmeii  by  Ihe  8uh- 

atitulion  of  Ihe  vaiiablee  r,  fl,  ^,  connected  with  x^g,  t  hy  the 

equntiona 

^^1 

.r  =  rainflco8*j 

^^1 

.^-.rainflsin*        (3) 

^H 

r  =  .co«9             ) 

^H 

Of  these  6  may  be  regnnled   aa  the  cn-latitude  and  <^  tlie 

^1 

longitude,  or  6  and  0  may  be  taken  as  respectively  the  polar 

.iislanca   and   richt   aacenaion  of  the  point  r,y,c,  of  which  i- 

J8  in  both  cases  the  radius  vector  from  the  origin. 

When  these  Bnbatilutions  are  made  Laplace's  equation  be- 

Laplace's 

EqOBtton 

-^P-d^^l^-^'^^r^  ■  « 

in  Polar 

Co-ordi- 
nates; 

if  ^denote  COM  0. 

4 
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Equation  (2)  becomes  plainly 


dr      r 


(5) 


The  last  result  gives 


.9W  =  n(n  +  X)F. 


Hence  (4)  takes  the  form 

1    a«r 


1  -  ^«  a^si 


+ 


/,(<'-'''f) 


+  n(«  +  l)r=0    .     (6) 


Spherical       if  y  denote  a  spherical  harmonic  of  degr3e  n,  we  may  write 
Surface     j^  in  the  form  r'^Sn-     S^  is  a  function  of  6,  <f>,  but  not  of  r,  anc' 
Jiarmonic  j^  qq\\q^  ^  spherical  surface  liarmonic  of  degree  n.     It  satisfies 
by  (6)  the  equation 


Definod. 


1       dKS 


1  -  /x«  dcf) 


J'+a-.f^-'^ali +  "("  +  »)•'  =  «    • 


(7) 


If  r'^Sn  denote  a  spherical  harmonic  of  degree  w,  r-C^+^jSw 
denotes  a  spherical  harmonic  of  degree  -  (n  -}■  !)•  To  prove 
tliis  we  have  only  to  notice  that  it  clearly  satisfies  (6),  since 
Sn  SJitisfies  (7).     Again  if  we  denote  it  by  /^,  we  have 

dr  71-4-1 

or  r 

which  is  what  (5)  becomes  when  n  is  changed  to  —  («  +  1). 

If  Sn  is  symmetrical  about  an  axis  it  is  called  a  zonal 
surface  harmonic  (or  simply  a  zonal  harmonic)  of  order  ».  We 
may  take  the  axis  of  symmetry  as  axis  of  z,  so  that  the 
symmetry  is  expressed  by  making  Sn  independent  of  <(*.  We 
sliali  denote  a  zonal  harmonic  of  order  n  by  Zn. 


Differen-        The  differential  equation  satisfied  by  Zn  is  by  (7) 
tiul  Equa- 
tion Satis-  d 

Surface         r^\^Q  discovery  of  zonal  harmonics  resolves  itself  then  into 
Jiarmonic.  flj^jji^g  particular  solutions  of  this  equation.    The  most  import- 


{(1  -t^')p]  +  n{n+l)u^O,     ...     (8) 


ZONAL  SPHERICAL  HARMONICS 

SDt  case,  and  the  only  one  which  we  here  conaiiler,  is  thai 
wliich  R  is  a  positive  integer. 

We  assume  first  that  u  may  be  expnndedin  a  series  of  powe 
of  fi.    Thus  writing 

u  =  ^i>i"i  +  A^"^  + ■ .     ( 

siibstituting  in  the  different!*!  eijuation  (M),  and  equating  c 
efScienla  of  like  powers  at  ^  we  get  first  from  those  of  p<"i 


hh  -«)(«,  +  •  +  1)4  -  0. 


Since  A^  is  not  zero  tliis  givi 
Thus  there  are  two  solutions  ac 
=  -  ("  +  1)-    ">»  i*  tlien  found 

A^ain  the  auccesnive  coefficients 
lie c led  by  the  relation 


?,  =   *  (.»_+  1). 
found  to  he  coti- 


(,„,  -  2r  +  4)  (M,  -  gr  +  3) 
2(r  -  1)  CJn,,  -  2r  +  3)         ' 


!take 

»,,  . 

»,  (9)  becomi 

*"~2 

.(2« 

^f- 

•.(«- 

1)(" 

-£)(.. 

-3) 

2.4 

.(!!.- 

-  1)  (!«  - 

-3)' 

The  series  within  brackets  in  (10)  is  finite  snd  has  for  Inst 
term  (-  I)("  n\n\n  !/(in  !  in  1  2n  I)  if  n  be  even,  and 
{-l)i("-i)^nU!(''-l)l/fi(«-l)li("-l)l(2»-  l)!iif"be 


EiprM- 
BioB  for 
Zonal 

Another  series  is  obtnirable  by  putting  m,  =  -  (n  +  I),    This  Hinnonic, 
and  tlie  fanner  multiplied  each  by  an  arbitrary  constant  and 
added  together  give  the  complete  solution  of  (8).*  _ 

Thesetiesin  (10)  with  2n  !/2«(«l)' substituted  for  id,  is  what 
is  called  (he  zonal  surface  harmonic  of  order  ri.     Thns 
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2"nln!r       2f2n  -  J)*^ 


n(n  -  1)  (n  -  2)  (It  -  3)  1  ,„. 

+  2.4.(2»-l)(2«-3)''  '•••/     •     •     ^    ' 


Rode-  It  may  be  verified  by  difiEerentiation  that 


ngues 
Theorem. 


1      rf*  < 


2"n  I  rf^» 


(12) 


and  by  expansion  of  (1  -  2/iA  +  h^)-\  in  powers  of  h  thai  iTn  is 
the  coefficient  of  h^  in  the  resulting  series.  It  is  this  latter  fact 
that  renders  the  choice  of  the  value  above  assigned  to  .//|  con- 
venient. 

By  means  of  (11)  we  can  at  once  write  down  the  zonal  surface 
harmonic  for  any  assigned  value  of  n.  Thus  for  values  of  n 
from  0  to  7 — 

ff  «7.7  r  I     .    O  n.O.O 

^11.9.7    0      9.7.6    ^7.5.3    ^      5 . 3 . 1 
'^        2.4. 6'"   "■  2.4.2'"  "^2.4.2'"        2.4.G' 


^       13.11.9    , 


11  .9.7    ,  ,  9.7.5 


i8  _ 


2.4.2 


2.4.2 


7.5.3 
2.4.6 


M» 


A  numerical  table  of  the  first  seven  zonal  surface  harmonics 

calculated  by  Prof.  Perry  for  values  of  fi  for  every  degree  from 

0  to  90^  is  given  at  the  close  of  this  note. 

Maxwell's       The  following  method  of  defining  a  solid  spherical  harmonic 

Method  of  is  due  to  Clerk  Maxwell  (El.  and  Mag.  Vol.  I.,  Chap.  ix.).  Let  an 

Axes.      electric  doublet  of  moment  *|  be  placed  at  the  origin  with  its 

axis  in  any  direction  the  cotincs  of  which  are  /,  m,  n,  then  by 
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t  the  point  (.r,  f,  i)  at  dislaoi 


*'('7'* 


saT^H 


irtlienttiB  operslioii  I9;dj  + mdjSr  +  ti9l3ihe  denoled  hy  DoubleU 
rf/(/i[,  where  *,  is  a  difltunca  along  the  Bxia,  we  may  call  tlie  of  DIITb- 
operulion  differentiation  with   respect  to  the  biIh  i^  and  we  .   ,"'°' 


"ii})' 


(13) 


where  f£,  ia  Ihe  angle  between  the  direction  of  i,  and  of  tlie 
line  diiiwn  from  Ilie  origin  to  (z,  y,  i). 

With  reKpect  to  this  tiiid  of  differen  tint  ion  we  may  notice 
that  if  the  auflix  j  indicate  any  axis  whatever  with  direction 
cosinpB  fj,  mj,  «j,  and  nj  denote  tlie  cosine  of  the  angle  between 
the  axia  ri^ferred  tu  and  tiie  line  from  the  origin  to  (x,]/,  :),  and 
X      the  cosine  uf  Ihe  angle  between  ihc  axet,  we  have 


Jr 


1 


=  f J  - 


Again  if  the  siiRix  k  indicate  anothei 


•';)lj 


=  -  iht  -  HI"')  • 


Now  let  two  doubiela  of 
parallel  to  ^,,  be  placed  with 
distances  -\iShp-\-\dh^ttom 
Ana  to  the  pair  of  doubii 


-♦ii   +•]■   w't'i  ' 


aceo  wun  iiieir  ceiirrcs  on  ouuiiitr  biib  "jBl 
i3*j  from  the  origin,  the  potential  at  {r,g,  i) 
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If  we  diminish  ^dAj  indefinitely  and  increase  ^|  so  that  ^idi^ 
remains  a  finite  quantity  ^J^,  we  have 


Hence  performing  the  differentiation  we  get 

1^  dfii      2fAi  dr 


\  ^  (3Mt/4  -  ^u) 


(17) 


This  is  the  potential  due  to  what  may  be  called  a  doublet  of 
the  second  order  placed  at  the  origin.     It  may  be  written 


^-(-')'*'i.4.4e) 


(18) 


Let  now  the  doublet  of  the  second  order  we  have  just 
supposed  built  up,  bo  imagined  placed  with  change  of  direction 
with  its  centre  on  a  third  axis  ^3  at  a  distance  JO/tj  from  the 
origin,  and  an  equal  doublet  of  the  second  order  but  of  opposite 
sign  placed  with  its  centre  on  the  same  axis  at  the  same 
distance  from  the  origin  on  the  opposite  side.  Then  the 
potential  of  this  arrangement  at  (j*,y,  z)  is 


/^3 -(-!)= 


If  we  diminish  dh^  and  increase  ♦,  so  that  *jbh^  remains 
finite  and  eqtml  to  ♦g/S,  we  got  a  doublet  of  the  third  order  at 
the  origin  with  axes  Aj,  ^2»  ^3'  ^vhich  produces  a  potential  at 
(J-,  y,  z)  of  amount 


''^  =  ^-'^'*^u\-d 


■-f(-)   ■    ■    ■     (19) 
1  dh2  dh^  \  rj 


Axial  Proceeding  in  this  way  we  can  build  up  a  doublet  of  any 

Definition  order  n  with  axes  ^j,  ^jv^n-     The  potential  produced  at  (x,  jr,  x) 
of  Solid     by  this  doublet  is 
Harmonic. 

r„  =  (-l)-*„i./-   ^...:^(1).     .     .     (-20) 


n  I  dfi^  dh.^ 


dh 


n 
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and  is  a  solid  liMmonic  of  degree  -  (n  4-  1)-     For.  perfotming 
the  liiHercntJBtions  traoefornis  tlie  equalioD  into 


where  JW  is  a  function  of  the  n  cosines  of  tlie  angleB  between 
the  axes,  and  the  line  front  the  origin  to  {r,  r,  ')  aid  of  the 
n(Fi-l)/2coBinos  between  the  different  pairs  of' the  aies.  Also 
f^n  obvioiiBlj  BBli>>lieB  the  definition  of  a  spherical  bar 
given  ab.ive. 

The  vnhie  of  S.  cnn  bo  found  by  successive  appliciitionE  of 
(U).    ThuB 


'% 


The  general  Bnrface  hnrmonic  iias  the  expression  [Hon 
El.  and  Mag.  Vol.  1.  p.  188,  2nd  Ed.] 


■j[(-i)-j 


^,2C.-- )] 


sion  of 
Genera! 
SiirfMG 


in  which  3(^"-!'X*)  denotes  tlie  Hiim  of  all  prnducto  of  terms 
of  which  a  uf  the  factors  are  different  cosines  \  with  double 
suffixes  and  fi-2<  factors  aro  different  cosines  u  with  single 
suffixes,  and  the  external  £  denotes  summation  for  all  values 
of  (from  0  to  in.  It  is  clear,  since  the  snffix  of  each  axis  appears 
once  and  onco  only  in  each  lerni,  being  brought  in  by  the 
differcntintion  with  respect  lo  that  asis,  that  if  there  lie  > 
factors  with  double  suffixes  in  any  term  there  must  be  h-2« 
factors  in  the  sanie  term  with  single  suffixes. 
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Derivation      If  all  the  axes  coincide,  say  with  the  axis  of  t  the  harmonic 
of  Zonal   becomes  a  zonal  solid    harmonic  and  8%  degenerates  into  a 

Surface     surface  harmonic  of  order  ti.    Thus  the  solid  harmonic  is 

Har- 
monics* 1     A»    .1\ 

r-(H+l)^H  =  (-l)iil|:(i)  .     ...     (24) 

and 

^-<-''=?£a)-  •  •<»' 

It  may  be  verified  by  expansion  that  this  agrees  with  (11) 

and  (12}. 

Proof         The  nindamental  relations  used  at  pp.  47,273  can  be  deduced 

Funda-     from  equations  (8)  and  (12).     We  shall  Uke  the  first  of  (80)  p. 

mentol     47  and  (60)  p.  273,  as  examples.  By  (12) 
Relation*. 

=  2«/"-0.0«'-l)«-i}.     .     .     .     (26) 

But  if  u  denote   any  function  of  /a  we   have   by  successive 
differentiation 


e//A 


d^^ 


dfi* 


.     .     (27) 


Putting  u  =  (fi*  -  i)^-\  and  using  this  result  in  (26)  multiplied 
by  /**  -  1,  we  get 

2n-i(n-l)\(ji^-  1)  Z'n  =  Hf,^  f *•!!  {(/x« -  l)~-n 

+  f^{^l'-l)'|\{{^'-l)--^-nf^\{(^^-\)n-^   .     (28) 


But  by  (8) 


dfi 


dfi* 


m(m*-1)/-^!(m*-i)'»  n  =  -M"('*-i)/-^i{(M'-i)"^ 


dfi' 


rfn-2 


=  MH(^'-i)j:^,r2{(M'-i)~-^J 
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-Of" ' 


Subotituting  in  (28)  ami  dividing  by  2'-' (h- 1) !  we  linJ 

{^*-i)Z'n  =  1,^Zn-PZn-}       ....      (29 

wbioh  IB  the  first  of  (80),  and  the  first  of  tlie  Iwo  reliitione  used 
nt  p.  273  to  obtain  (50)  and  (50').  We  can  still  mnre  easily 
prove  (50),  p.  273,  directly ;  we  liave 


r<kTrI"^.«'->- 


[by  (27)] 
.      .     (30) 


2,,i  =  -(2', -^r,_i) 

which  is  (50). 

The  other  relations  may  be  eetublished  by  similar  processea. 
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Theorem        The  following  theorem  is  of  great  importance : — If  Zm,  Zm%  be 
of  Product  two  zonal  surface  harmonics  of  orders  m,  n, 
of  Two 


Zonal 
Surface 

Har- 
mouics 


J  y.  (n  -  m)  (m  +  n  +  1) 


To  prove  it  we  have  by  (8) 


-T  {(1  -  /i')^'4  +  »•(«  +  l)-^*  =  0 


(31) 


dyk 


{(1  -  ^*)Z'n}  +  n{n  +  \)Zn  -  0. 


Multiplying  the  first  of  these  by  Zn  the  second  by  Zm  and  sub 

tract 

we  fi 


tracting,  observing  thatn(n-f  l)-w(«i  +  l)  —  (j»-«)  («i +  »+!). 


'»» 


d^  dfi 

which  gives  (31)  at  once  by  integration. 

If  the  integral  in  (31)  be  taken  from  -  1  to  +1,  then 
1  -  ^'-«  =  0,  at  both  limits,  and  the  expression  on  the  right 
vaniHhcs  unless  either  n  =  rw,  or  n  =  -  (m  +  !)•  Hence  if 
neither  of  these  conditions  is  fulfilled 


/       ZmZn  dy  =  0 


(32) 


Spherical        We  shall  now  give  some  examples  of  the  use  of  spherical 

Harmonic   harmonics  in  expansions.      Firfit  we  shall  take  the  expansion  of 

Expan-     1/pp' where  PjP' is  the  distance  of  a  point  P  from   another 

sions.       point  I^.      Let  r,   r',  be  the  distances  of  the  points  from  the 

origin,  fi  the  cosine  of  the  angle  FOP',  then  we  have 


1 
PP' 


(r»-2^rr'  +  r'«)-*. 


If  we  write  h  for  r'/r^  and  if  h<l  we  can  expand  this  in  a 
convergent  series  of  ascending  powers  of  h.      But  we  have 
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seen    that  Z,  ie   the  coefficient    of   A"    in    the    eipnaaion   t>£ 
<l-2/i*+i=)-*.     Uenco 

l^  =  il2o  +  Z,*  +  Z,A' +  ..,.!      .     .     .     (33) 

If  r'/r  >  I  we  have  only  to  put  i  =  rjr'  and  we  get 

^  =  p  !2i  +  V  +  -^i*'  +  ■■■-[  .     ■     ■     ^33') 

By  nieaiis  of  this  result  the  jioteiitial  of  any  diatribution 
whether  of  ttttrapting  matter,  or  of  electricity  or  niaKnetiam, 
can  be  espressed  in  a  aeries  of  zonal  harmonics. 

For  let  A  be  the  diBlriliutioD,  P'  tlie  poattion  of  an  element, 
P  the  point  at  which  the  putential  is  to  be  found.    Tlien  taking 


coordinalea  from  an  origin  0,  r.r,  i 

and  /I  the  eosine  of  the  angle  POP'.   Hence  if  de  is 

of  the  distribution  its  potential  is 

i^  =  ^(^o  +  Z,-!  +  Z.J.^ -\- . .  .  .)  . 


Seriei  for 
Potential 

(34)  giyea  I'ia- 


S-5».  +  V  +  2,»'  +  ..    .) 
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tliQ  ititej^ral  being  taken  tliroiighout  tlie  distribution. 

If  for  one  pirt  of  tbe  cllqtrlbiition  r>/,  nii  tat  another  pirt 
r<r',  Uii  inWgrntinn  mini  be  divided  into  two  oorr«<i ponding 
parts,  one  for  wbicli  h  =  rli'.  nnd  the  otber  for  which  h^r'/r. 

If  HOP'  he  deiiotod  by  «',  XOP  by  fl,  and  the  >Rgle  wbi«fa 
the   pti(ii«  of  P'  nnd  t)ie  u(i«  OX  mftkee  with  b  ftzeil  pluM 
iiigli  the  nxi«  br  4'.  then  if  □  be  the  deuaity  of  tbe  diatriba* 
lati" 

and  the  integral  muit  be  taken  between  limin  0  and  n  tor  *'  0 

and  2ir  for  ^ ,  and  0  and  r',  for  r',  wliere  r\  is  the  auperior  timil 

of  r  for  given  values  of  S  and  <ji', 

Ltatadn't       *"    important  theorem  dne    to  Legondre  greatly    fnrililatGii 

Theorem    calculations  of  polontials,  forces,  Ac,  for  Uie  ease  of  ayinmelry 

for  Di«-     round  an  axia.      Let   it    lie    posHible  to  exproas  llie   tjiiantity, 

Iributions   (supposed  to  aatiafy  Lnplace'a  c<]untiun)  which  it  i«  dMired  to 

Syninieln-  calculate,  for  points  niong  tho  axis  in    n  series  of  aaceodln; 

cal  about  or  descending  powers  of  :,  ncoording  as  may  be  neccasaiT  for 

■"  A""'    convergence.     Thus  for  points  on  the  aiia    le'   "' 

sought  be  fg,  then  by  byputlitHis 


.  .  .  +  "J  +  •:;  H 


,1 


1  these  expressiotiH  linil  the  value  of  v  for  any 
axis,  say  at  a  distance  f  from  it.    If  r"  —  s'i'-|-(s 


»'A  +  "',/,'■  +  "'i^.r'  +  . 


1 

r  any 

I 
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lliat  IB  ive  have  only  to  substitute  r  for  r,  and  multiply  the 
tennn  of  coefHcients  a^,  a^,  &<:.  by  the  zoniil  surface  hnrnionicB 
o(  ordera  indicftted  by  the  suffixos.  It  is  to  be  ohBerved  that 
the  zonal  surface  harmonics  are  choeco  for  the  temiB  in  the  two 
aeries,  an  that  in  each  case  the  terma  are  the  su(?ecBsive  zonal 
solid  harmtinica,  in  the  firat  Beriei  of  degrees  -1,  -2,  -3, 
ic,  ill  the  second  of  degrees  0,  1,2,  3  &c.  These  involve  in 
both  cases  tiie  same  sui-'ceKaive  Hiirface  harmonics  of  ordere 
0,  1,  2,  3,  &c.,  according  to  the  theorem  proved  above  that  to 
every  solid  harmonic  r"5n,  of  degree  n,  there  corresponds 
unother  r-Ci+iW^  of  degree  -(n+l). 

As  an  example  tabe  the  case  of  a  tiire  bent  icto  a  circle  of   Petential 
radius  a,  and  carrying  a  curient  y.      The  magnetic  potential  a 
n  point  on  the   osis  of  the 


=  2,ry(l 


We  may  write  I  -  j/  Vr*  +  a'  in  the  fomi  1  -  (1  +  n'/*') "  t.  intl 
if  fi  <  :  expand  in  descending  powers  off.     Thus  we  tind 


Bbli 


'-^  + 


a  for  points  taken  nnywhere  we  get  from  (38)  and  (39) 
,.S„(.,._.-_^J+_..J-...,) 


This  is  really  the  problem  treated  a 
examp'e  if  given  by  the  problem  of  Iw 
48,  49,  above. 


4  APPENDIX 

.  r  of  Tlie  tliuorem  used  in  equatioiw  (37)  ami  (40)  mny  be  icgarjed 
|L«eFliJre's  an  a  limiting  cnao  of  Oreea'a  theorem,  thai  if  a  function  of 
■""■— rtin.  J',  J,  I  in  found  to  autisfy  Laplnce's  equatioD  throiieliout  space 
Bxtarnal  to  a  oloacd  aurfuce,  and  to  give  apecifiefl  rallies  for 
points  on  the  aurface,  tliat  function  is  the  only  one  fulfilling 
these  conditions.  In  the  pres^Dt  case  the  closed  snrfsce  Is 
shrunk  into  a  line,  and  in  Btrictnese  the  theorem  requires  special 
demonstration.  Leirendro's  own  proof  will  be  found  in 
Minchin's  Statics  Vol.  II.,  p.  341  (Sec,  Ed.).  The  followint; 
proof  given  by  Minchin  p.  B24,  lac,  cit.,  is  simpler. 

For  the  cnao  of  symmetry  round  an  axis  if  f  be  the  distance 
of  the  point  considered  from  the  niia  Laplace's  equation  take* 
the  fun  11 

wliicli  it  is  to  be  noted  gives 


«t      'at'        

at  all  points  on  the  axis  in  the  space  throughout  which  il  Is 
supposed  that  the  equation  holds. 

If  then  we  know  a  function  U  which  Futiafies  (41),  and  gives 
the  apecifled  values  at  points  on  the  ssis^  let  if  possible  r  be 
another  function  which  does  the  same  thing.  Then  f  —  Ul^f__ 
say)  must  fulfil  (41),  and  bo  ssero  at  points  on  the  '  "  ■■■■ 
at  all  Huch  points 


y  show  that  for  any  point  on  the  a 


I 


e  ha-ve  seen  f(42)]  that  3*/a(-0k 


3"  /./9'*  ,  3'*\     a*i 


a-^3f " 


1^'  ^  'af+i  ^Mafi'ef. +^s7s; 
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Hence  for  jioints  on  tlie  axie 

If  tlierefcire  an-iiyafn-i  =  0  for  points  on  the  axiB,  3*+'*/ 
afn+i  =  0.  But  a*/af  =  O,  nnd  a»*/3f»  =  0,  nnd  llierefore 
e^*/af'  =  0,  nnd  so  on.  Hence  it  followH,  since  the  differentia- 
tions are  comnmtative,  that  an+B  ♦/di-af"  =  0. 

Espreaeing  tlien  4  ii«  /(;,  f)  nnd  eipjinditig  by  Maclaurin's 
llieoremjdenotingvalueBof  *,a*/a*,&c.,  for  points  at  the  origin 
hy  the  Huffii  0,  we  get 


♦-♦,.  +  .-  = 


a* 


,3* 


,d>4 


+  2--f 


a<« 


>  +  f^ 


eince  all  the  ditrerential  CoeS 
Hence  *  =  0,  everywhere, 

from  r. 

It  is  shown  above,  p.  274,  that 


'liich  proves 


(- 1)W  (.■-!)  I. '/i/- 


that  V  cnnnot  differ 


at< 


;/^.- 


^^^_       zonal    harmonic    of   order    i,    i  =  jtr,  uid    Calcola- 

A  =  -J a*  +  *"  —  iT.  The  evaluation  of  these  integrala  ia  of  ^°^  o' 
great  importance  for  the  calculation  of  the  inductances  of  coils, 
and  hy  this  tLeorem  tbey  can  bo  obtained  at  once  by  simply  J 
tinding  the  successive  differential  coeDicients  of  ^.  As  promised 
we  give  here  the  first  eleven  diffcrentiiil  coefficients.  It  may  be 
noted  that  they  can  he  written  down  with  great  facility  from  the 
known  cspressiona  for  the  suoceaBive  zonal  hannonios  by  the 
equation 


(-1)'+' ('-!)! 


a*j+i 
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^jf  =  -  3  .  5ahi7x^  -    3/-2j  1. 
Ox*  r' 

^!4  =  32 .  5tf2(2lT«  -  Ua.V  +  r*)  ^  . 

^!4  =  -  32 .  5tf2j-(23l2-*  -  210.tr2r2  +  35/^)  1 . 

^-^  =  32 .  5«2(3003.r0  -  3466.r</2  +  945.r2/^  -  35r«)    '  . 

^  =  -  32 .  6 .  7tf2r(6435.r°  -  9009.rV2  +  3466jr2r«  -  SlSr")  1 


3^  52 .  7r^2(7203ar'^  -  12012jrV2  +  6006tV  -  924^2/^ 


3^1^ 


^^  =  -  32 .  62 .  7  .  9^/'^^(46189jr«  -  87616:rV  +  54054r*/^ 


-  12012.r2/-«  +  693/'«)  -J' 
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11. 

ERH0R3  OF  OBSERVATION  AND  THE  COMBINATION 
OF  EXPEBIMENTAI.  RESULTS. 

All  obaerfffttionB  of  pliysLcal  qiiantilieB  are  Bubject  to  two 
kinUs  of  errors,  (1)  constnnt  and  tlicrefore  avoidable  errors,  (3) 
errors  wbich  are  due  to  tbe  inlierenl  inaccuracy  of  observation, 
And  whii^h  may  be  said  to  be  accidental. 

Among  the  former  ore  crrorH  di'e  to  some  cause  whicb  affecta 
all  tbe  operations  of  n  certuin  cIbhs  to  the  same  extent,  for 
exanipio,  a  i;onatant  wind  blowing  across  a  rifle-range,  the 
personal  equation  of  an  obaerver,  or  the  xero-error  of  (he  scale 
iii  an  instrument.  The  latter  comprise  errors  such  as  Ibose 
produced  in  striking  a  target  by  inevitable  inaccuracieB  of  aim, 
errors  in  reading  the  scale  of  an  instrument  through  inaccuracy 
of  setting  or  of  eHtiination  of  frnctions  of  a  division,  &c. 

The  former  class  of  errors  can  in  general  be  very  exactly 
eliminated  from  all  observntions.  and  we  shall  not  diseiias  them. 
The  Utter  class  being  regulated  by  no  one  definite  physical 
cause  are  aa  liable  to  be  errors  of  defect  ob  of  excess,  tliat  is, 
liositive  errors  are  as  probable  in  the  mathematical  sense  aa  are 
negative  errors.  By  this  we  mran  that  in  a  large  number  of 
observations  of  a  quantity,  tho  true  value  of  which  is  accurately 
known,  the  differencea  between  the  tnie  value  and  the  observed 
values  would  be  fairly  equally  distributed  on  the  two  sides  of 
tho  former.  Further  in  all  such  coses  it  is  matter  uf  common 
Ql>servution  that  errora  occur  with  less  frequency  the  greater 
their  magnitude,  and  that  very  large  errors  hardly  occur  at  all. 

Experience  shows  in  fnct  that  accidental  errors  of  observation 
arc  distributed  according  to  n  certain  law,  which  nay  be 
deduced  by  an  npplication  of  the  theory  of  probabilities,  in 
the  following  manner.*  We  assnuje  that  the  probability  of  ii 
negative  error  is  equal  to  that  of  a  positive  error  of  the  same 
magnitude.  Uonce  the  probability  of  an  error  of  mngnitude 
x  must  be  an  even  function  of  :r.  Thus  the  probability  of  an 
error  between  i  and  x  +  dj-  (or,  briefly,  of  na  error  a-)  is  ^t^rfr. 
But  the  error  lies  between  -  co  and  +  *  i  ""d  hence 


Nature  of 
Errors  of 
Observa- 


I 


Distri- 
bution of 
Accidental 


S*0  KRROna  OF  OBSEaVATlOH 

Form  TliB  form  of  the  function  0  mny  be  found  in  the  fullowinc 

^  flf  Error  mivnocr.  Let  two  aioa,  one  vsrliunl,  the  utiier  h<iri20iit«l  lie 
ffTiuotion.  ruled  through  tlie  middle  of  ilie  biilfa  eye  of  a,  taTK«l.  The 
chnnce  that  n  shot  will  Htrike  nt  a  diHlance  between  r  and 
»  +  rfjr  from  the  verticivl  «xia  is  <p(.i^)dx,  (ind  that  it  will  itriVe 
at  It  dintaiice  between  y  and  jf-\-  dy  from  the  hori»>nt«l  asii  ii 
0(t'')</*.  Hence  the  probahilily  thnt  the  nhot  will  strike  at  a 
point  fulfilling  both  condilionB  U  «(^)0(f')rfj'rff.  Tliis  IB  the 
probability  that  the  shot  will  strike  the  smsll  urea  r/jdf.  But 
this  muat  be  tlie  «ame  for  an  equitl  small  nrea  nt  the  same  placK 
whatever  pair  of  rectangular  axei  through  the  centre  of  the 
target  are  chosen.  If  ttierefore  x',  y'  he  coordinates  of  the 
poitit  (t,  y)  when   referred  to   another   pair  of  nsca  wp   tnuiil 

♦M  ♦(,').  ♦M  *(,-).  _ 

This  is  a  functinnal  equation  of  which  the  «oliilion  iii         ^^H 

*(;r')  =  A.~''>  ^1 

where  A  and  m  ure  conatanto.    The  value  of  wmiislbeneKAliT* 
as  the  probability   of  a  large  erri 
therefore  nJ.«°   -  A*  we  find  by  (1 ) 


i  the  probability   of  a  large  error  is  very  small.     Writing 


Heiiuo  by  the  well-kmiwn  tlieorctn  tl 
ive  have  ^  =  */ V^;:,    Thus 


J 


,  HeMun        ''''"'  'l""i"ity  *  '3  called  the  iiieaeure  of  preoiaion  of  the  ob- 
ef  Fra-      nervations.     For  tnke  two  errors  of  equal   probability  in  •"' 
eision.      different  sets  of  ohBorvntions  for  which  thia  conatkiit  btr' 
values  A,  *',  we  have 


IIKTHOD  OF  LEAST  SQUAEER 


Thus  tlie  two  probabilitiea  ure  equal  if  Ax  = 
inverBely  proportional  to  A,  i'. 


The  probsbility  P  tin 
(lierefore  given  by 


The  probabilily  tlmt  iin  e 


I.     r- 


■a  between  0  and  j,  o. 


■  i^^'dt 


is  called  the  probability  iii1ef;ral,  and  tables  of  itx  vnluea  are 
given  in  tretttiaeB  on  Eimm  of  Obiervation. 

We  Bb«ll  now  apply  this  theory  to  the  reduction  of  the  re-  ' 
suits  of  observation.  Generally  speaking  the  quantities,  the 
vshies  of  which  ore  fought,  X),  J"„ ...  1  >■>  Im  in  nomberl  gay,  ^ 
ure  not  those  directly  oheerved,  but  are  connected  wilh  the 
Utter  by  known  retations  or  obnrrrational  equattong,  just  as 
many  in  number  ua  there  arc  ohpervationEi.  If  the  obaervationB 
vers  perfectly  accurate  und  were  n(  >  w)  in  number,  ihe  values 

of  T„  Xj Xm,  could  be  found  from  nny  n  of  tliem  ;  but  bm 

inaccuracy  cannot  be  avoided,  a  much  InrRer  number  «  of 
observations  is  generally  made  than  there  nre  of  quanlitiea  tobe 
determined,  and  ihnnobMrrational  f^uiifinfigwhichlhesegiveare 
reduced  to  m  by  some  pror.esB  of  combination.  That  usually 
adopted   s  derived  as  follows  i^- 

Let  the  observed  quantities  be  M,,  ifi,...,  Mk  and 


be  tlie  triiK  values  of  the  qiianiitieH  observed 
(»,.  ', r.)  .ought.    The  error,  .re 


/.(', 


i  of  those 


-.)  -  .v,  ■ 


/.('. 


'.)  - 


.]/.  =  s, 


>r  kno> 


L 


any  case  what  the  errors  aotiiolly  Method  of 
,.^   may   however  inquire  whot   is   the  most  probable       Least 
system  of  errors,  and  find  accordingly  r,,  t^,  ....  Xn  from  the    Sqnares. 
obsftrved  values  of  M^.M^t,...,  Mn-     If  the  obfervaiione  oie  all 
of  the  same  degree  of  precision,  that  in,  are  made  with  equally 


{ually  ^^H 
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preuise  inalruiiieiilH  am)  witli  the  iame  degree  of  care  tind  pre- 
caution in  every  cute,  the  prnbubililie^  of  tlie  «er«ral  eirora  *,. 

"a  ■■-,«»  are  proportioiiol  to 

and  tlio  probiibility  of  thii  ayBtem  of  errora  to  tlie  prodoct  of 

regarded  ua  variable,  is  a  mrnlmum.     The  most  probable  xystem 
of  values  of  ii,  j-„  .  . .  .  xm  is  therefore  Ibat  deducerl  from  tliose 
of /i. /.,■•-.  A    »-li'<;li   f'llfii  tl.ia   condition.     Wo  shall   now 
show  fiow  this  coadition  en«bloB  the  n  obscrvnlionai  equations 
to  bo  combined  in  «  eqanliona  in  *„  x„  ...  ,  x«.     Ti.ese  are 
generally  called  the  normal  equations. 

SiQce  the  system  of  erriirs  of  greatcBt  probability  is  adopted 
insl«ad  of  the  actual  syatem.  we  slinll  now  denote  the  errors  by 
Ui,  u, ,  Vb,  and  call  them  ntidvuh. 

^MtioT-!               2:A'-.,.'-, x„)  -  ^'  =  r.»  +  V+...  +  r»«        ^H 

by  S  \ta  find  na  the  necessary  condition                                   ^^H 

8;,-^'8;r=o. j,^=0.   .    .   .  H 

which  are  the  m  equatinnH  reiiiiired  to  find  i.,  i,,..-,  '«.        ^^H 

When  the  rolnlions/,,,4 f.,  nre  ..II  linenr  ni>  e.»y  nll^H 

ubtninoil.     For  we  have  tlii-n  inHri^ml  of  (4)                              ^^^H 

«j.r,  +3,-r.  + +  ^,^*   -   .f/,  ~rA            ^H 

'■.^+V.  + +  t..,r.    -   5r,  =  r,  1    _     _    "M 

nn^,+S<^.,  + -f  p,^'«   -   .V,  =  f-  ' 

and  equaLionji  (5)  beooi.io                                                                  ^^^ 
"i('>i*.  +  3,^<  + .  .  -  +  ><,.r„)  +  <.,(n^,  +  j9i,»',  +  . . .  +  f^-}\^^| 

+ +  <..('■-.>■, +A^,  +  ...,  +  ;.,r.)                     ^H 

^<.,^f,  +  n,J/,  +  ...  +  0^.     ^H 

^^^^^J 

METHOD  OK  LEAST  KQUARKS 

Tliu»  we  liave  the  rule  to  fnnn  tbc  normnl  eqiiatione  for 
r,,  x^  . ..,  Xm'.  niiltiply  the  left-hand  meniber  of  taeh  eqiialion  of 
(6)  by  the  eoeffiineul  ofx,  in  that  egaalion,  add  the  rrtullt  togtther, 
and  equate  to  zero  for  the  Jirtt  equation;  theii  niultiplif  the  l^- 
hand  member  of  each  eqvativn  of  (6)  6jf  the  cO'fffident  "f  '■%  i"  thr 
tamtt  odd  the  rebuilt  together,  oiid  eqvile  to  zeru  for  the  tecond 
equation  f  and  so  o«. 

Aa  an  ssample  we  take  the  ciise  of  Iwo  unknown  quniilitiec,   ObBsrvn- 
jr,i  r„  connected  witli  the  obaervations  by  the  ei[itntioiiB  p'""^"'^* 


o,x,  +  I,  -  3/,  =  V,   \ 

u^,  +  x,-M,  =  r,    I 


(9) 


Tlien  forming  the  normal  eijuations  anil   solving  ff 
ii-e  get 

^la.SM-  HS(a3t) 

If,  as  in  many  phyisiuiil  cxperinitmlB.  n,  =  0,  and  iij,  n,, . . .  on, 
be  in  Hrithmetic  progreasion,  the  equation  for  j,  leads  at  onco  to 
the  rules  of  combination  given  at  pp.  84, 65  iibovo  in  connection 
with  obBervationa  of  the  period  of  vibration  of  a  niagnel.  t.i.™v 

It  is  easy  to  show  that  this  process  gives  as  the  most  prob-  Observa- 
nble  valne  of  a  aingle  quantity  ii  times  directly  observed,  the  tions  of  i 
iiritlimetio  mean  of  the  b  observed  vahiea.  For  we  have  only  Single 
to  put/for  the  i|unnlity  lo  he  found,  and  .V„  H.^,  . . .,  _V»  for  the  QiLnntity 
observed  valnes.     We  get  then 

L  that  i", 

/-  M,  +/-  M.  +  ...+f-  J/„  =  0 


I 


The  Arilh. 


/- 


.l/,  +  .V,+  ...  +  Jf, 


Me&nthe 
(10)        Most 


Thua  the  most  probable  value  of  /  is  the  arithmetic  mean  of 
.1/,,  Jf,, .  .  .  3/„.  The  ordinary  Kimple  rule  used  in  this  case 
therefore  coincides  with  that  given  by  tlie  present  tiieory. 

When  reauUa  of  observation  are  of  different  degrees  of  pre-    Weight* 
cision  they  are   "  weighted  "  by  being  eacli   multiplied  by   u 
_  Jftctor  which  depends  upon  the  degree  of  precision  which  t' 


ot  pre-    Wewht* 

d  by   u    ofDbMi«^_ 

ich  the     vation^^^l 


ERRORS  OF  OBSERVATION 

ubBervatioaR  nre   supposed  lo  liiive.      For  ciam^'lc,  if  iftt 
. . .  jViu  iu  Uie  lost  vxnmplB  were  of  different  ilegtc^oa  ot\ 
ciaion,  tliey  would  have  to  bo  weighted  by  being  niiiUiiilied 
ipectively  by  weiglits  u>,,  u>-, . . .  tOn,  ad'I  we  thould  linve  inRtvnd 
of  (10) 

-  t^jJ^i  +  "jift  +  -  ■  ■  +  "nllfn 


/  = 


'.  +  ■ 


.  +  «» 


Thiti  ii  called  the  ^iieral  niean. 

Tlie  metliud  generally  renorCeil  to  in  dBHigning  weiebtl 
observatioax  HupendB  on  the  determinntion  of  what  ie  called 
probable  error  uT  ench  result.     Tliia  is  tbe  error  of  probability  1, 
(liitt  is  to  nay,  it  is  just  as  probublo  that  the  error  of  tbe  ramirt 
is  lesB  than  ihia  ns  that  it  is  greater.    Thus  the  probable 
the  value  of  r  in  the  equation 


1 


*-^/: 


•Jni 


'-'■'i/ii. 


Tliia  equation  can  be  solved  by  interjiolalioii  from  ■ 
values  of  the  probahilily  integml  and  gives 


"H 


The  probable  error  is  tlius  inversely  proportional  to  A. 

Wnen  a  series  of  obsetvutions  n  in  number  is  made,  the  prob- 
able error  P  oi  the  result  is  fiuind  in  tbe  following  i: 
The  probability  of  t!ie  system  of  errors  f„  f,, ...  ft,  ' 


7,,  (''■'■)"'■ 


(11) 
all  possiblr 


Now   if  the  observations  have  been  mode 
'   care  so  an  to  have  as  great  n  degree  of  precision  as  wns 
that  is,  to  hnve  as  suihII  a  probable  error  as  possible 
with  the  given  system  of  errors,  we  must  assign  to  a  •ucli  n 
value   as   to   make   P  in    (8)   a   maximum.     Differentiating  P 
with  respect  lo  A  and  equating  to  r.ero,  we  finit 


nP 


2AX(c').P' 


yj..v 


METHOD  OF  LEAST  SQUARES 


-■  =  -0745  y='^ 

Z(e^,  Ihe  giim  of  tlie  squareu  uf  the  tru 
X(t^,  the  sum  of  tlie  Hqiiares  ol  tlic  reti 
ference  is  Ibbh  the  grestpr  tlie  nuiiilier  t 
npprozinirition  it  is  usual  to  jiut 


of  obaervi 


J(.>)-sP)(l-l)- 


8  greHter  than 
B,  nnd  the  dif- 


(13) 


TbiB  L 


lullei]  tlio  probabU  tn'or  of  a  single  observatinn  of  a 


aingle  quantity  directly  observed.    The  quuntiiy  V2(i')/(n  —  1 ) 
is  called  tlie  nitaa  error. 

If  i/.,  M„  . .  .,  ^n  hen  obtiiined  values  of  the  same  quantily, 
tlie  prohable  error  of  tlie  ariLhtiiPlic  menu  ctiti  be  fouad.  For 
if  we  take  i,,  a,, .  .  .,  in  as  the  differeiicca  between  the  ubservud 
quantitieB  and  the  arilliiiietic  mean,  the  prubabilily  of  the  arilb- 
inetic  mean  is  the  product,  P,  of  the  probiibilitiea  of  thia  Bystem 
of  lesiduol  erroTH.     ThuB  we  have 


P  =  ;i"((fc)»ir-"fl.- 


■  '■'>. 


Now  let  some  other  quantity  dtifering  from  the  aiithnietic 
meun  by  an  amount  it  be  taken  as  the  qiinntity  Bought.  Then 
instead  of  („  :^  .  .  .,  in  we  shall  have  for  reBidual  errors 
ti  +  i,!^+S,  . .  .,  2n  +  8.  Thus  for  tlie  probubilily  of  this 
Bystem  ot  residualB  we  get 


;e  2(1, +  .-,  +  ... +  ^»)3 


H'l- 


This  slates  that  the  probability  of  the  arjtlinictic 
that  of  the  other  Bystem  of  errors,  or  the  probal.il 


o  and  S  in  the  anthnie 


., .     ■»'^.     Theprob- 

]gle  obsetvalion  is  to  that  of  an 
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error  d  as  1  :  f-h^,  and  hence  the  measure  of  precision  in  the 

case  of  the  arithmetic  mean  is  v  ra  times  that  of  a  single  obser- 
vation.   Hence 


Probable  error  of  arith.  mean  =  --f  =  '6746  .  / . ,        ,  ^ 

V  n(n  -  1) 


r 
s/n 


.  (14) 


Assign-         We  have  no  space  to  deal  with  the  question  of  the  weights  to 

ment       be  assigned  when  results  of  observations  or  of  different  sets  of 

of        observations,  of  different  degrees  of  precision,  are  to  bo  coni- 

Weights.  bined.  The  general  rule  is  to  assign  to  the  results  weights 
inversely  proportional  to  the  squares  of  the  probable  errors  of 
the  quantities.  These  weights  are  obtained  by  the  following 
rule  for  the  quantities  a?;,  a^j, . .  .  arm  of  equations  (7).  Denote 
the  quantities  on  the  right  of  the  successive  normal  equations 
by  J'l,  ^2»  •  •  •  -^«  respectively,  and  let  these  equations  solved 
for  .ri,  ^2,  .  .  .  Xm  give 

J'l  =  «i^i  -f  (/.,^2  +  •  •  •  +  ^n^n 
d\^  =  fjiAi  +  62A2  +  .  .  .   +  bnAn 


Then 


weiglit  of  .t'l  =  — ,  weight  of  .r.^  =—,...     . 


(15) 


Mean  and       The  mean  errors  of  .rj,  .r.^,  .  .  .,  .rm  are  ec^ual  each  to  the  mean 

Probable    error  of  a  single  observation  divided  by  the  square  root  of  the 

Errors  of    weight  of  the  quantity  in  question.     But  the  mean  error  of  a 

Quantities  single  observation  in  this  case  may  be  shown  to  be 

Indirectly 

Obtained.  /  2(iD 


V 


n  —  hi 


Hence  we  obtain 


vf  <•  Ai2(v^) 

Mean  error  of  j*i  =  a  /  -^—^ — ^ 

^    n  —  m 


}t 


>> 


n  —  m 


(16) 


From  these  tho  probable  errors  of  .rj,  .rj,  .  .  .  are  obtained  by 
multiplying'by  tho  factor  '6746. 


METHOD  OF  LEAST  SQUAR&S 


Ab  Bti  essiiiple  the  fullowttig  caee  (due  to  Gauxs)  of  t'uiir  ob-    Eianiple. 
servational  equations  for  three  ciuaniities  may  lie  taken.     [Of 
course  llie  tlieory  gives  good  rtfaulla  only  when  there  ia  a  large 
number  of  obHcrvational   equatioaa,   but  the   present  exnmpie 
Bhowa  very  well  the  mode  of  proceeding.] 

I  -g  +2i-3=0 
3ir  +2y-  5t-6  =0, 
4j  +j  +4f  -  21  =  0, 
-  T  +  3j  +  3r  -  U  =  0. 
Tlie  normal  equationg  are 

27*  +    6j  -     88  =  0, 

Bx-i-  I5g  +  z      -    70  =  0, 
y  +  54*  -  107  =  0, 
from  which  the  moat  probable  values  of  r,y,  «,  are  obt 
_  49154  _  ,  _  2617  _  .      1!707  _ 

'-i9899-"™'-'"W7  ^''"•-      6633- 

The  weights  of  x,  f,  j,  determined  nB  descrihed  above 
reapectively 


The  residual  errors  given  by  these  values  of  r,  y,  z,  are  given 
In  the  following  table  : — 


K-. 

■ 

</i 

1 

2 
3 
4 

-0-249 
-0-068 
+  0-096 
^0-069 

0-0620 
00016 

0-ooeo 

0-0048 

t[v^  =  -0804 
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.      /OWM 


Appliia 


letlinH  of  leasl  aquareH  can  be  applied  to  delcrmine  the 
ntB  .!(,,  A^,  A^, . .  .  B,,  Jl^  ...  in  tli«  equation 


j—i. 


(If) 


I  Humotiio  ' 

Aii«ly»is.  when  a  numbor  of  values  of  31  for  different  known  valuea  of  *■ 
have  been  deteniiineil.  In  generul  n  ia  known  iind  (lioroforc  the 
observationul  equationa  ara  at  uuue  obtained  by  eubstUuting  in 
this  e<ioBtioo  the  value  of  j/  and  the  correaponding  valne  of  x. 
Then  Jg,  Ji,  Jj,..,  Si,  S3,  . .  .  ire  the  unkoown  quantities  to 
nd  FIB  many  normal  ccjualions  as  there  are- of  theae 
'■[led  from  the  obBerviitional  equiitions  in  the  ordinnij 

Jhis  ia  of  importance  in  the  determination  of  the  m- 

preaaiona  for  tides,  electromotive  forces  of  alternatora,  Ac  (ee* 
p.  659  nl.ove). 

For  further  inforrnfltion  on  thie  aubjert  the  reader  ma;  refar 
to  Merriman'a  treatise  on  The  Methoil  of  Lta»l  Square;  Cliauve- 
net's  Aelronomi/,  Vol.  U.,  or  Airy's  Errort  0/  Oliatrvalion. 


in.  NOTE  ON  EQUATIONS  (80),  (Bi),  PAGE  242. 

It  followB  by  the  equations  of  electromolive  force  (33), 
p.  1G9,  thOit  there  must  exist  in  the  functiun  from  which  the 
electromotive  forces  are  found  by  Lagntnge's  eqiiatiuna  a  term 
o£  tbe  form 


-  i^V!''(FY  - 


«^)  +  n{ma  -  »y)  +  w(?|3  -  f.)| 
time   integrals. 


ft 


where  u.   v,   v 

reckoning  of  the  components   u,   p,  v>,  of   the 

(displacement  current  -f-  conduction  current). 

If  the  Riodium  Is  an  insulator  u,v,k  =  f,g,  A,  and  the  terra  i) 


-  kf!/(!/y  -  h3)  +  g{ha  -  fy)  +  k{f&  -g,.)). 


Denoting   the   term   by  L  we  find  for  the  x-component   of 
electromotive  force  depending  upon  it  in  the  first  cace 


n  the  second 

_  rf  as 


e  =  cy^,-y  -  ,r3)  +  i^Xoy  -  v^)    . 


^■'^{gy-h&)->r\<^-V.{fi-h^)  .     (4) 


and  siniiliirly  for  the  other  components.*' 

TiiB  first  term  in  each  case  refers  to  the  Hall  effect,  the 
second  to  an  electromotive  force  which  bas  not  been  observed. 
An  estimate  of  the  amount  of  tbis  force  is  given  by 
J.  J.  Thomson  (Appl\cai\oB»  of  Di/namies,  &o.)  which  shows 
that  it  is  probably  much  too  small  to  be  ever  observed. 

In  the  case  of  nn  insulator  the  resultant  electrio  force  due  to 
the  second  term  in  (A)  is  at  right  angles  to  the  plane  through 
the  direction  of  the  electric  force  and  that  in  which  (be 
magnetic  force  varies  most  rapidly  with  the  time.  The  magni- 
tude of  the  force  is  ic'iiS-U  sin  0,  where  A  is  the  greatest  time- 
rate  of  change  of  tFie  magnetic  force,  D  the  electric  displace- 
meiit,  and  fi  the  angle  between  fi  and  D. 

•  The  BxistetiFe  of  ihi»  wrm  was  firat  poinloil  out  by  Prof.  Fitxgnald, 
Pliil.  Tran*.  1880,  Pnvt  II. 

VOL.  II.  3   1 
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The  electromotive  forces  in  {a)  and  (b)  fall  to  be  added  to 
the  components  given  at  p.  191,  to  render  these  more  complete. 
It  is  not  impossible  that  there  may  be  other  terms  in  the 
Ligrangian  function  as  yet  unrevealed. 


IV.    NOTE  ON  t/r,  PAGE  192. 

The  statement  in  lines  4,  5,  6^  that  *^^  may  be  taken  as  the 
potential  of  any  electrostatic  distribution  which  may  exist  in 
the  field/'  requires  correction  when  the  equations  refer  to 
moving  conductors.  In  this  latter  case,  as  has  been  pointed 
out  by  J.  J.  Thomson  (Maxwell's  Electricity  and  Magnetism, 
Vol.  il.  p.  260),  yft  ought  to  be  taken  as  including  both  the 
electrostatic  potential  and  the  term  Fx  +  Gy  +  Hi  which  is 
left  out  of  account  in  the  mode  of  proving  the  equations  of 
eleotromotive  force  adopted  at  p.  191.  This  term  disappears 
when  integrated  round  a  closed  circuit. 


V.   NOTE  ON  PAGE  329. 

Proof  of  the  equation 

which  holds  when  x  is  very  great. 
It  is  easy  to  sec  from  p.  330  that 

0(.r)  =  Jo(2iyfx) 

if  I  =  V  -  1.     Also  by  the  differential  equation  satisfied  by  J^ 

if  //  =  nJ^iz), 

dz^       z  dz 
This  last  equation  can  be  written 

(Piv  'J~z) 


p^+(i. +■>-'"-''. 


APPENDIX 
whieli  when  i  is  very  great  becomea 


uf  tilis  is  of  courBt? 


luid  (Todliunler,  The  Functioru  of  Laplace,  &>:.,  p.  311)  it  can  be 
shown  lhBt-<=  S=-Jw. 

If  now  we  put  ii-Jx  for  a  io  tlio  last  result,  we  find  aitice 

"/^(l  +  i>i*Cj)  =  1-os  2.-  Vi  +  ain  2i  ^2. 

When  exponential  TsIiieB  ure  substituted  for    cob  2iVt  aod 
^in  iivxi  this  (fives 

VMl^{r)  =  4 
0(j)  =  (''''/(2Vn-J-l). 
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VI.  Tablb  tor  the  Calccl*tiok  of  thb  MfniAL  lnvvcrxtmU 

IF  Two  COASIAL  ClBCLBH  Or  RabiI  (I,  o',  AK»  DisTAXCK  A>ABT  *. 

Calculated  fur  iuterral*  of  0'  la  tha  value  of 

(W.-Ms/(o-o-)*+4./^(a  +  a',.  +  i^  fr<iin  flO"  to  BO*. 

-•.^ 

^'■"'7^ 

'■«"i^ 

«0'    0 

■40»t783 

64'    0' 1-6101472 

66*  0- 1-7203008 

a 

•6022B6I 

8'I-fl]2gBe8 

«'  I-7280M0 

12- 

■6050606 

12'  I8166622 

vy  I-72582e« 

18 

•607881B 

lB'r-9184042 

13'  [-7286943 

21 

-6106178 

24'  1-8211660 

24'  I-79I3«0S 

30 

-6188089 

30'  18239076 

80'    -7341287 

SB 

6161TB1 

S8'  1-6266689 

36'    -7368975 

4S 

-6186682 

42'  1-8364101 

42'    ■r39»fl75 

48 

■6217381 

48'  1833 16 12 

48'     -7434887 

Si 

:  -6246128 

64'  I-834B131 

64'     '7462111 

fll"    0 

■6272888 

eS"   0' 1-8370629 

69*    0'    '7479S48 

0 

■6800988 

0'    -6404187 

a'    '7607697 

13 

-6328361 

12'    -8431845 

12"    -7686361 

18 

■6868084 

18'    -6459168 

18'    '7663138 

S4 

■fia837B« 

24'    -6488660 

24'     '7690926 

30 

'64114)18 

80'    ■6614189 

SO'     -7618736 

86 

'6430100 

30'  1-6641678 

88'     '7640666 

*2 

■6468872 

42'  I  6589188 

4-r     ■7074892 

48 

-6494646 

48'  r-6598701 

(8'    -7702245 

54 

■652*22(H» 

54'  I '602421 5 

64'I-7730]14 

82-    0 

■S5498H4 

88*    0'     6861783 

70'   0' 1,7758000 

6 

■fif,77510 

0'    ■6871)260 

6'  T-7786903 

12 

■5806117 

12'    -6708772 

12'  I  781S823 

18 

■683277S 

IB'    ■6784299 

18'  I  784 1762 

24 

■Baeoaos 

24'    ■6781834 

24'  I  ■7861)720 

■6888011 

30'    '6786358 

30'  1  ■7897666 

88 

■6716618 

86'    '6816891 

36-  I-7936BW 

42 

-6743217 

42'    -6844481 

42'  1-7663709 

iS 

■B7708OB 

48'     8871976 

48' 1-7681746 

G4 

'S708nti4 

54'    '6896526 

64'    -8009808 

83°    0 

■6826678 

67'    0'    -6827081 

7f    0'    -8087835 

6 

■G863S4B 

6'    ■8954642 

6'    -8065983 

12 

■6881113 

13'     6982  09 

12'     -8094107 

18 

■B»08a75 

18' 1-7009783 

IS'  -sisssss 

S4 

'6930231 

2i'    ■7087362 

24'    ■8160493 

80 

'6983782 

ao' T  7084649 

80'   tiiwn 

88 

'6991322 

38'    -7092644 

86'    ■82CII634 

43 

■6018871 

42'  r-7120148 

42'    -8286080 

48 

■6048403 

48'  r'7H77B8 

48'  T8288SI9 

^ 

64'  1-8078042 

64'rn76376 

64'  I-82S164B 

1 

■ 

"^H 

1 

^Hl 
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A 

Table  for  tbe  CALorLATiOM  01-  tbb  Mutual  Iuddotancb  M  or                 ^^| 

Two  Coaxial  CiBor.Ei  of  Radii  a 

1 

^^>^ 

-sfc. 

■-'i;^ 

72'    0'    '8319967 

78'    0'     -9482196 

80°    0 

■0741816 

s'  -ssissie 

8'    -9512205 

e 

0776316 

12'     -8376663 

12'    -95*2272 

12 

0808914 

13'  -sioiiaas 

18'    -9572400 

18 

0812702 

2i'    -8483534 

24'     '9602590 

24 

0876682 

30'    -8161998 

30'    -9632841 

30 

0810619 

36'     -8490493 

86'    -9663157 

36 

084*784 

a-   -aBi90i8 

42'     -9693537 

43 

0879081 

48'    -85*7575 

48'     -8723988 

48 

1013642 

M'    -8576164 

64'    -8764487 

61 

1018142 

73°    0'    -860478B 

77°    0'    -8785079 

SI"    0 

1082883 

6'    -8633440 

6'    -8815731 

6 

1117799 

12'     8662128 

12'    -88464S4 

12 

1152863 

18'     -8690882 

18'    -8877218 

1188089 

24'    -8719611 

2*'    -9908118 

21 

1238*81 

30'    -8748106 

30'     8938062 

30 

1359043 

38'    -8777237 

86'    -9970082 

36 

1291778 

42'    -8808106 

12'    -0001181 

42 

1330681 

48'    -8838013 

48'     0032359 

48 

1366766 

51'    -8883858 

54'    -0063618 

64 

1103067 

Tl"    0'    -8892843 

78'    0'    -0084950 

82°    0 

1439638 

6'    -8921869 

6'     -0126385 

1476307 

^H 

12'    -8961036 

12'     0167896 

13 

1613075 

^H 

18'    -8980114 

]8'    -018049* 

18 

1550148 

24'     -900B2B5 

24'     -0221181 

24 

1587134 

^1 

30'     -9038488 

30'     -0252959 

30 

1624836 

36'    -9067728 

36'    -0281830 

36 

1662668 

42'    -801)7012 

*2'    -0316794 

42 

1700608 

48'    -8126341 

*8'    -0348855 

*8 

1738794 

61'    -8165717 

51'    -0381014 

54 

1777219 

^B 

75"    0'    -9185141 

79°    0'    -0413273 

83°   0 

1816*90 

6'    -9314613 

6'     0445633 

e 

1 85181 6 

12'    -921*135 

12'    '0178088 

12 

1881001 

18'     -9273707 

18'    -0510668 

18 

1833465 

24'    -8303330 

24'    -054S347 

24 

1973184 

80'    -9333005 

30'    -0S76136 

30 

2013197 

86'     8362733 

S6'    -0609037 

36 

3053602 

42'     -9382515 

12'    -0612064 

42 

2084108 

48'     8422352 

18'    -0676187 

48 

2136026 

^H 

64'     -9462246 

51'    -0708**1 

54'    -2176269 

J 
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Table  foe  the  Calculation  op  the  Mutual  INDUCTA^•CE  M  of 
Two  Coaxial  Circles  op  Kadii  a,  a'— continued. 


lof  10  - 

«r 

logio  - 

M 

logio  - 

M 

4 
84'  0' 

•2217823 

4iiVaa' 

iv^'aa' 

86''  0' 

•8189097 

88'  0' 

•4385420 

6' 

•2269728 

6' 

•3191092 

6' 

•4465341 

12' 

•2301983 

12' 

•8248843 

12' 

•4548064 

18' 

•2344600 

18' 

•8297387 

18' 

•4633880 

24' 

•2887691 

24' 

•8351762 

24' 

•4728127 

30' 

•2430970 

80' 

•3407012 

80' 

•4816206 

86' 

•2474748 

86' 

•3468184 

86' 

'4918595 

42' 

•2518940 

42' 

•3520827 

42' 

•6015870 

48' 

•2563561 

48' 

•8578495 

48' 

•6128738 

54' 

•2608626 

54' 

3637749 

54' 

•6288079 

85'  0' 

•2654152 

87*  0' 

•869S158 

89"  0' 

•6860007 

6' 

•2700156 

6' 

•8759777 

6' 

•6490969 

12' 

•2746655 

12' 

•8822700 

12' 

'5632886 

18' 

•2793670 

18' 

•8887006 

18' 

'5788406 

24' 

•2841221 

24' 

•3952792 

24' 

•5961320 

80' 

•2889329 

80' 

•4020162 

30' 

•6157370 

36' 

•2938018 

86' 

•4089234 

36' 

•6385907 

42' 

•2987312 

42' 

•4160138 

42' 

•C663883 

48' 

•3037238 

48' 

•4233022 

48' 

•70277G5 

54' 

•3087823 

54' 

•4308053 

54' 

•7586941 

(For  explanation  of  nutation  refer  to  SeotJdn  III.,  Clin pter  VI. 
iibove).  a  CUD  b«  shown  tlmt  if  Cn  be  tbo  cnrreiil  at  the  mis 
of  a  wire  and  C's  Uie  ciiiTKiit  at  distance  r  from  tlie  uxie,  for  N 
jjcriods  per  becoud,  and  6  =  i'irNl 

C'k=  CvCbcrjcoBtf-bei'jBinfl). 

For  copper  carrying  an  alternating  i-urrent  of  80  periods  per 
Hecond,  tlie  column  below  headed  q  may  be  taken  na  contniniiiK 
the  diameters  of  Ihe  wires ;  and  in  respect  t<>  the  ilistribiition  uf 
the  current  thruiigb  the  wire  expreeseil  by  tlie  furmula  above, 
q  tnny  be  taken  ua  the  diameter  of  tlie  cyjindric  ahell  in  which 
the  current  density  is  to  be  calculated. 

TABLE  OF  NUMERICAL  VALUES. 
(Calculated  for  Lord  Kelvin  by  Mr.  M.  Maclean.) 


< 

twl'  ber  -  bW  l»l 

..bri'hBT-b.i'brt 
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0-0 

I  0000 

n 
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imoo 

Sfl 
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S-8 

MM 
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>« 
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»s 

■am 
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■MM 
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From  the  data  here  given  and  some  fuither  data  supplied  by 
liord  Kelvin,  Mr.  W.  M.  Mordey  has  calculated  the  following 
table : — 


VIRTUAL  RESIOTANCB  OP  CONDUCTORS  CARRYING 

ALTERNATING  CURRENTS. 

From  Mr.  W.  M.  Mordey*s  paper  of  Alternate  Carrent  Working, 
Inst  El.  Eng.,  May  23,  1889,  Electrician,  May  31. 


Diameter. 


Milli- 
metres. 


10 
15 
20 
25 
40 
100 
1000 

9 
13-4 
18 
22  4 

775 
11-61 
15  6 
19-86 


Inchee. 


Area. 


8q.  mm. 


•3937 

78-54 

'5905 

176-7 

•7874 

814-16 

•9842 

490-8 

1-575 

1,256 

8  987 

7,854 

39  39 

785,400 

'8548 

68  62 

-5280 

141-8 

•7086 

2544 

•8826 

894 

•3013 

47-2 

•4570 

106 

•6102 

189 

•7622 

294 

Sq.  in. 

-122 
•274 
•487 
•760 
1-95 
12-17 
1,217 

•098 
•218 
•394 
•611 

-071 

164 

•292 

'456 


Percentage 

Increase  of 

Ordinary 

Resistance. 

Number 
of  Complete 

Periods 
per  Second. 

Less  than  j^ 

2-5 

8 

17  5 

80 

68 

8 '8  times 

85  times 

J 

liess  than  tJo 

\ 

2-5 
8 

100 

/ 

17  6 

Less  than  rie     ^ 

2  5 

133 

8 

1. 

17  5 

} 

(From  a  Boport  to  the  Preaident  of  tl.e  Board  of  Trade. 
dated  November  29,  1S92.  Theee  reaoIutioDa  the  coramitlon 
desire  tu  substitute  for  tliose  conldined  in  a  precious  report 
of  date  July,  1891,  with  the  view  of  obtaining  international 
agreement  as  to  Electrical  Standarda)  ; — 

Resolotioss. 

(1)  ''  That  it  is  deeirablo  that  new  denominations  of  stan- 
darda  for  the  measurement  of  eiectricity  ehonld  be 
made  and  approved  by  Her  Majesty  in  Council  aa 
Board  of  Trade  standards. 

(S)  "TImt  the  magnitudes  of  tlieae  standards  ahould  be 
determined  on  the  electromiignetic  system  of 
meaBurement  with  reference  to  the  centimetre  aa 
unit  of  length,  the  gramme  as  unit  of  mags,  and 
the  second  aa  unit  of  time,  and  that  by  the  terms 
centimetre  and  giamme  are  meant  theetandanis  of 
tljose  denomirialiooe  dopoaited  with  the  6osrd  of 
Trade. 

(3)  "  That  the  fltandard  of  electrical  resialance  ahould  be 

dennmioated  tlte  ohm,  and  ahould  have  the  value 
1,000,000,000  in  terma  of  the  ceiitiraetre  and 
aecond. 

(4)  "  Tliot  the  resistance  offered  to  an  unvarying  electric 

current  by  a  colunin  of  mercury  at  the  temperature 
of  melting  ice,  14'4GS1  grammes  in  mass,  of  b  coo- 
atnnl  croae  sectional  area,  and  of  a  lengUi  of  106'3 
centimelree,  may  be  adopted  as  one  ohm. 


858  APPENDIX 

(5)  "  Thai  a  material  standard,  constructed  in  solid  metal, 
should  be  adopted  as  the  standard  ohm,  and  should 
from  time  to  time  be  verified  by  comparison  with 
a  column  of  mercury  of  known  dimensions. 

(ft)  **  That  for  the  purpose  of  replacing  the  standard,  if 
lost,  destroyed,  or  damaged,  or  for  ordinary  use,  a 
limited  number  of  copies  should  be  constnictx^d 
which  should  be  peiiodically  compared  with  the 
standard  ohm. 

(7)  "That  resistances  constructed  in  solid  metal  should  be 

adopted  as  Board  of  Trade  standards  for  multiples 
and  submultiples  of  the  ohm. 

(8)  '*That  the  value  of  the  standard  of  resistance  con- 

structed bv  a  Committee  of  the  British  Association 
for  the  Advancement  of  Science  in  the  years  1863 
and  1864,  and  known  as  the  British  Association 
unit,  may  be  taken  as  '9866  of  the  ohm. 

(9)  "That  the  standard  of  electrical  current  should   be 

denominated  the  ampere,  and  should  have  (he  value 
one-tenth  (O'l)  in  terms  of  the  centimetre,  gramme, 
and  second. 

(10)  "That  an    unvarying  current   which,   when    passed 

through  a  solution  of  nitrate  of  silver  in  water,  in 
accordonce  with  the  specificution  attached  to  this 
report,  deposits  silver  at  the  rate  of  0001118  of  a 
gramme  per  second,  may  be  taken  as  a  current  of 
one  ampere.* 

(11)  "That  an  alternating  current  of  one  ampere  shall  mean 

a  current  such  that  the  square  root  of  the  time- 
average  of  the  square  of  its  strength  at  each  instant 
in  amperes  is  unity. 

(12)  "That  instruments  constructed  on  the  principle  of  Ihe 

balance,  in  which,  by  the  proper  disposition  of  the 
conductors,  forces  of  attraction  and  repulsion  are 
produced,  which  depend  upon  the  amount  of  cnr- 


•  For  full  particulars  as  to  carrying  out  the  electrolysis  of  silver, 
and  the  couMtruction  and  use  of  Clark's  cbll,  see  Chapter  Vil.  above. 


B)ioi[ld  be  udopleil  an  the  Bourd  uf  Trade  i 

for  the  measuremei.t  of  ouirGnt  wbetlier  unvarying 

or  alternating, 

"That  the  stand  an!  of  electricftl  preHSure  should  be 
denoniinated  the  volt,  being  the  preBsure  wLicb,  if 
Hteadily  applied  to  a  conductor  whose  resistance 
is  one  ohm,  will  produce  a  current  of  uae  ampere. 

"  TLnt  the  electricul  proBSure  ul  a  temperature  of  16' 
centigrade  between  the  poles  or  electrodes  of  tlia 
voltaic  celt  known  us  Clark's  cell,  prepared  in 
accordance  u'illi  the  specitication  attached  to  tills 
report,  mny  be  taken  ua  not  differing  from  a  pres- 
sure of  l-i'ii  volto,  by  laoro  than  one  part  in  1000.* 

"  That  an  alternating  pre^siiie  of  one  volt  shall  menn 
a  presBure  such  that  the  square  root  of  the  lime- 
average  of  the  square  of  ite  value  at  each  instant 
in  volts  IB  unity. 

"That  ioslrunientg  constructed  on  the  principle  o( 
Lord  Kelvin's  quadrant  electrometer  used  idio- 
atatically,  and,  for  high -press  ores,  instruments  on 
the  principle  of  the  balance,  electrostatic  forcen 
being  balanced  against  a  known  weight,  should  be 
adopted  us  Board  uf  Trcde  standards  for  (he  neu.- 
surenient  of  presBiire,  whether  unvarying  or 
alternating." 
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